In this chapter, we will study the direction cosines, direction ratios of a line joining
two points and discuss about the different forms of equations of lines in space under
different conditions using vector algebra.

THREE-DIMENSIONAL
GEOMETRY

| TOPIC 1|

Direction Cosines and
Direction Ratios of a Line

We know that the position of a point in a plane can be determined, if the ¢

coordinates (x, y) of the point with reference to two mutually perpendicular CHAPTER CHECKLIST
lines called X and ¥-axes are known. In order to locate a point in space, two
coordinate axes is insufficient. So, we need three coordinate axes called X, Vand
Z-axes.

* Direction Cosines and Direction
Ratios of a Line

» Lines in Space

Coordinate Axes and Coordinate Planes

in Three-Dimensional Geometry

Let X"OX,Y"OY and Z*OZ be three mutually perpendicular lines intersecting
at O. The point O is called the origin and the lines X "OX, ¥’ OY and Z '0Z are
called X -axis, ¥-axis and Z-axis, respectively. These three lines are also called the
rectangular coordinate axes. These lines constitute the rectangular coordinate
system.




These three axes, taken in pairs determine three mutually
perpendicular planes XOY, YOZ and ZOX or simply
XY-plane, ¥Z-plane and ZX-plane, called rectangular
coordinate planes which divide the space into eight parts
called octants.

Note Equation of ¥Z-plane is x = 0, equation of ZX-plane is y=0
and equation of XY-plane is z= 0.

COORDINATES OF A POINT IN SPACE

The coordinates of a point are the distances from the origin
to the feet of the perpendiculars, drawn from the point on
the respective coordinate axes.

XA,

The coordinates of the origin O are (0, 0, 0). The
coordinates of any point on the X-axis, Y-axis and Z-axis
will be as A(x,0,0), B0, y,0) and C(0,0, ), respectively
and the coordinates of any point in space will be P(x, y, z).

Note Fact about coordinates of point P(x, y, 2)
x = Perpendicular distance of P from YZ-plane
y = Perpendicular distance of P from XZ-plane
2 = Perpendicular distance of P from XY-plane

Important Formulae

(i) Distance between two points Let P(x,, y,, z,;) and

Q(x3, ¥3,2,) be two points referred to a system of
rectangular axes, then

PQ= ey —x)) + (y2 = )7 + (23 = 2)

(i) Section formula Let the two given points be

P(x,, 11, 2;) and Q(x,, y5,2,) and the point

R(x, y,z) divides PQ in the given ratio m:n
internally, then

k m } n 4
P R Q
¥, 21) 2. ¥z, 22)
R= mx, +Hxy My, Ry, mz,+ng
m+n | om+n | om+n
If the point R divides PQ externally in the ratio m : n,
then ) :
g m "
b—n—
r T F‘R

P Q
(54, ¥1,21) 2, Vo, Z2)

my, — Y,

m-—-n

m-—n m-—-n

R=[mx1—ﬂx] ml_m]]
(iij) Mid-point of a line The mid-point of the line

joining points A(x,, y;,2,) and B(x,, y;,2;) is
{x1+x2 rntr z]+z2]

2 7 2 72
(iv) Centroid of a triangle The centroid of AABC with
vertices Alxy, y1,21), Blxs, 3, 25) and
Clxs, ¥3,23) is
C= Xy tXx3+x3 ¥t yaty; Zptzt z;]

3 3 3

Note Centroid of a tetrahedron The coordinates of the centroid
of a tetrahedron, whose vertices are (%, . &), (%2, ¥o. Z2), (%3, V3. 23)
and (x,, ¥, Z,), are

["1"'"2""3"’14 HtY¥ot VstV Z|+22+z:3+za]
4 ' 4 ' 4

EXAMPLE |1| Find the distance of a point P(g, b, c)

[All India 2014C]

Sol Draw a perpendicular line from P to the X-axis, then
coordinates of intersection point is ({a, 0, 0).

.. Required distance,
PO =Jla-a) +(0=- b7 +(0—-c)’
[+ distance = \"{-’fz =X )+ (¥2 =0 P+ (z; =z :}2]
=\{U+bz +¢? =~u’b2-|—c2

from X-axis.

DIRECTION COSINES OF
A LINE

As we know that if a directed line (say L) passing through
the origin makes angles o, and ¥ with X, ¥ and Z-axes
respectively, called direction angles, then cosine values of
these angles, i.e. cosat, cos and cosy are known as the

—
direction cosines of the directed line I (or OA).

The direction cosines are represented by /, m and n. Thus,
!=costt,m=cosP and n =cos .




If the direction of directed line is reversed (i.e. opposite),
then the direction angles are replaced by their supplements,
Le. m—o, m—f and m—y. Also, the signs of direction
cosines are reversed, i.e. (—/,— m, — n).

Note
i) Aline in space can be exlended in two opposile directions and
so it has two sets of direction cosines. To have a unique set of

direction cosines for a given line in space, we must take the
given line as a directed line.

(ii) If the given line in space does not pass through the origin, then
in order to find its direction cosines, we draw a line through the
origin and parallel to the given line. Now, take one of the
directed lines from the origin and find its direction cosines and
then use the result that two parallel lines have same set of
direction cosines.

fiii) (a) DC's of the X-axis are 1, 0, 0.
(b) DC's of the Y-axis are 0, 1, 0.
(c) DC's of the Z-axis are 0, 0, 1.

EXAMPLE |2| If a line makes angles 90°, 135°, 45°
with the X, ¥ and Z-axes, respectively. Find its direction
cosines. [NCERT]
Sol Let direction cosines of the line be [, m and n.
Given, ot =90°,  =135° and y = 45°
Then, [=coso =cos 90°=10,

-1
m = cos [} = cos 135"=E

and rr=cus'|'=cos45°=71-
2

. . . R -1 1
Hence, the direction cosines of a line are 0, —= and

NN

Relation between Direction
Cosines of a Line

Let direction cosines of a line RS be /, i and n. Now, draw a
line passing through origin and parallel to the given line.

Take a point Plx, y,z) on this line and draw a
perpendicular PA from P on X-axis.

Let OP =r. Then, in right angled AOAP,

04 x i
cosfl =—=—
OP r r
= x=lr

Similarly, y =mr and z = nr 0 % A

Now, x2+)'1+z1 =22 +mi+n?)
= rr=r P+ mt )

[ distance OP=r = x" + y* + 27 =+7]

= ‘ P+m*+n’=1

which is the required relation between direction cosines of a
line.

EXAMPLE |3| Find the direction cosines of a line
which makes equal angles with coordinate axes.
[NCERT; All India 2019]
Sol Let the line makes an angle o with each of the three
coordinate axes, then its direction cosines are [ = cos o,
m=cos ot and n = cos .
We know that [* + m” +n° =1
= cos” o+ cos’ ot +cos ot =1= 3cos o =1

1 1
= cos =§ = cos =t—

3
. . . . 1
Hence, direction cosines of a line are —,
3
-1 -1 -1

BB

&
&

Direction Cosines of a Line Passing
through Two Points

The direction cosines of a line passing through the points
A(x| » Yis z‘|] and B(xz) ¥Yas 31) are g.lvfn by
| , Y2—h and 2221
ARB AB AR

where, AB =J{x2 —x,}z +iy,— _y,}z+ (2, —zl)2

DIRECTION RATIOS OF A LINE

Any three numbers @ & and ¢ proportional to the direction
cosines /, m and n respectively, are called the direction ratios
or direction numbers of the line.

Suppose, i = % = k (say), k being a constant.
P c

= [ =ak, m=bkand n=ck
But we know that [ +m  +n> =1
sak)r (b + () =1 2 k(e b+ =1

1
= b=t ——
-“laz+.61+r1
P S S
1|'az+.62+f2 '\I|a2+bz+f2
c
and =

i
1"a2+ bl +e?



Thus, if a,bandc are direction ratios, then direction

+a +b +e
cosines are X

\l’az+ bi4e? ' V{a2+bz+r1 , \{az-i-b:-l-r:

where signs should be raken all positive or all negative.

For any line, if @, & and ¢ are direction ratios of a line, then
ka, kb, kc; k #0 is also a set of direction ratios. So, any two
sets of direction ratios of a line are also proportional.

Hence, for a line, there are infinitely many sets of direction
rarios.

Direction Ratios of a Line Passing
through Two Points

The direction ratios of a line passing through two points
Plxy,y.2)  and  Qlx,, y5.2,) are given by
Xy =Xy, yy— ypand 2, — z,.

Note Direction ratios of two parallel lines are proportional, as two
parallel lines have same set of direction cosines.

EXAMPLE |4| If a line has direction ratios 2, -1, 2,
then determine its direction cosines. [NCERT]
Sol Given direction ratios are (2, -1, 2), i.e.a=2 b=-1and
c=2
Then, ya® + b +c = (27 +(-1F +(2 = 0 =3

Now, direction cosines are

=3 _2
3

va® +b* +¢”

b
i —
va* +b* +c?

c

n=——
Vat + b4t

-1
3

2
and =—
3

EXAMPLE |5| Find the direction ratios and direction
cosines of the line passing through two points (2, -4, 5)
and (0, 1, -1).
Sol. Let A(x,, y,.z,)=(2 =4,5). B(x,, ¥,, 2,)=(0,1, =1).
Then, DR's of line AB is(0—2,14+4, =1 -5),ie.(-2 5, —8)
Now, DC’s of ABare
-2 5

V=27 +52 +(=6) {(=2) +5° +(=6)"

=6
:,,](—2)2 +5% 4 (—6)*

Hence, DC's of line ABa.rE( 2 3 i, _—6}

By

65 Jes

EXAMPLE |6| Find the direction cosines of the sides of
the triangle whose vertices are (3, 5, -4), (-1, 1, 2) and
(-5, -5, -2). [NCERT]
Sol Let the vertices of AABC be A(3, 5 -4), B(-1,1, 2) and
C(-5-5-2)
Then. the direction ratios of side AB are
[(-1-3),(1-5), 2-(=4)] i.e.(-4, 4, 8).

