Chapter - 8
Introduction to Trigonometry

Trigonometric Ratios
Introduction

Trigonometry is the study of relationships between sides and angles of a
triangle. The word trigonometry is derived from the Greek words ‘tri’
(meaning three), ‘gon’ meaning sides and ‘metron’ (meaning measure).
Application of Trigonometry

The fundamental of trigonometry is used to design bridges and build
structures.

Trigonometry is used to measure the height of a building or a mountain.

Trigonometry is used by surveyors to measure distances and angles between
points on land.

Trigonometric Ratios

In a right triangle, one of the angles is 90° and the other two angles are less
than 90°. The names of each side of a right triangle are,

|__Hypotenuse Sl Base | Perpendicular |

* The longest side of a right * The side of the right * The side which is
triangle is hypotenuse. It triangle on which it perpendicular to the base
is the side opposite to stands is known as the is the perpendicular.
the right angle of the base of the triangle.
triangle.

ZA Reference Angle

BC Perpendicular, the Side opposite to ZA
AC Hypotenuse, opposite side to the right angle
AB Adjacent Side to £A or Base

Slide opposite to angle A

A

Side adjacent to angle A B



®

®

£C Reference Angle o e
2 -

AB Perpendicular, the Side opposite to 2C o s E
AC Hypotenuse, opposite side to the right angle E
BC Adjacent Side to 2C or Base [l &

B

A Side opposite to angle C

Trigonometric Ratios of an acute angle in a right triangle is the relationship
between the angle and the length of its sides.

The trigonometric ratios of the £ A in right triangle ABC are defined as
follows:

Side opposite to zZA _ BC
hypotenuse T AC

sine or sin of ZA =

Side adjacentto £ZA _ AB
hypotenuse AC

cosine or cos of ZA =

Side opposite to <A _ BC

tangent or tan Of ZA= Side adjacent to 2A E A side adjacent to angle A B

The ratios defined above are abbreviated as sin A, cos A,tan A

1 E hypotenuse _AC
sine of ZA ~ Side opposite to zA ~ BC

cosecant or cosec of LA =

1 _  hypotenuse . AC
cosine of zZA  Side adjacentto zA AB

secant or sec of ZA =

1 _ Side adjacentto /A _AB
tangent of ZA " Side opposite to ZA " BC

cotangent or cot of ZA =

The ratios cosec A, sec A, and cot A are respectively the reciprocals of
the ratios sin A, cos A and tan A.

BC
BC ¢ sinA cos A
_—ee—= ﬁ — —_
tan A = :_g Sy and cot A =y

Side opposite to angle A



The symbol sin A is used as an abbreviation for the ‘sine of the angle A’ and it
is not the product of ‘sin’ and A.

The values of the trigonometric ratios of an angle do not vary with the
lengths of the sides of the triangle, if the angle remains the same.

Let ABC be a right triangle. Let P be a point on hypotenuse AC and Q be a point
on AC extended.

Draw PM perpendicular to AB and QN perpendicular to AB extended.

In A PAM and A CAB

b

c.” |

£PAM = 2CAB Common Angle - "
ZAMP = £ABC 90° '
APAM ~ACAB By AA Similarity Criterion : |
: Lo

A M B N

By the property of similar triangles, corresponding sides of the triangle are
proportional.

AM AP MP
~ AB = AC'= BC -Eq1

From Eq 1 we

AP MP MP BC
AU = BO = AP = AU =sinA

AM ~l_B MP K
Similarly, AP = AC' =cos A, AM = AB =tan A

We see that the trigonometric ratios of ZAin APAM are same as those of £A in
ACAB.



3
Example: If sin A = 4, calculate cos A and tan A.

8 B B8
Now,sinA=4= AC =4

So, we draw a AABC such that, BC = 3 units and AC = 4 cm. Using Pythagoras
theorem, we get

AC2=AB2+ BC2=>42=AB2+32=AB2=16—-9=7
AB =7
Here, AB =+/7 units, BC = 3 units and AC = 4 cm.

C

- |

AB V7 Bc 3

cosA:AC‘:TandtanA:E: v’?

Example: In APQR right-angled at Q, QR = 3 cm and PR - PQ = 1 cm. Determine
the values of sin R, cos R, and tan R.

[

:

R 3cm Q

In APQR, 2Q =90°and QR =3 cm



Also,PR-PQ=1cm - Eq1

Using Pythagoras theorem, we get

PR2 = PQ? + QR2 = QRz = PRz — PQ2

=2 PR2-PQ2=9 (v QR =3 cm)

9 = (PR + PQ)(PR — PQ) [~ PR2 — PQ2=(PR + PQ)(PR — PQ)]
Now,PR-PQ =1cm
9=(PR+PQ)x1=PR+PQ=9-Eq2

Adding Eq 1 and Eq 2 we get,

PR-PQ+PR+PQ=9+1
2PR=10=PR=5cm

Substituting PR = 5 cm in Eq 1 we get,

5-PQ=1=>PQ=4cm

PQ 1 QR(CA PQ
Now,sinR= PR =5,cosR=PR=>5andtanR = @F =

4
3
1

Example: In AABC right-angled at C, if tan A = V'3, find the value of sin A cos B
+ cos A sin B.

"\]

1 BC 1
Now, tan A = '\!@ = T = vﬁ

]




First, we draw AABC right angled at C such that, BC = 1 unit and AC = V3 unit.
Using Pythagoras theorem, we get

ABZ = BC2 + ACZ = ABZ = 12 + (V/3)?
=>AB2=3+1=4
AB = 2 units
With reference to A, we have, Base = AC =/3, Hypotenuse AB = 2 units,

Perpendicular BC = 1 unit
BC 1 AC V3

sinA=E=§,cosA=E= 2
With reference to 2B we have,
Base BC = 1, Hypotenuse AB = 2 units,

Perpendicular AC = /3 unit

AC 3 BC 1
sinB=AB= 2 ,cosB=AB =2
1.3 v3 1 3 4
~sinAcosB+cosAsinB=2X2+ 2 X 2 =44+4=4=1
B
2
1
i
A V3 C
1 —tan’A
Example: If 3 cot A = 4, check whether |+ tan®A = cos? A — sin? A or not.
4 B 4

Now,3cotAz4:>cotA:§=>F:3



First, we draw AABC right angled at B such that, BC = 3 units and AB = 4 units.
Using Pythagoras theorem, we get

AC2=AB2+BC2=> AC2=42+32=>AC2=16+9 =25

AC = V25 = AC = 5units

* AB 4 . BA 3
1, & = — and sifiF= — = —
tan A=cotA =4,cosA=AC b5 AC 5
9 _ (3y2 9 16-9 -
Now LHS — 1 —tan*A _ | (J) s ]IG{ _ 7 16 _ 7
o 1+tan?A  1+(P¥T 1+5 52 25/16 5
5 ; : 4. 3. 16 9 T
RHS —eos®A—sinfA =R (2P = === = L_
5 ) 2D 25 25

LHS = RHS

msinA — ncosA

Example: If m cot A = n, find the value of nocsA + msinA

1 m

Now, mcotA=n=>m.fandA=n=>tanA=n

msinA — ncosA

neosA +msinA | Dividing both numerator and denominator by cos A

o SinA o cosA _

— m CosA “cosA m= —n

— ~rosA sind = ”—m ( tan —l = E)
L cosA +tm cosA n-r Wiy n



2 2
n—n
1
9 | 2
n.___r et
n=-+m —5 3

I = 1 + T

2 2
m- —n

Trigonometric Ratios of Some Specific Angles
Trigonometric Ratios of Some Specific Angles

We will find the trigonometric ratios of some specific angles by a geometrical
method. It is important to understand the trigonometric ratios of these angles
as they help us to solve trigonometric problems easily.