[+ if the given points are A({x,, v,.z, )and B(x,, y5,25).
then DR'sof AB=(x, - x,, ¥, - ¥. 2, -2, ]
and the direction cosines of AB are
-4 -4 6 -2 -2 3
[ﬁ' 217 E] - (ﬁ i F]

“* if a, & and ¢ are direction rarios, then direction cosines

[ a b c J

are X 5

Ja2+b2+r2 Jﬂz+bz+r2 Ja2+b2+c2
Similarly, the direction ratios of side BC are
[{=5-(-1)} (-5-1).(-2-2)], ie.(-4,-6,-4)

and the direction cosines of BC are

—4 —6 -4 -2 -3 =2
(m 217 27 ] A (71- 717717]
The direction ratios of side AC are
[(-5-3).(-5-5), {(-2=(-4)}]. L.e. (-8 -10, 2)

and the direction cosines of AC are
( -8 -10 2 ]0[(—4 -5 1 )
242 242 2442 Vaz iz iz
CONDITION FOR COLLINEARITY
OF THREE POINTS

Suppose Alx, ¥.2,), B(x5, y5.2,) and Clx3, y3.2;) are
three points in a space. Then, direction ratios of line joining
Aand B, B and C are (x; —x, y3 — ¥1» 23 —2;) and
(¥3 = %5, J3 = ¥2» 23 — 2,), respectively. If direction ratios
of AB and BC are proportional, then these points are
collinear, otherwise not.

EXAMPLE |7| Show that the points 4(2, 3, - 4),
B(1, -2, 3)and ((3, 8, —11) are collinear. [NCERT]
Sol Given points are A(2, 3, —4), B(l, = 2, 3)and C(3, & -11).

Direction ratios of line joining A and B are
-2-2-33-(-4)] ie (-1, -57)

Direction ratios of line joining B and C are

(3-1,8+2 -11-3), ie (2 10,-14).

Now, ratios of DR’s of AB and BC are

=1 =5 7 . 1 1 1

2’0 e 2 2 2
Thus, the direction ratios of AB and BC are proportional.
So, ABis parallel to BC. But Bis common to both AB
and BC.
Hence, A, Band C are collinear points.



TOPIC PRACTICE |

OBJECTIVE TYPE QUESTIONS

1 The coordinates of the foot of the
perpendicular drawn from the point (2,5, 7) on

the X-axis are given by [NCERT Exemplar]
(a) (2,0,0) (b) (0, 5,0)
() (0,0,7) (d)(0,5,7)
2 Distance of the point (a, }, v) from Y-axis is
[NCERT Exemplar]|
(a) (b) B
() 1B+ Iyl (d) o + 47
3 Ifthe direction cosines of a line are k, k and k,
then [NCERT Exemplar]
(a)k=0 (blo<k<l
1 1
clk=1 djk=—or—-—
(c) (d) B 6

4 Aline makes the same angle § with each of the
X and Z-axes. If the angle [}, which it makes with
Y -axis, is such that siniﬁ = 3sin’0, then cos’®
equals
2 1 3 2
a) = - c)= d)=
OF L @ @z

5 The direction ratios of the line segment joining
P(xy, y1, 21) and Q(x3, y3, z,) are

(@A) —x, ¥ —Vo.z1 -2 (B)u-x,0-.22-71
(c) Both (a) and (b) (d) None of these

VERY SHORT ANSWER Type Questions

6 Find the distance of a point (2, 3, 4) from X-axis.
[Delhi 2010C]

7 Write the direction cosines of a line parallel to
Z-axis. [Foreign 2012]

8 Ifaline makes angles 90°, 60° and 30° with the
positive direction of X, ¥ and Z-axes
respectively, then find its direction cosines.

9 Ifaline makes angles 90°,60° and 6 with X, Y

and Z-axes respectively, where 0 is acute, then
find 0. [Delhi 2015]

10 Ifaline makes angles 90° and 60° respectively
with the positive directions of X and Y -axes,
find the angle which it makes with the positive
direction of Z-axis. [Delhi 2017]

11 If a line makes angles o, f and y with the positive
direction of coordinate axes, then write the value
of sin? « +5in2[5+5in21'. [Delhi 2015C)

12 Find the direction cosines of a line whose
direction ratios are 2,-6, 3.

13 1P =(15 4)and QO =(4, 1, =2), then find the
direction ratios of PQ.

14 Find the direction cosines of the line segment
joining the points A(7, = 5,9) and B (5,- 3,8).

15 Find the direction ratios of a line whose
1

11
2’2
SHORT ANSWER Type I Questions

16 Giventhat P(3,2,-4),Q(5 4,-6)andR (9, 8, -10)
are collinear. Find the ratio in which Q divides PR.

. . . 1
direction cosines are >

17 If aline in the space makes anglesa, f} and y

with the coordinate axes, then find the value of
cos 20 + cos2f +cos 2y+ sin®a + sinP +sin’y.

18 If aline makes angles o, 3 and y with the

coordinate axes, then prove that
cos2a +cos2fi+cos2y =-1

HINTS & SOLUTIONS |

1. (a) Hint The coordinates of the foot of perpendicular
drawn from the point P{x, y, z)on the X-axis are (x, 0, 0).

2. (d) Required distance = J(C[ - 0)2 +(p - ﬁ)z +(y —o)"

_ ||{:( 24yt
3. (d) Since, direction cosines of a line are k, kand k.
I=k,m=k and n=k
We know that

PFemi+n" =1

= k2+kz+k?=1=k2=%

1
k=t
B

4. (c) Clearly. c0523+cn52|]+c0529=1

= 2cos’B +1-sin’f=1= 2cos’0 —sin’f=0
= 2c0s’0 =3sin*0 =0  [-sin®P = 3sin°0 (given)]
2
= tan’B ==
3
1 1 3
cos®l = =
l+tan"® , = 5



5. (c) The direction ratios of the line segment joining
P(x,, y.z;) and Q(x,, y,,z,) may be taken as
Xz =X V2 = Vo Tz 5 0T Xy = X My — Voo Iy — Iy
Similar as Example 1. [Ans. 5 units]

7. As we know that two parallel lines have same set of

direction cosines. Therefore, required direction cosines
are the direction cosines of Z-axis, i.e. 0, 0,1,

&

8. Similar as Example 2. {Aﬂs 0, lz, —]

;

2
9. Given,o =90°, p =60° and y = 0. Then,
cos290° + cos 2 60° + cos®0 =1
[~ cos®o + cos® B+ cos?y =1]
J3

1 3
= 0+—+cos’0=1 = cos’@="=cosO =%
4 4 2

= cosB =% = 0 =30" [ is an acute angle]

10. Solve as Question 9. [Ans. 30°, 150°]

1l. Since, the line makes angles o, f and y with positive
direction of coordinate axes, therefore cos o, cos f and
cos 7 are the direction cosines of the line.

So, we have cos ot + cos *f+cos®y =1

=1-sin’c +1-sin’P+1-sin’y =1
[+sin® x + cos®x =1]

= 3—-1=sin’a +sin’*f +sin’y

Hence, sin” o0 +sin” f} +sin®y = 2

| TOPIC 2|

Lines in Space

A line (or straight line) is a curve such thar all the points on
the line segment joining any two points of it lieson it. A
line in space can be determined uniquely, if

(i) its direction and the coordinates of a point on it are
known.

(ii) it passes through two given points.
Equation of a Line through a Given

Point and Parallel to a Given Vector
VECTOR EQUATION 5

The wvector equation of a line [/

-
b

PQ‘-"'ﬂf
passing through a point A with

.. -

position vector & and parallel to a
. T. = = 7

given vector b is ¥ = a + A b, where /D

- . .

¥ is the position vector of an

arbitrary point P on the line and A is a real number.

£
=
13. Similar as Example 5. [Ans. 3, =4, -6]

22 -1
14. Similar as Example 5. {Aﬂs. - = —]

12. Similar as Example 4. |:A.ns

I
SIS
-

373 3
15. As we know that any three numbers proportional to the
direction cosines are called the direction ratios.
So, infinite sets of direction ratios can be found, one of
them is1, -\JE, 1. [multiplying direction cosines by 2]
16. LetQ divides PR in the ratio k:1. Then, the coordinates of

9k+3 8k+2 -10k-4
Qare s :
k+1 k+1 k+1

But it is given that coordinates of  are (5, 4, —6).
9% +3 __ 8k+2 = —10k-4 _
k+1

k+1  k+1
On solving all these equations, we getk =1/2
So, Q divides PR in the ratio1: 2

17. cos 200 + cos 2 + cos 2y +sin®o +sin® [} +sin®y
=(cos®ct —sin®c) + (cos *B = sin®P) + (cos*y —sin’ y)

+sin’o +sin®f +sin®y [ cos 20 = cos 0 —sin” 0]

=cos’at + cos®f + cos’y =1

18. Hint Use cos 20 = 2¢cos”0 —1.

Now, solve as Question 17.