Trigonometric Ratios of 45°

Let AABC be a right-angled triangle, in which 2B =90° and 2A =45, then the
third angle will also be equal to 45° ,i.e. 2C = 45°

So, BC = AB = a (*~ sides opposite to equal angles of a triangle are also equal)

Then by Pythagoras theorem, AC2 = AB2? + BC2= a2 + a2
AC=+2a
Using the definition of trigonometric ratios we have,

side opposite to angle 45 BC'  a 1

sin 45° = hypotenuse = AC V23 =2

side adjacent to angle 45 AB a 1

C0545° = hypotenuse =AC  V2a=v2

side opposite to angle 45 B 4

tan45° = side adjacent to angle 45~ AB ~— a0 = 1



cosec 45° - 2
sin 45°
sec 45° - - V2
i cos 45° X
- =
cot 45° y
tan 45°

Trigonometric Ratios of 30° and 60°

O pbp==m—mm===-

C

Let ABC be an equilateral triangle. Then £A =4B = 2C=600. Draw the
perpendicular AD from A to side BC.

Now, AABD = AACD (By RHS Congruence Rule)
Therefore, BD = DC and £BAD =4CAD (CPCT)
So, AABD is a right triangle, right-angled at D with

<¢BAD = 300 and 2ABD = 60°

|
Let AB = 2athen, BD =2 BC=a

AD2 = AB2 — BD2 = AD? = (2a)2 — a2 = 4a? — a? = 3a?

AD = V3a
Here, AB = 2a, BD = a and AD = V3a



For angle 30°

BD _a 1
:l)sin30°=-:5=-2:=; 2)%”:%:%:-‘?
BD “ 1 — 1 =
3) t"“3°°:E:E=ﬁ 4) cosec30” = - 3w,_:l!
0 — 1 L 2 0 — 1 ==
5) sec30° = — = = 6) cot30° = —- = V3
For angle 60°
V3a a 1
1]sln60"=-:—:=%=? 2)cos60°=§-§=§;=i
1 z
3) tan60° = 30 = = y3 mdeeifeat v ke,
5) sec60° = — =2 6) cot60° = o=

Trigonometric Ratios of 0° and 90°
In AABC,
e As £A gets smaller and smaller, the length of the side BC decreases.

 Point C comes closer to point B and finally when 2A becomes very close to
0¢, AC becomes almost the same as AB.

Let’s learn this with the help of a diagram.

When ZA is very close to 0°, Side BC is very close to 0
% SinA = %s very close to 0
Side AC is nearly as same as AB
AB
S COSA = J—!és very closeto 1
sin0°=0and cos0°=1




Now we will what happens when £ A becomes larger and larger till it becomes
90o.

’
F
A » A L]

e As 2A increases, 2C decreases.
e The length of the side AB decreases.

 Point A comes closer to point B.

When 2A is very close to 90°, 2C is very close to 0°*
Side AC is nearly as same as BC
: - BC .
~ sinA = AC BWMQD\Q
Side AB is very close to 0
A _ A8 .
 cosA = {2 is very dlgse to 0
sin90°= 1 and €0590°=0
LA 0° . 30° 45° 60° 90°
sin A 0 1 1 V3 1
2 V2 2
cos A 1 V3 1 1 0
V2 2
tan A 0 1 1 V3 Not defined
V3 = _
cosec A | Not defined 2 vz 2z 1
V3
sec A 1 2z vz 2 Not defined
V3
cotA | Notdefined | 3 1 z 0
3

[mmdmAWMonnmmammxmo.m 0* <a<90° }




Example: If 2cos 20=1/3, find the value of 6.