The vector equation of a straight line passing through the

—
origin and parallel to given vector & is

MNote

(i) If BEma’i +b'f +c’k, then &’ , b’ and ¢ are direction ratios of
the line and corversely, if a7, b* and ¢” are direction ratios of a
ling, then B ma’ i +b° j +¢* k will be parallel to the line.

(i) 17 = (& + ] + agk)+ A (B + byj + byk) then coordinates
of any point on the line are given by considering
T=xi+ yf + zk and comparing the coefficient of i, ; and k,
ie. first write
Xi+yj+2k =(ai +a;j+agk)+ Ayl + by +bgk)

=(a, + Aby)i + (@ + ABy) [ + (ag + Abg)k

=  X=a+ My y,=a,+Ab;and 2=a5 + Aby
Then, (x=a, + A by, y=a; + A by, 2= 83 + A bs)represent the
coordinates of any point on the line.



CARTESIAN EQUATION

The cartesian equation of a line passing through a point
Alx,, ¥,» £,) and having direction ratios a,b and ¢ is

‘ XTa _JYTh

a b c

z— 2z

where, (x, y, 2) are coordinates of any point on the line.
If { m and n are the direction cosines of the line, then

equation of the line is

{x—xl =_}i—)‘] =Z—le

! m 1

The cartesian equation of a line passing through origin and

having direction ratios (a, &, ¢) is *_ X i.

a c
Method to Convert Vector Equation of Line in
Cartesian Form Suppose vector equation of line

—3 — - . . L. .
r=atibis given, then to convert it into cartesian

form. First, put the values of i -b’ and

T=xit _yj - ZIE Then, compare the coefficients of f, j

and % from both sides, to get required equation in
cartesian form.

Note To find the coordinates of any point on the line, consider
X2X _Y=H_Z73 _; where i is some real number

a b c
= X=ah+ x4, y=Dbh+ yand z=c A + z,. Then,
(x=x +ak, y=y + b, z= 2 +chk)represent the coordinates of
any point on the line.

EXAMPLE |1] Find the vector and the cartesian
equations of the line passing through the point (5, 2, — 4)
and which is parallel to the vector 5i + ] — 7k.
Sol. Given point is (5, 2,—4), whose position vector will be
a=5i+ 2j - 4k and parallel vector is D=5 + j- 7k
The required vector equation of line is
T =50+ 2] —dk + A(5i + ] - 7k)
For cartesian equation, write
T =(5+5M) +(24+A)] - (4 +TA)K
= (xi+y+2k)=(5+50)i +(2+ A)j - (4 +TA)k
On comparing the coefficients of i,jand k, we get
x=5+5A, y=2+Aandz=-(4 +74)

e % BEE R e B S
5 1 -7
x—5=y—2=z+4=l

5 1 -7

Thus, the required cartesian equation of the given line is
x=5_y=2_z+4
5 1 -7

Alternate Method

As the given line is parallel to the vector 5 i+ _; — Tk,
therefore direction ratios of the given line are 5, 1, — 7.
Now, the equation of line passing through the point
(5.2,—4) and having direction ratios 5, 1, — 7 is
x=5_y—-2 z+4
51 =7

Note In rectangular coordinate system as X, ¥ and Z-axes passes
thraugh the arigin, therefore

Equation of X-axis s X-0-¥-0_2-0
1 1] a
[ direction cosines of X-axis are (1, 0, 0)]
= y=0andz=0
Equation of Y-axis isﬂ:#;%":u:ﬂandhu
and equation of Z-axis is%:%c':a;a::x=0andy= 0.

EXAMPLE |2| Find the vector and cartesian
equations of the line through the point (1, 2, — 4) and
perpendicular to the two lines

T =(8 —19] +10k) + A3 —16] + 7k) and
;’ =(15; +29_}= +5£;l+j.l.(3; ‘I'S}'—SE]. [Delhi 2016)
Sol Given equations of lines are
T = (81 —19] +10k) + A3} —16] +7H)
and £ =(15] + 29] +5k) + (37 + 8] - 5k)

On comparing with

?=E,’+)\Eand?=a_; +ul;:,weget

b, =3i —=16j +7k and b, =31 +8) -5k
Now, we determine

i J ok
- =5 =
b=b xb,=[3 -16 7
3 8 =5

= (80 = 56) — j(= 15— 21) + k(24 + 48)

=247 +36] + 72k =12(2i + 3] + 6k)
Since, the required line is perpendicular to the given
lines. So, it is parallel to E; X l;; Now, equation of a line
passing through the point (1, 2, = 4) and parallel
to24 1 +36] + 72k or (2 +3 + 6k)is

T=(i+2] —4k)+ A2 +3] +6k)

which is required vector equation of the line.
For cartesian equation, put 7 = x; + y_; + zl;, we get

xi+yj+zk=(1+20)i +(2430)] + (-4 +6A)k



On comparing the coefficients Df;, }and ﬁ, we get
x=14+2A, y=2+3Aandz=-4 +6A

x-1=}.,y-2=}.mdz+4=}.
2 3 6
x=1_y=2_z+4
2 3 [

which is the required cartesian equation of the line.

Equation of a Line Passing
through Two Given Points
VECTOR EQUATION

The vector equation of a line passing through two points A

and B with position vectors dand b is given by

where, 7 is the position vector of any point P on the line
and A is some real number.
CARTESIAN EQUATION

The equation of a line passing through two points
Alxy, 31, 2,) and Blx,, y,, z,) is given by

*—* Y- nh -
X=X Ya— N

where, (x, y,z) are coordinates of any point on the line.

£— 2,

&y~ &

EXAMPLE |3| If y-coordinate of a point P on the join
of Q(1, 1, 3)and R(2, - 3, 5)is — 4, then find its z-coordinate.
Sol. Equation of a line joining ( and Ris

x=1_y=1 z=3
2-=1 =3-1 5-3
= x-1_y-1 _z-3 )
1 -4 2

Since, P(x, — 4, z) lies on the line, therefore
x=1_ =4-1_ z-3
1 -4 2

Considering last two terms, we get

z=3% =5 5§ 5
=5 =—=— = z=3=—
2 -4 4 2
= z=3+§=H
2 2

- . .11
Hence, the required z-coordinate is —.

Method to Convert Cartesian Equation of a Line in
Vector Form First, compare the given equation with
X - xl )' = _}l] Z— zl
= = to get (x,, ¥,,2,) and a, b, ¢,
P b B get (x1, 31, 24)

then put these values in F’=(x]f+_y]}+z].{:}

+ M (ai + .6; +ck) and get the required vector equation.

EXAMPLE |4| Find the cartesian and vector equation
for the line passing through the points A(-1,1,2) and
B(2, 4,5).
Sol Given points are A (x;, ¥, ;) =(-11, 2)
and B(x,. y2,7,)=(2.4,5)
We know that the cartesian equation of a line passing
through two points is

xX=x _¥Y=n _
¥Ya=¥
x=(-1) _y-1_z-2
2-(-1) 4-1 5-2
x+1=}r-1=z—2

Z=I

Xz =X -4

=
3 3 3
+1 -1 -2

or Gl A1)
1 1 1

which is the required cartesian equation of the given line.

To find the vector equation of line, compare Eq. (i) with
X=X, ¥~ ¥\ 7%
= = , we get
a b c

x,==1,y=Lz;=2and a=1b=1lc=1
Now, the required vector equation is given by
T =(xy0 4 y)+ k) + ilai + b+ ck)
Foci4j+2k+M(i+j+E)

Angle between Two Lines

Let L, and L, be two lines and 8 be the acute angle between
them.

VECTOR FORM
Let the vector equations of lines L, and L, be r= a_:+ ?L!;:

adr = :,_ +1 31 » then angle berween these two lines is
given by

where, A and [ are scalars.



=

—
If two lines are perpendicular, then b;- b, =0

b
and if two lines are parallel, then 5; =Abs.

CARTESIAN FORM

Let the cartesian equations of lines L, and L, be

XX _ Y nh_Ez7%
) by )
X=Xy V= Y2_22;
and = =
a3 b, €3

Then, angle berween the lines L, and L, is given by

cosO = | @@y +byby + 464

al+b +clfal+ b2 +c?

The angle between the lines in terms of sin B is given by

(a,b, —416|)2+ (byey —bzt‘l):

2
+(c,ay —cqay)

Jat +bl+ckad+ b +c2

sin B =

where, a, 51 2 and iy, 61, ¢, are direction ratios of lines
L, and L,, respectively.
If{;, my,n, and [,,m;, n, are direction cosines of lines ;
and L,, then angle between the lines is given by

cosO =L, +mypmy + nyng|

['.‘f12+m|1+n]1=l=},'21+ mi-ﬁ-n%]

and sinf = (bymy _szljz + (omym, _mznl)z
+ (’IJJJ _szl)l

If two lines are perpendicular, then a,a, + &by + 6,05, =0
a b o«

and if two lines are parallel, then g1
ay by ey

Note There are always two angles 8 and m — 6 between two lines.
EXAMPLE |5| Find the angle between the lines
() T =2 —5] + k+A(3 +2] +6k)
and 7 =71 — 6k +ui +2f +2k).

=Z g X-5._y-2_z-3
2 2 1 - 1 8

[Foreign 2014]

Sol. (i) Given lines arer =2 - 5j+ k+ M3+ 2]+ 6k)
and ¥ =7i —6k +u(i + 2 + 2k)
- = —

-+ = =
On comparing with r =a, + Abjand r =a, +pn b;,

—+ - - A —+ - - A
wegeth =3 +2j+6kandb, =i + 25 + 2k

*. The angle between the lines is given by

—- -3 A A A A A -
cos® =‘ by-b, =|(3i +2j+6k)-(i+2j+ 2.’:]'
|E’||E;|| |J32 +2 +62V'12 +22 + 22|
| 3sas12z | 19
[o+a+36i+a+4| a9
19 _19
Tx3 21
-1 19
= B=cos7!| =
21
{ii) Given equations of lines aIe% = % = %
and =5 _¥-2_z-3
4 1 &
Here, direction ratios of two lines are (2, 2 1) and
(4,1, 8).

Let 8 be the acute angle between the given lines, then

cosh = |aay + biby +cpcy |

@ b2 c2yfal + B2 4
|2x4+2x1+1x8|
242 4121 417 4 &

_ |8+ 2+8|
S Ji+a+1 flet1+ee

= cosf =

18 18 2

Y SEETTEE]

= 0 =cos™ [E]
3

EXAMPLE |6| Find the angle between the lines with

direction ratios proportional to 4, —3, 5 and 3, 4, 5,
respectively.
Sol Let® be the acute angle between the given lines.
Here, a, =4.b, ==3,¢c, =5 anda, =3.b, =4.c, =5
laya, +bb, +c,c,]
@ + B+l ol +bl+ el
[4%3+(=3)x4+5x5|
42 4 (-3p 457 37 +47 457

© cos 0 =

cosB =

_ 12 —12 + 25|
JI6+90+25 Jo+16+ 25
25 25 1

Jso+s0 50 2

=m9=cos[%]

= l]=3
3



EXAMPLE |7| Find the angle between the lines whose
direction cosines are given by the equations
A+m+5n=0,6mn—-2nl +5[m=0. [NCERTExemplar]
Sol The given equations are
A+m+5n=0 i)
and 6mn—2nl +5lm=0 ..(i1)
Now, from Eq. (i), we get m = — 3] —=5n _.(iii)
On substituting m = — 31 - 5nin Eq. (ii), we get
6(=3=5n)n=2nl +5/ (=31 =5n)=10
300" + 450 4157 =0 = 20" + 3+ F =0
'+l +nl+1* =0
2n(n+ )+ 1{n+1)=0
(n+)(2n+1)=0
Either | = —=porl=-2n

£
=
£
=

Ifl == nthenm == 2n [using Eq. (iii)]

[using Eq. (iii)]

Thus, the direction ratios of two lines are proportional to

(=n,=2n,n) and(=2n,n,n)Le. (=1, =2, 1) and

(= 2, 1,1), respectively.

Now, let O be the acute angle between the lines, then
|aya, + bb, +cpc,|

»Jﬂf-lbf—#cf Jﬂ§+b§+c22
|2=241]

;}1+4+1:;4+1+1

= 0 =cos! [l]
[

Point of Intersection of Lines

andif [ = = 2n,thenm = n.

cos 0 =

1
i}

To check whether the two given lines intersect or not and to
find point of intersection (if intersect) we follow the

following procedure
VECTOR FORM

Let the two lines be
P =(ayi +ay)+ask)+ A (b7 +byjrbok)  ...0)

=3

and 1 =(afi+alj+alk)+ b i+bl]+bik) ...Gi)

If Egs. (i) and (ii) intersect, then they have a common
point.

So, we have (a|;+ a1}+ 33£)+ s (bla?+.éz_;+ bj.g}
=(a]i+a}j+alk)+ (b i +b5j+bk)
= (ay+Mb) i +(ay+Aby) j+(ay + 1 by) b
=(af +Wb{)i +(al+n b)) j+(a] +ub))k
aythb =aj+u b, a+hb,=al+1b;
and 23 + Ab; = a2+ by

Now, find the value of A and p by solving any two of above
equations. If the values of A and [ satisfy the third equation,
then the two lines intersect, otherwise not. If intersect, then
the point of intersection can be obtain by substituting the

value of A (or 1) in Eq. (i) [or Eq. (ii)].
EXAMPLE |8| Show that lines
T =@ +]—k)+AB —Jj)and ¥ = (4 —k) +p (& +3k)

intersect each other. Find their point of intersection.
[Delhi 2014]

:_? First, determine the values of & and u by equating T of
both the lines and then find 7 by using the value of &

or .
Sol Given lines are ?=(;+}—£}+:‘.(3?—}] A1)
and T =(45 = k) + (2 +3k) (i)

Clearly, these lines will intersect, if(h] - kA) + ?!.{SE - _;}
= {4; - .F;) - }1(2; - 3£:}, for some particular values of A
andp.
Collecting the like terms, we get
(1430 +(1=A)j = k= (4 + 201 + (=1 + 30)k
On equating the coefficients of i, we get
143A=442u = 33.-2;}:3
On equating the coefficients of j, we get
I-h=0= k=1
On equating the coefficients ofi, we get
-l==143 = pn=0
w=0and A=1

Also, these values satisfy 34 — 2u = 3, therefore the given
lines intersect.
On putting A =11in Eq. (i), we get

T=(+i-B)+13 - H=ai+0j -k
Hence, the point of intersection of given lines is (4, 0, —=1).
CARTESIAN FORM

Let two lines be L, TR h A = A (say)
4 by oy
and Lz:x—xz =2 )2 275 = (say)
43 by £z

Consider the coordinates of general points on L; and
Ly ielx; +ah, yy+bh, z, +c,A)
and  (x;+ay W, yo+b Mz, +e 1)

L)
...(i)
where, A and U are some real constants. If the lines Z; and
L, intersect, then they have a common point.

(xy +ah, yy + b, Az +0,A)
=(x,ta Ly, th oz, e, 1)



for some constants A and L.

= X Hah=x,+as),
n+bh=y,+bn
and zyteh=z5+ 040

Now, find the value of A and 1 by solving any two of above
equations. [f the values of A and Pt satisfy the third equation,
then the two lines intersect, otherwise not. If intersect, then
the point of intersection can be obrain by substituting the

value of Afor p) in Eq. (i) [or Eq. (ii)].

EXAMPLE |9] Show that the linesX "1 yT”
Z+5 x—2 -4 z-6, .
= S and ] =Y 3 = intersect. Also, find
their point of intersection. [Delhi 2020]
Sol. The given lines are
x+1 y+3 z45 )
== "= " =}(let .
S . - (let) (i)
and 1-2_}';4_2 = u(let) (i)
1
Then, any point on line (i) is
P(3h—-1,5L =3 TA =5) (i)
and any point on line (ii) is
O(u+ 2 3 +4, 50 +6) vy

Clearly, the lines (i) and (ii) will intersect, if
(BA=15A=3,7h=5)=(n+23u+4,50+6)

for some particular value of A and 1.

=3h=1=p+25L=3=3u+4 and7TA=5=5u+6

= F-pn=3, -(¥)
SA-3u=7 -Avi)
and Th=5u=11 Lvid)

On multiplying Eq. (v) by 3 and then subtracting Eq. (vi)
from it, we get

GA =3 =5L+3u=9=7

.1
= 4)«.=2=&;..=E

On putting the value of & in Eq. (v). we get
1 3 3
3)(;—'_[:3::.5—!_1:3 = U==—

2
On putting the values of A and p in Eq. (vii), we get
1 3 7 15 22
TX==5]==]=11 =2—+—=11= —=11
2 2 2 2

= 11 =11, which is true.
Hence, lines (i) and (i) intersect and their point of
intersection is

1 1 1 . 1. . ..
Pl3x=-15%==37%x=-5 urting A = =in Eq.(ii)
( 2 2 2 ][P nhTyn ]

EXAMPLE |10| Find the equations of the two lines
passing through the origin which intersect the line
x-3 y-3

=£ at angles of r each.

2 1 [NCERT Exemplar]
Sol Given equation of the line is
-3 -3
=X =S hsay)
2 1
=5 x=2A+3, y=A+3andz=A (i)
¥ Q
o (0,0,0)
X X
Z P
v f
(Zh+3, L+3, 1)

Since, direction ratios of the given line are (2, 1, 1)
and the required lines make angle % with the given line.
cos X = ayag + bbb, +cjc,
3 JaZabwcial+b? 4
AZA+3)+1(A+3)+1-A
VR AT+ 12420 437 4 (R 43 + 12

r
3

8

[ direction ratios of OF are (24 + 3), (A + 3)and A]
1_ 6 + 9
2 JoJ4h? +9+120 + AF 494 6h + A2

3] 6h +9
= —_—

2 1"6}.2 +18A +18

= 6yf(A7 + 30 +3) = A6h +9)

= 6y(A° +3443) =620 +3)
= (AT43h+3)=(4R P +9412R)
[squaring on both sides]

= 37 +9A+6=0
= AP +3h+2=0
= (A+1}A+2)=0

A==1,-2
So, the direction ratios of required lines are (1, 2, -1)

and (-1, 1,-2). [putting A = -1, — 2in DR’s of OF]

Since, the required lines passes through origin.