Here, 2cos 20 = /3

=y
v 3

c0s20= 2 = cos 26 = cos300

=20=30°=0 =150

Example: Evaluate

8v3cosec230°sin60°cos 60°cos245°sin 45°tan 30°cosec345°

= 8v/3(cosec 309)2sin60°cos60°(cos 452)2sin 450tan 300(cosec 459)3

31 1 11 /3 1 |

=8v3 X (2)2 X 2 x 2 x (V2)2 xV2xV3x (V2)3=8y3x4x 4 x2xV2x
1

V3 x 24/2

Example: If sin (A - B) =2, cos (A + B) = 2,00 < A + B < 909, A > B, find the
values of A and B.

l

1
2= sin (A - B) =sin30° (~ sin30° =§)

Here, sin (A - B) =
=2A-B=300-Eq1l

1 1
cos (A+B) = 2= cos(A + B) = cos 600 (~ cos600 = E)

=2 A+ B=60°-Eq2
On adding Eq 1 and Eq 2 we get,
A-B+A+B=300+60°=>2A=900= A =450

Putting the value of Ain Eq 1 we get,



450 - B =30°= B = 459-30°= B =159
Therefore, A = 450 and B = 15°
1

Example: If tan 8 = 1 and sin ¢ = \E find the value of cos (0 +¢) and sin (0 +
@), where 0 and @ are both acute angles.

1

Here, tan 8 = 1 = tan 0 = tan 450 = 0 = 450 (=~ tan 45° =1) and sin ¢ = s

LQ‘]| =

sin @ = sin450 = @ = 450( sin450 = vV 2)
Now, 68 = 450 and ¢ = 45°
0+ ¢ = 45° 4+ 450 =900
cos (0 + ¢) =cos90°=0
sin (6 + @) =sin90°=1
Example: State whether the following statements are true or false.
Justify your answer.
i)sin(A+B)=sinA+sinB
Let A= 45%and B = 459
sin (A + B) = sin (45% + 459%) =sin90° =1
| | 14-1 2 /

4 = — = _:v’E

sin A + sin B = sin45° + sin45° V2 Vi V2 V2

sin (A + B) #sin A + sin B
Hence, the given statement is false.
ii) The value of cos A increases as A increases.

Consider the table given below



<A | 0° 30° 45°|60° 90°
cosA| 1|3 | 1

2 v2

N -

So, we see that the value of cos A decreases as A increases. Hence the

statement is false.

Trigonometric Ratios of Complementary Angles

Trigonometric Ratios of Complementary Angles

Two angles are said to be complementary if their sum is equal to 90°.

Consider the right-angled A ABC, right-angled at B.

As, 2B =900 then 2 A+ 2 C=900

(*Inatriangle £A+ 2B+ 2 C=1809)

Therefore, £ A and 4 C form a pair of complementary angles.

We have,

N, X -
sin = AC CoOsS | AC
g BC " AC
an = e ‘osec = —
| i A | AT E |
AC — AB A

Now, we will write the trigonometric ratios for «C = 90" -

(For convenience £ A is written as A)

Now,
A Y

Hiea M



sinC = sin (90" - A) - | C= s(90°-A) = o~
AC CoSs L cos ( ) AC
AB AC |
= 90° = — = 90" = —
tan C = tan (90" - A ) BC cosec C = cosec (90" - A ) T
' o - x| " ——
T s (6 ; — " (9 -
sec C = sec (90 A) B | col cot (90 ) AB
If we compare the two sets of ratios we get,
sin (90° -A) =cos A cos (90" -A) =sinA
tan (90° <A ) = cot A cosec (90° - A) = secA |
sec (90° - A) = cosecA | cot (90° - A) = tan A

Example: Express cosec 58°% + tan 880 in terms of T- ratios of angles 00 to 450.
Here, cosec 58° + tan 88%= cosec (900 — 329) + tan (900 — 20)
= sec 329 4+ cot 20

{~rcosec (900 — A) = sec A and tan (90° —A) = cot A}

tanld  sin25

== 3
Example: Evaluate cot73  cosbd

tanld = sin25  tan(90 — 75) * sin(90 — 65)

cotTH i cos65 cotTH cosbd

- L;Z::? - EZ?E? (" tan(90 — A) = cotAandsin(90 — A) = casA)
=141=

Example: Find the value of (tan 1°tan 2°tan 3¢ ... ... .tan 89°)