.. The equations of required lines are TYoZ and
1 =1



SHORTEST DISTANCE
BETWEEN TWO LINES

Two lines in space will be one of the following forms
(ii) Parallel
(iii) Neither parallel nor intersecting

(i) Intersecring

If two lines in space intersect at a point, then the shortest
distance berween them is zero. If two lines in space are
parallel, then the shortest distance berween them will be
the perpendicular distance, ie. the length of the
perpendicular drawn from a point on one line onto the
other line.

z
G
— F
D
E ~ L
o]
- Y
; A B Ly

If two lines are neither intersecting nor parallel, then such
pair of lines are non-coplanar and are called skew-lines. In
the given figure, line GE (lie in ceiling DEFG) and BD

(lie in wall ABED) are skew-lines, since they are not parallel
and also never meet.

Note Two lines lying in the same plane are called coplanar lines.
Coplanar lines are either parallel or intersecting.

Shortest Distance between

Two Skew-Lines

For skew-lines, the line of the shortest distance will be
perpendicular to both the lines and it is unique also.

In ﬁgure, the shortest distance (SD) between two skew-lines

L, and L, is the length of the line segment P .

@
'L1

2
5 ar) P

VECTOR FORM
Let the equations of L, and L, be

- o - R —
r=a+ b and r=a,+pb,

Then, shortest distance PQ between these two skew-lines is

=+ =2 = =
(ay—ay) - (byx by)

5D =

|by x by

Condition for Two Given Lines to be Intersect The given

lines r = a_: + A g]} and r = a_;_ +1 f;; intersect, if the

shortest distance berween them is zero.

(az—a)- (b, % by)

Le. E— =0
|6, &,

= [@-a-@xby=0

Method to Find the Shortest Distance Let two lines be

=;: + 5_:;1., and ;’=a_; + .ET;”, which are the standard
equations of lines.

Then, for finding the shortest distance berween the two
lines, use the following steps
I. First, check whether the given equations are in
standard form or not. If they are not in standard
form, then write them in standard form.

II. Find .;:, :2, E; and .é_; by comparing with standard
form, say

- - - - =4 - - ~

Le.ay=aji+asj+ajk, by=bli+bij+bik

- - - — - - -~
and ay=al'i +af j+al ks =bl'i + b ] +blk.

- i r—-== —-= hamba i | LTy T t=] - —
PGk
bixby=| b by b
5]}: L‘—’E' 63»

=i b3y~ b3by) — jbibs— bib!)
+h(bbY— b

Y - o
IV. Determine the value of &, — &, and |&; % b,].
V. Now, put the values obtained in steps III and IV in
shortest distance formula
P T ey
(ay—ay)- (& xb,)

ie. SD=

"
|6y % &,
and simplify it to get the required shortest distance.
EXAMPLE |11| Find the shortest distance between the
lines 7 = (t + 1) +(2—t)j +(1+t)3k

and 7 =(@s+2)i —(1-35)j +@s - )3k.  [Delni2016C]



Sol. Given lines are
F=(t+1)i +(2-1)] +(1+ 113k
and 7 =(2s+2)i = (1—s)] + (25 18k

Clearly, the given equations are not in standard form. Let
us write these equations in standard form, i.e.

F=(i+2j+30)+1(i = ] +30) (D)
F=(2i - j=3k) +s(2i + ] +6k) i)

On comparing Eqgs. (i) and (ii) with T=di+1h
- = .t
and r =a, + Ab,, we get

Let Gi=i+2j+3k Bi=i-]+3k

- - — —
.Shortest distance = M
- -
| by = bz
_ 27 _9o
3_#10 10

EXAMPLE |12| Find the shortest distance between the
lines r —(1+A.)t +(2- 3}.)_: +I:3+2]L:lk

=-9=18
:]Bl+9

and r=(41' +5j+l5.‘:}+|.1|{21’ +3j +k). [NCERT]
Sol Given lines are

= (14 M) +(2-30)] +(3+ 20k 0D

and 7 = (a7 +5]+68)+ (2 +3] 4 £) i)

Clearly, first equation is not in standard form. Let us write
first equation of line in standard form, i.e.

-3 . . - . . .

r=(i+ 2] +3k) + A -3 +20) i)
On comparing Eqs. (iii) and (i) with ¥ =a, + Ab, and
T= a, + Ab, respectively, we get

—

Ef=:7+2_}+3£. b,=;—3}+2£
- . a —F
and II_;= 4i +5j + o6k, b, I+3j+k
oL i j ok
Clearly, b, xb, =|1 -3 2
2 31

:(-3 6] ;(1-4)+k(3+.5}
-—9!+3_;+9k

.
= B, % bz|=|-9:' +37 49| =J(-9)? +(3)* +(9)°
= 8140481 =171 =319

Now, @) —a =(41 +5] + 6k) = (i + 2j + 3k)

=3 +3] +3k
—

I, = a)-(b xb, )]
T —)
|b, xb,|
|31 +3) + 3k) (=9 +3] + 9K)|
= "
[-27+9+27] _ 9
BECERECE J_
which is the required shortest distance.
CARTESIAN FORM
Let L, and L, be two skew-lines with equations
_Y—h _
a4, - by B £y

Required SD=

X —x z— 2

L:

and  L;:
as by €3

Then, the shortest distance between these lines is

X=X Yo~ E217EH
&y

as by cy

2

J(é,fz - &lrllz +ilea, —f141)2+ (ayby — albl}z

Condition tor 1'wo Given Lines to be Intersect Let the two
lines be

L_x_xl_}'_}"l_z_zl
1° == -
dy 1 3
and L1:x_x1=)'_}1=z_21
T4y by 2

The lines L, and I, will intersect, if the shortest distance
between them is zero
pTX YT E22TE
ie | a b, ¢ |=0

a, b, ,

Note If direction cosines of the lines are given, ie. (4, my, ny) and
(I3, my, ny). then replace (&, by.c,) by (I, my, n,) and (a,, by, ¢, ) by
(I, my, i, ) in the above formula to find shortest distance.
Method to Find the Shortest Distance Suppose two lines
X=Xy _Y—h _z—% d"‘ ¥2 Y7V _27 2%
= = an

a, by 1 sy by s
are given to us, then for finding the shortest distance
berween these lines, use the following steps




I. First, check whether the given equations are in
standard form or not. If they are not in standard
form, then write them in standard form.

IL Find x,, y;. 2,3 X5, ¥2, 225 @y, by, 0y and a,, 6, ¢,
by comparing the given equations with standard
equation of lines.

III. Compute the value of the determinant

Y2— N %2175

iy by o

a3 by £z

X2 — X

by expanding along &, or C,.
IV. Compute the value of
\l'(élrz —bye))  +(eyay —caa))’ +(ah, —ayh,)’

V. Put the values obrained in steps Il and IV in shortest
distance formula, i.e.
X27% Va7 ETH
| by “

SD= 4, b, )

(byes —boe ) +(cya; — ca,)?
+(ayby —ayby)”

and simplify it to ger required shortest distance.

2

EXAMPLE |13| Find the shortest distance between the
Jl-x_2-y_z-3_ . x-2_y-4_z-5

line:
-2 -3 4 3 4 5
. . 1-x 2-y z-3
Sol. Given lines are == ="
-2 -3 4
and %2 = }rT—4 =Z ;5. which are not in standard form.

Given equations of lines can be written in standard form
as

x-1

}r—2=z—3 and x—2=y—4=z—5
2 3 4 3 4 5
On comparing the given equations of lines with
X=% _¥Y=W _ “Xp ¥~ Y _Z7Z
@ by € az b, Cz

I % andE

weget xy =Ly, =2z =%a =2b =3¢, =4

and x; =2y, =4z, =5a,=3b=4¢,=5

=X Yz 2274
On putting these values in a b, c
a; b, €2
2-1 4-2 5-3 1 2 2
we get| 2 3 4 |=|2 3 4
3 4 5 3 45

=1(15=16) =210 =12) + 2(8 =9)==1+4=2=1

Now, 'J(bl"-'z = byey :}2 +(c1az = ca }2 +(ab, —azb )2

=V'(3x5-4 x4) +(4%x3-5x2)" +(2x4-3x3)"

= J(15-16) + (12 = 10)° + (8 - 9)?
=,f(-1)2 F(2P (-1 =1+ +1=46

X=X Ya—=h Zx7%
4 by €y

5D = az b, €3

'j{blﬁ'z = bye,)’ +(e,a; = c3a, )" + (@b, = azh,)*

1 . S . .
= Tumls, which is the required shortest distance.
.3

Distance between Parallel Lines

If two lines Lland L, are paralle], then [hey are coplanar.

- (E2)
. Lo
3L

S @)
The shortest distance 7P between parallel lines

. = -,
L:F=a+ kb and L7 =ay+Wj is

- = -
bx(a,— a,)

PR
SDord = |PT| =

Note To find the distance between two lines, first check whether they
are parallel or not.

EXAMPLE |14| Find the distance between the lines
L, and L, given by 7 =1 +2] - 4k + A(2{ +3] +6k) and
T =31 +3) -5k +u(4 +6] +12k). [Foreign 2014]
Sol. Given lines are
LT =(i+2j-4k)+ (20 +3] +6k)
and L, 7 =(37 +3]-5k) + pai +6) +12K)
or L,:7 =(3i +3]-5Kk)+ qu(2i +3]+6k)
=(3!‘A+ 3} - 5§]+ u'(z? +3}+ 612}
On comparing the given equations of lines with

- - — - = - - . PR
r=g+iband r =a,+u’ b, wegeta =i+2j-4k,

— - - - —3 - ~ -
a4, =3 +3j-5k and b =2 +3] +6k
Now, a,—a = (% +3j-5k)-(i + 2] -4k) = 2§ + j -k
k
.
and bx(a,-a,) = 6

[ U
L T ]

-1



=(-3-6)i —(-2-12)] +(2-6)k
=-9j +14j -4k

- - = - - -
bx(a,—a)| _ |91 +14 -4k

Required distance,d =

) | 21 +3] + 6k]
_ A +(4) + (1)
J( 2)* + (3)% + ()
_ 481419 +16 _ 429‘3
Ji+9+36  Aao

y293 units

7
Perpendicular Distance of a
Line from a Given Point

VECTOR FORM

To determine the perpendlcular dls tance from a given point

Plf{:t} to a given line r=a + A b we follow the following
procedure
Let L be the foot of perpendicular drawn from the point
—_

P(ot) on the given line and the position vector of I be
- =
atib.

Pia)
A Ltla+ib) B
?=?+13’
=+ =5 =3 9 -y
Then, PL—a-l—lé O=a—o+Aib.

-

Since, PLis perpendicular to the line which is parallel to b.
—_

Therefore, PL- & =0

= = 5 =
= (a—o+ib)- b=

= =9 o - = _)__}.;
= (a—) b+A(b 6)=0 (a-0)-b

= A=———0
|6
— -
On substituting the value of A in a+Aé and

— 5 =
PL=a-o+i b we obrain the position vector of [ and

vector PL. The magni(ude of P.[ gives the leng(h of
perpendicular.

CARTESIAN FORM

To determine the perpendicular distance from a given point

P(o, B, ¥) to a given line

1" h _E7*
a b

we follow the following procedure

Let L be the foot of the perpendicular drawn from P(a, B, v)

on the given line and the coordinate of L be

() +ah, y, +bh, 2, +ch).

xXx—x

L=% (say)

P, B, v)

(xy+ak, yy+bi, 2y +ch)
i B

Then, direction ratio of AB are proportional to 4, b, ¢ and
direction ratio of PL are proportional to
(e, +ah—a, y+bh—B, z,+ch—7).
perpendicular to AB, therefore
(x,+ah—oa+ (y,+ AP+ (

After simplifying, we get

Since, PL is

z,+Heh—Y)e=0.

e -

;L= [‘3(0: _x1)+ b(E‘ __]"|)+"-‘(Y - zl}]
at+ b+t

On putting the value of & in (x; + ak, y, + A, 2, + cA), we
obtain coordinates of I. Now, we can find the lcng[h of PL
using distance formula.

EXAMPLE |15] Find the coordinates of foot of
perpendicular drawn from the point (0, 2, 3) on the line
x+3 _Y-1_2+4 o, find the length of
5 2 3
perpendicular.
Sol Given equation of the line is x_::j = }'T—l -t
x+3 y=-1 z+4
Let = = =i
et — > 3 (say)
x+3=}.- y=1_, an Z+4-}.
5
F (0,2 3)
A L B




= x=5A=3 y=2A+landz=3h -4
.. Coordinates of point L are (5A = 3, ZA + 1, 3A —-4)
Now, DR’s of line PL
=(5h-3-0,2h+1-23h—4-3)
=(5A=32A=L34=7)
DR’s of line ABare 5, 2, 3.
FL 1 AB
aya, + bbb, +c,c, =0 A1)
where, @ =54 =3 b = 2A -1,
c,=3A-Tanda, =5b,=2c¢c,=3
From Eq. (i) we get
= 5-(5A =3)+ 2:(2L =1)+3-(34=T) =0

= 250 =15+4A =24+ 9A =21 =0
= 35A-38=0 = 384 =38 = A=1
.. Foot of perpendicular [

=(54 =3, 2L+ 3k =4)=(23 -1) [puti=1]
Also, length of perpendicular,
PL =Distance between points P and L

=Jo-27 +(2-32 +(3 +1)

[ distance ='j{xz =x P (ye =y Pz =2,)]

=,J4+1+16=Eunils

EXAMPLE |16| Find the coordinates of the foot of
perpendicular drawn from a point A(L8,4) to the line
joining the points B(0, - 1, 3) and C(2, - 3, - 1).

[All India 2017C]

Sol Let D be the foot of perpendicular drawn from A to the

line BC. A (1.8.4)

B D c

(0,-1,3) (2,-3,-1)

i
1

Now, equation of line passing through Band C is

P
X _y+l _z-
o 1 a2
Now,lei£=y—+1=£=l
1 =1 -2
=0 x=h y=—h-landz=—24 +3

So, coordinates of D are (A, — A =1, — 24 + 3) for some
value of A.

Mow, direction ratios of line AD are
<h=-1L-A-9-2A-1>
As AD | BC

1(h—1)=1(~h—9)— 2(~2h 1) =0 = 7 = ‘%

Thus, the coordinates Df.DiS[—E, E E]
33 3
Hence, the coordinates of foot of perpendicular drawn

5219
from A to line joining B and C are (—E, 3 ?}

EXAMPLE |17| Vertices B and C of A4BC lie along the
x;r;!: 3:1:2-0. Find the area of the triangle
given that A has coordinates (1, — 1 2)and line segment BC
has length 5 units.

Sol. Let h be the height of AABC. Then, h is the length of
perpendicular from A(L-=12) to the line
x+2_ y=1_z-0

2 1 '

line

4
+2 -1 -0
x =}'T= z-i passes through the

point say P{—210) and parallel to the wvector

Clearly, line

—* - -~ ~
b=2i +j+4k

2 -1 -0
x; Y= - Z4 = A. Then, coordinates of M are
1

(2h =2 A +1,44)

Let

Now, DR's of AMare 2A —3, A + 2and 44 - 2
Since, AM L BC, therefore
2L =3)+ UA + 2)+4{dh - 2)=0
[ DR's of line BC are 2, 1, 4]

= 21).=12=>J.=;

Thus, the coordinate of M are (-Tﬁ % 17—6)

2 2 2
=6 1 16
Now, h=|AM|= [l —=1] +]—+1| +|—~-
7 7 7
B f169+324+ 4 fd;;?_ '71
R R o 7t 7

It is given that the length of BC is 5 units.

1 1 71
. Area of AABC =E(BC * h}=5x5x =

1775 .
=, |—— squnits
28




TOPIC PRACTICE 2 |

OBJECTIVE TYPE QUESTIONS

1

The equation of straight line passing through
the point (a, b, ¢) and parallel to Z-axis is

The equation of a line passing through the
point (=3, 2, -4) and equally inclined to the axes
are

(a) x-3=y+2=z-4 (b) x+3=y-2=z+4

(d) None of these

The two lines x =ay + b, z=cy + d and
x=a'y+b',z=c"y+d" are perpendicular to
each other, if [Delhi 2020]

{a)£+£=1 +£=—1
a’ ¢

(S
a

(d) aa’ + cc"= -1

p
(c)aa’+ec’=1

The angle between the lines through the points
(4,7,8),(2,3,4) and (-1 -2,1), (1, 2,5) is
I8
0 b) =
(a) ) 3
by T
c) = 4 =
CE (@ %
The lines >— =y-3=4_zand
1 k
T-] = y;'i =z _25 are mutually perpendicular, if
the value of kis [All India 2020]
2 2
_= by =
-3 CE
(c) -2 (d)2

VERY SHORT ANSWER Type Questions

6

7

Find the direction cosines of the line
4-x_y_1l-z
2 6 3 [Delhi 2013C]

The equation of a line are
5x = 3=15y +7=3 =10z Write the direction
cosines of the line. |All India 2015]

10

1

12

If the equation of line AB is 3-x =L +22 _Z ; 5,
then write the direction ratios of the line
parallel to above line AB. [Delhi 2011]

Find the cartesian equation of the line which

passes through the point (-2,4, -5)and is parallel

x+3 _4-y _z+48
3 5 6

to the line 2 ==
[Delhi 2013]

Find the vector equation of the line which
passes thrnugh the pmnt (3, 4, 5) and is parallel
to the vectnrf»_‘.l +2_; 3k. [Delhi 2019]

Aline passes thrc—ugh the point with position
vector 2 — _} + 4k and is in the direction of the

vectori + } — 2k. Find the equation of the line in

cartesian form. [All India 2019]

Aline passes thrc—ugh the point with position
vector 2 — 3_; + 4k and makes angles 60°, 1207
and 45° with X, ¥ and Z-axes, respectively. Find

the equation of the line in the cartesian form.
[Delhi 2016C)

SHORT ANSWER Type I Questions

13

14

15

16

17

18

The vector equation of a line which passes
through the points (3,4, -7) and (1, -1, 6) is .........
|All India 2020]

Find the equation of a llne in cartesian form,
which is parallel to % - ] + 3k and which passes
through the point (5, -2, 4).

The x-coordinate of a point on the line joining

the points P(2, 2, 1) and Q(5,1,-2) is 4. Find its
z-coordinate. |All India 2017]

Find the cartesian equation of line that passing
through the points (1, - 1, 3) and (3, 4, - 2).

Find the vector equation of line passing
through the points (1, - 1, 2) and (3, 2, 1).