(REFERENCE: NCERT)
Here, tan 1°tan 2¢tan 3°.......tan 89¢
=tan (90° — 89¢) tan (90° — 88°) tan (90° — 87°) ... tan 45° ...,

tan 87°tan 88°¢tan 89°



=cot 89°cot 88¢cot 87¢ ... tan 45° ... . .tan 87°tan 88°tan 89°
{~ tan (90° — B) = cot 0}

= (cot 89¢tan 89°) (cot 88ctan 88°) (cot 87°tan 87°) ......
(cot 46°tan46°) tan 45°

(*~tan 0. cot 8 = 1 and tan 45° = 1)
=1x1x1...x1=1

Example: Evaluate

tanb0 + swecd0

cotdl) + cosecd() + cos 40° cosec 50°

tand0 + secdl i
+ cosdlcosech(

Now, cotdD + cosecd)

tan (90 — 40) + sec(90 — 40)
cotd0 + cosed0 + cosd0cosec(90 — 40)

{~> tan (90° — 0) = cotB}
cotdl + cosecd
cotdl + cosecd0 + cos 40° sec 40° {~ cosec (900 — 0) = secH}

1
=1+ cos 40° X cosdl

x1+1=2

Example: If cos (A - B) = cos A cos B + sin A sin B, find the value of
i) cos15°

We know, cos (A-B) =cosAcosB+sinAsinB - Eq1

Let A= 45°and B = 30°

cos 15° = cos (45° — 30°)

cos (45° — 30°) = cos 45° cos 30° + sin 45° sin 30° (Using Eq 1)



1 % V3 1 Yl V3 . K V3+1
B 2 A 2_9J3 99 ¢
V2 2 V2 2=S2 2+/2 242
1 V3 1 I

cos 15° = 2V
ii) sin 75°
sin75° = sin(90° — 15°) = cos15°{* sin (90° — 6) = cos 0 }

V3+1

We know, cos 15° = <2V

Trigonometric Identities
Trigonometric Identities

An equation is called an identity when it is true for all values of the variables
involved.

Similarly, an equation involving trigonometric ratios of an angle is called a
trigonometric identity, if it is true for all values of the angle (s) involved

Consider AABC, right-angled at B.
AB? + BC2 = AC?2 —» Eq 1 (By Pythagoras Theorem)

C

Dividing each term of Eq 1 by AC2 we get,



AB? BC* ACH
AC? + AC? = AC?

AB* Bc*?
AC? + AC? =

AB BC
(cos A)2+ (sin A)2=1 (~ cos A= AC and sin A = AC")
cos?A +sin?2A =1
This is true for all A such that 0° < A <90°. So this is a trigonometric identity.
Now, we divide Eq 1 by AB? to get,
AB?* BC? B AR
AB? ' AB?  AB?

Eﬁ : fE)E_(£33
‘a8’ T\aBg’ T \aB

aa A
1+tan2A = sec?A (~ tan A = AB and sec A = AD)

This equation is true for A=0¢°, but tan A and sec A are not defined for A = 90¢.
So, this is true for all A such that0e < A < 900

Dividing Eq 1 by BC? we get,

AB? BC* _AC?