Find the vector equation of the line passing
through the point A(L 2,-1) and parallel to the
line 5x-25=14-Ty = 35z. [Delhi 2017]

SHORT ANSWER Type II Questions

19

Find the shortest distance between the lines
r=(4i-j)+r(i+2)-3k)

and  r=(i - j+2k) + (2 + 47 - 5k). [CBSE 2018]



20

21

22

23

24

25

26

27

28

29

The cartesian equations of a line is

6x=2=3y+1=2z-2 Find the direction cosines

of the line. Write down the cartesian and vector

equations of a line passing through the point

(2, -1 -1) which are parallel to the given line.
[Delhi 2013C]

Find the direction cosines of the line
x+d = 2y-1 = 5-2 Also, find the vector
2 6 6
equation of the line through the point A(-L 2, 3)
and parallel to the given line. |Delhi 2014]

Find the equation of a line passing through the
point (1, 2, —4) and perpendicular to two lines
%

r=(8 i-19j+10k) + A(3i - 16 + Tk) and

r=(15{ +29j+50) + n(3{ +8] ~5k).  |allIndia2015]
Aline passes through the point (2, -1, 3) and is
perpendicular to the lines

F=(i+j-k) +n@2i-2j+Fk)and

T = (23 - } - 3k) + p(f + 2}' + 21::), Obtain its

equation in vector and cartesian forms.
[All India 2014]

Find the angle between the pair of lines given
by 7 =3i +2] -4k + A (i +2] +2k)
and 7 = 5i =2 +p (30 + 2] + 6k).

Find the angle between the lines

=Ai+ _}'+ 21;,) and

=2j+pu{(v3 -Di- (3 +1) j+4k).

Find the angle between the pair of lines

—x+2=y—l=z+3andx+2=2y-8=z-5
-2 7 -3 -1 4 4

and check whether the lines are parallel or

perpendicular. [Delhi 2011]

—
r
—
r

Find the angle between the lines
2x=3y=-zandbx == y=-4z

Find the value of p so that the lines

1-x - ?y—14= z-3 and T-Tx - 5—y=11—zare
3 2p 1 3p 1 7
at right angles. [Delhi 2017C]

Show that the line through the points (1, -1, 2),
(3, 4, -2) is perpendicular to the line through the
points (0, 3, 2) and (3, 5, 6). [NCERT]

30

31

32

33

34

35

36

37

38

Find the vector and cartesian equations of the
line which is perpendicular to the lines with

2=L3=ZT+]'and

. X+
equations 2

IT_I = }';2 =Z ; 3 and passes through the point

(1,1, 1). Also, find the angle between the given
[All India 2020]

lines.

Find the vector and cartesian equation of a line
through the point (1, - 1, 1) and perpendicular to

the lines joining the points (4, 3,2), (1, - 1 0) and

12-1,211).

Find the shortest distance between the lines
F=2-5j+k+1(3i+2j+6k)

and 7 = Ti - 6k +p(§+2j+2£}, [All India 2015C]

Find the shortest distance between the lines
r-3=y-5=z-?andr+l=y+l=z+1-
1 -2 1 T -6 1
[Foreign 2014]

By computing shortest distance, determine
whether the following pair of lines intersect or

not ¥ =(4i + 5)) + A (i +2j - 3k) and
r=(i-j+2k) +p(2+4j-5k).
x=1_y+1_z-1
2 5

== =—"__ do not intersect each other.

Show that the lines and

Find the coordinates of the foot of

perpendicular drawn from the point (2, 3, -8) to
the line 4——_{ - L = I__Z‘
2 6 3 [All India 2017C]

Find the foot of perpendicular from P(], 2, - 3) to

the line x; 1 = t‘% = if Also, find the image

of P in the given line. [Delhi 2016C]

Find the coordinates of the foot of
perpendicular drawn from the point A(-1, 8, 4)
to the line joining the points B (0, -1, 3) and

C (2,-3,-1). Hence, find the image of the point 4
in the line BC. [All India 2016]



LONG ANSWER Type Questions

39 Find the vector and cartesian equations of a
line passing through (1, 2, - 4) and perpendicular
x-8 y+19 z-10
= = and
3 -16 T

to the two lines

x-15_y-29 _z-5
3 8 -5
40 Ifthelines*-t=Y=-2_2-3
-3 2h 2
x-1 =2 -1 =2- 5 are perpendicular, find the
3A 2 -5
value of A. Hence find whether the lines are
intersecting or not. [All India 2019]

[Delhi 2017]

41 Show that the lines Tl— Y -11 z+1=0and

X ; 4 = ZT“ ¥ =0intersect each other. Also, find

their point of intersection.

42 Find the shortest distance between the lines
x—8= y+9=z—ll}and x-15 y-29=z—5
2 =16 7 3 8 =3
Also, find the equations of the shortest distance.

43 Find the perpendicular distance of point (1, 0, 0)

from the hne =2 ;] z +810‘ Also, find the

coordinate of foot of perpendicular and
equation of perpendicular. [Delhi 2011]

| HINTS & SOLUTIONS |

1. (d) Hint Direction cosines of Z-axis are 0, 0, 1.

2. (b) Here, | = m = n, therefore required equation of line is
x+3 _y-2_z+4

[
=x+3=y-2=z+4
3. (d) We have,

x=ay+hz=cy+dandx=a"y+b, z=cy+d’
-b -d -b =d

=I =£=z andx =l=Z
a 1 c a’ 1 ¢’

Since, these lines are p-erpendlcu]ar
aa’+1+cc”" =0
[ two lines are perpendicular, if a,a, + bib, 4 ¢;c, =0]
= aa"+ec’=-1
4. (a) DR's of given line are -2, —4, ~4 and 2, 4, 4.
Since, DR's are proportional, therefore given lines are
parallel to each other.

Hence, angle between them is zero.

5. (a) We have,
x=2_ y=3_ 4-z x=1_y=4 z-5
1 1 k k 2 =2

or — == _—and—=r—=——

Since, the given lines are perpendicular.
L (k) (N 2)+ (=k)(=2)=0

= k+2+2k=0
= 3k+2=0= k= _
3
1—
6. Given equation of line is == 7 z
o
. . x=4 y z=1
It can be rewritten in standard form as === e
- 6 -

Here, DR’s of line are -2, 6, —3.

Now, yf(~2)> +6% +(=3)° =J1+36+9=~/19=7

So, DC's of line are _2 E, —;.
7. Given equation of a line is
5x=3=15y+7=3=-10z LAi)
To convert the equation in standard form
X-x _Y-h_zT°-3 i)
a b c
Let us divide Eq. (i) by LCM (coefficient of x, y and z).
ie. LCM (5, 15, 10) =30
5x=3_15y+7 _3-10z

Now, Eq. (i) becomes

30 30 30
5[.‘(-2] 15[}r+1] —lﬂ[z—i]
5 15 10
= = =
30 30 30
N 7 3
X== y+— z-—
= 5_ 15 _ 10
4] 2 -3

On comparing the above equation with Eq. (ii), we get
6, 2, = 3 are the direction ratios of the given line.
Now, the direction cosines of given line are

6 2 =3

V& + 2 +(=3F & 422 +(=3) &'+ 22 +(=3)
[ J36+4+9=J5=7]

8. Hint Given equation can be rewritten in standard form as
x=3 _ y+2 z-5

-1 -2 4

(1) Direction ratios of two parallel lines are proportional
(ii) Direction ratios of given line are =1, =2 4 .
[Ans. =1, =2, 4]
9. Since, the required line is parallel to the line

x+3 _d-y _z+8

or —_——



1.

12

13.

*. DR's of both lines are proportional to each other.
The required cartesian equation of the line passing
through the point (=2, 4, —5) having DR’s (3, -5, 6) is
x+2 _ y=4 z+45

. Equation of a line passing through a point with position

— —
vector a and parallel to a vector b is
- =3 .
r=a+ib
Since, line passes thrnugh (3,4,5)
ﬂ =3+ 4} +5k
Since, line is parallel to 2§ + 2] = 3k
B =2 +2] -3k
- = —
Equation of line is r = a + A b,
e, r=(3+4]+5k)+A(2 + 2] -3k)
which is the required vector equation.
The given line passes through the point A having position
—3 - - A
vector a =2i— j+4k and is parallel to the vector
—* - - A
b=(i+j-2k)
. The equation of the given line is

- — — -~ . A - s &
r=a+hb =r=(2i-j+4k)+A(i+7-2k) .00

—* - - ~
For cartesian equation, put r = xi 4 yj 4 zk in Eq. (i), we
get

=  (xi4ytzk)=(2—j+ak)+ (i + - 2K)
= Mtk =(240) i +(h=1)]+(4-20)k
= x=2+A y=A-landz=4-2A%
. x-2=y+1=z—4=l

1 1 =2
Hence, x-2 y+1=z—4 is the required equation of

11 -2
the given line in cartesian form.

Hil:ll DC'S Dfrequ.i.red line are cos 60°, cos120° and cos 45°;
“7 7 J_

-2
[Ans. X =

and a point on the line is (2, =3, 4).
y+3 _z-=4

vz =z 142
or2x-4=—2y—6=~15{z-4)]

Any line passing through the points : and F has vector
- = - =
equation r = a+ A{b=a).
. Vector equation of the line passing through the points
- - - A - a oa A
a=3i+4j—Tkand b =i - j+6k is given by

r =3 +aj-7k+ A[(I - +6k)—(3F +4]-70)]

= r=3%+4]=7k+A(=2] =5} +13)

14.

15.
16.