BA® " BC? ~ BC®

(ﬂ‘f 4 (B_C]E = (£
BE* " “BC* T PBU

)2

AB AC
cot2A + 1 = cosec?A (+ cot A=BC(" and cosec A =B(")

cosec A and cot A are not defined for A = 0°. So, this is true for all A such that
00



sinAd —cosA + 1 1

Example: Prove that sind + cosA — 1= secA — tan A, using identity sec2A = 1
+ tan?A

(REFERENCE: NCERT)

2 Y sind _ cosA 1
sinA — cosA e 1 _ CosA rosA conA

ey A__ 1  sinA cosA 1
LHS = sinA + cosA 1 cosA ® cosA cosA

Dividing both numerator and denominator by cos A we get,

_ tanA — 1+ secA (mn A+ secA) —
~ tanA + 1 — sec 4 tanA — secA + 1

Multiplying and Dividing by (tan A - sec A)

[(tanA + secA) — 1][tanA — secA]
[(tanA — SecA) + 1][tan A — secA]

{v(a—b)(@a+b)=az—-b?}

—1 —tanA + secA ; ,
N | “tan? A — sec? A = —1
[(’l-fm A —secA) + 1][#(:11.4 — .qer'fl] LT s )

_ —(%u221 (l + tan A%u2212secA))
~ [(tanA — secA) + 1][tanA — secA]

~1 B 1

= =RHS
tan A — secA secA — tan A

Example: [facos A—bsin A=xandasin A+ bcos A=y, prove thata? + b2 =
X2 + y2,

Here,acos A—bsinA=x-Eq1
asinA+bcosA=y—>Eq2

Squaring and then adding Eq 1 and Eq 2 we get,
x2+y2=(acosA—bsinA)2+ (asin A+ bcos A)?2

X2 + yZ = a?cos?A + b2sinZA — 2ab sin Acos A + a?sinZA + bZcos2A + 2ab sin
Acos A {~ (a £ b)2 =a2 + b2 £ 2ab}



X2 + yZ = a2(cos2A + sin2A) + b2(sin2A + cos2A)
X2 4+ y2 = aZ + b2 (~ sin2A + cos2A = 1)

Example: If tan A + sin A =m and A — sin A = n, then show that (m? — n2)2 =
16 mn or (m2 — n2) = 4YVmn

Here,tan A+ sinA=m - Eq1
tan A —sinA=n- Eq2

Adding Eq 1 and Eq 2 we get,

m I+ mn

2tanA=m+n=tan A= 2

1 2
~cotA= tand = M+ n-Eq3

Subtracting Eq 2 from Eq 1 we get,

m—n

2sinA=m-—-n=sinA= 2

1 2

~ cosec A= sand =m —n—>Eq4

We know that, cosec?A — cot?A =1

Using Eq 3 and Eq 4 we get,

W (e 1 1
z_( )3:1:> o "1:1
nm —n m—+n (m—n)? (m+n)?
| | (m +n)? — (m — n)?

= = . —| =1
4 (m—n)?  (m+n)? :1:;,4[ (m —n)%(m +n)? )

(m? + n? + 2mn) — (Mm% + n? + 2mn)

7 ]

4 = -
=4 (m—n)%(m-+n) =1 (atb)®=a®+b*+2ab

dmn _ 16mn
= 4|- e = =1= = — = ]
(m —n)3(m +n)? [(m—n)(m + n)]?




= 16mn = (m? — n2)2{+ (a —b)(a + b) = az — b?}
= (m2 — n2)2 = 16mn or (m2 — n?) = gVmn
Example: Prove the identity
(sin A 4+ cosec A)Z + (cos A + sec A)2 = 7 + tan2A + cot2A
(REFERENCE: NCERT)
LHS = (sin A + cosec A)2 + (cos A + sec A)2
= sin?A + cosec?A + 2sin A cosec A + cos?A + sec?A + 2cos Asec A
{+ (a+b)2=a2+ b2 + 2ab}

= sin2A + cos2A + cosec2A + sec2A + 2sin A cosec A + 2cos Asec A

1
+ 2c0sAX
=14 (1 + cot2A) + (1 + tan?A) + 2sin A X sind N cosA
| S 1
— aAnasec.s
[+ sin2A + cos2A = 1, cosec?A = 1 + cot2A, cosec A sonA cosA]

=1+1+cot2A+ 1+ tan2A+ 2+ 2 =7 + tan2A + cot2A
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