17.

18.

19.

=5 _y+2 z-4
-1 3

1 -3
Similar as Example 4. [Ans.T % z S ]

Similar as Example 1. [A:ns. X

Similar as Example 3. [Ans. z = = 1]

Hint Let @ and b are the position Ver:lnr of I:l =1, 2)and

{3, 2, 1), respechve]y Then, a=i- _l +2k and
b =3i+ 2; +k
Now, the required equation of line is given by

F=F+Mb-2)
[Ans. r = (i — ]+ 2k)+ A(2] +3] - k)]
Given line i35r—25=14—?y=352_

x-5 2-y z _y-2 2_ =z
= —_— L = =;, —_— -
1/5 /7 1/35 15 -1/7 1/35
1 1 1
= Direction ratios of the given line are —, - —, —
5 7135
= Direction ratios of a line parallel to the given line are
tional to =, — =, —
ro onal to —, -—, —
prope 5 735

The requi.ted line will be parallel to the wvector

b=—:——j+—fc
5 7 35

Hence, the required equation of line is given by
=ad+Ab
=7 =(i +2J-k]+}.[—: -;j+31—5£]
Given equation of lines are
r=(4i= )+ A0 + 2= 3k) D)
and r=(i = j+ 2k)+ (2 +4j - 5k) i)

On comparing Egs. (i) and (i) with r = a, + Ab, and
r = a, + b, respectively, we get
@ =4i—j, b =1+2j-3k

and 52=E—}+2k.,bz=2;+4}—55
Here a, —a, = =3i + 2k
Pk
and b x by=|1 2 -3
24 -5
=i(=-10412)— j(=5+6)+k(1-4)
=2i—j
= |bxb|=yZ+ (=1 =1+1=45

Now, the shortest distance between the given lines is
given by

”b";b)(ﬂz-ﬂn ‘{21 _;){3!4-?.‘(]‘
[By % by V5




20.

21.

22,

23.

24.

26.

27.

Given equation of line is

6x—2 3y+1 2z-2
6x=2=3y+1=2z-2or i =22 =

] ] 6
6] x 2 | y+ . z 2
(] ¥ 3 2
or = =
] 6 [:]
1
Xx== y+= _
or 3 = 3_z2-1
1 2 3
Clearly, DR's of given line are 1, 2, 3.
1 2 3
. DC’s of given line are ——, ——, ——
V47 V147 14

[-V12 422 432 =144 49 =14]

Now, equation of a line passing through the point
(2 =1, =1)and parallel to the given line is

To find the vector form, consider
x=2_y+1_z+1
T 2
= x=A4+2 y=2A=1z=3A=-1
xitytzk=(h+2)i+(2h-1)j+Br-1k
==k + R (4 2) +30)
= (2= jk)+ A+ 2] +3k)
which is the required equation of line in vector form.
Solve as Question 20.
23 -6

- - - A - - -
Ans. | — —, — =—i4+2j+3k+A(2i +3j—-6k
[ s(T = T}r i+2j+ (21 +3) }]

= A (say)

Similar as Example 2.
[Ans. 7 = (i + 2] —4K) + A(2] +3] +6k)]
Similar as Example 2.
—* - - -~ -~ - -
[Ans. r=(2i —j+3k)+A(-6i —3j+6k)
2=x =y=1 z-3
& 3 6

and

Similar as Example 5 (i). [A]'Lg 0 = cog [12_9]]
1

. Similar as Example 5 (i). [Ans %}

Similar as Example 5 (ii). l:Ans. %: given pair of lines are
perpendicular to each ul.her]

Hint (i) The given equations of lines can be rewritten as

220 _y-0_x-0 gx-0_y-0_ z-0
3 2 -t 2 =12 =3

(ii) Similar as Example 5 (ii). [Ans 0= %]

28. Hint Given equations of lines can be written as

el D)

-3 2pf7 1
and x-1 _y-5_z-11 )
=3pfl -1 -7

Since, Eqs. (i) and (ii) are perpendicular.

. -{?}%c-nnmp 0 [Ans.p=7]

29. Hint Ifa,. by, ¢, and a,, b,. ¢, are the direction ratios of the
lines, then the lines are perpendicular, if
@ay + bbby 4+ cyc, =0

30. Any line through the point (1, 1, 1) is given by

x=1_ y=1_=z-=1 .
AT -0
where a, band ¢ are the direction ratios of line (i).

Now, the line (i) is perpendicular to the lines

1 2 4
and x—;l = }’T—E = ﬁ where DR's of these two lines
are (1, 2, 4) and (2, 3, 4), respectively.
a+2b+4c=0 L. i)
and 2Za+3b4+4c=0 ... (1id)

[ if two lines having DR's (a,, by, ¢, )and (a,, b, ;) are
perpendicular, then a,a, + bb, + ¢,c, = 0]
By cross-multiplication method, we get

a b € _, @ b ¢

8-12 8-4 3-4 -4 4 -1
= DR’S of line (i) are = 4, 4, =1

. The required cartesian equation of line (i) is
x=1_y-1_=z-1
-4 4 =1

and vector equation is?=?+}+£+l{—4?+4}—£}

Again, let @ be the angle between the given lines. Then,
1x2+2x34+4x4

24 24
cos 0 = = =
Jita+16Js+0+16 21429 609
0 =rcos™ [%]

31. Solve as Question 30.
Hint Find DR’s of perpendicular lines.

=1 +1 =1
Ans. T =" o Z—', its corresponding vector
10 -4 =7

equation is F= (i -j + E}-!-E.{ICI; —4}—?’;:}
32. Similar as Example 12_|:Ans.£JS_ unirs]
5

33. Similar as Example 13. [Ans. 229 units]



34. Given equations of lines are P(1,2,-3)
T o=(4i +55)+ A (i + 2] - 3k)
and r=(i—j+2k)+p(2 +4]-5k)

.
On comparing with ?=nl + Ab, and r= fi_; +ub, , we

— - . = - - -
get a =4i+5j, b1 =i+2j-3k ) Q ,
and & =i =42 Bam 2 4] -5k
— - A  a - A & A A - _ g . .
Now,a, —a, =i = j+ 2k —-4i =5 ==31—6) + 2k Since, PQ is perpendicular to the line
R VAN x4l _y-3_=z
and b, xb,=|1 2 -3 2 -2 =1
24 -5 s 2= 2)=2=2h 4+1) =1(~A +3) =0
=i(-10412)- j(-5+6)+k (4 —-4) = A=1
A s s .. Foot of the perpendicular is 0(1. 1, -1).
=2-j+0k Let P'(x, v, z) be the image of Pin the line, then
“;’1 w b_z;l = (20 +(=1)% + (0)F = Jr - JS- Coordinates of ( = Coordinates of mid-point of PP’
fx+1 y+2 z-=3
-~ Shortest distance between two lines is =01-1= 2 ' g ' o
- = = =3
sp=| (B xba)(a; —a) P, 2,-3)
-
| by x b, |
(2= j+0k)-(=3i =6+ 2k) | | 64640
5D = = =
V5 Vs 0
Hence, the two lines intersect each other. i
35. Given equations of lines are i Pl y. 2)

xol _y4l_z-1 gx+2_y-l_z+1
3 2 5 4 3 -2 x+1 y+2 -3

. . . = =1, —=land—=-1
On comparing above equations with 2 2
X% _¥Y-wn_zI—% =x=Ly=0z=1
a, b, . Hence, the image is (1,0, 1).
and X=X _¥=¥2 =z-zz,weget 38. Solve as Question 37. ) ]
a, b, s [Ans. Foot of perpendicular =(- 2 1,7) and image of

A=(=3-610)
39. Solve as Question 30.
-1 y=2 z+44
= an

x =Ly ==-lz=la=53b=2¢c=5
and x, ==2 y, =1z, =-la, =4, b, =3¢, =-2

x
Xa=X; Yz=) Zx=g| |-3 2 =2 [Ans. > = ; d
Now, consider | a, by o |=[3 2 5 L. . 6 ..
a; b, ¢, 4 3 -2 r=(i+2j=4k)+ M2i +3j+6k)]
==3(=4=15)= 2(=6—20) = 2(9=8) 40. The direction ratio of the lines
==3(=19)= 2 -26) - 21) x=1_y- 2=z—3 and x—1_y-1 =z—t’;|m_E
=57 +52=2=107 20 =3 20 2 3A 2 =5
= Shortest distance will not be zero. =3, 24, Zand 3A, 2, =5, respectively.
Hence, the given lines do not intersect each other. It is known that two lines with direction ratios a,. b,. ¢,
36. Similar as Example 15 [Ans. (2, 6, = 2)] and a,, b,, ¢, are perpendicular, if

+bb, +cc, =0
37. Any point on the given line is Bz T 502 T
(2h -1 - 2h+3 — 1) (=3)(3A) +(20) 2+ (2)(=-5)=0
Therefore, coordinates of Qare (24 =1, = 24 + 3, = A) = =0k +4A -10=0
= =S5A=10 = A==2

. . ) .
Now, PQ =(2A-2)i + (= 2A +1)j +(-A +3)k Therefore, for & = — 2 the given lines are perpendicular.



41.

42.

The coordinates of any point on first line are given by
x=1_ y=-2 z-3

= 5 (say) [ch==2
-3 - ]
= x=-35+1L y=—-4s5+2

and z=25+3

So, the coordinates of a general point on first line are
(=3s+1, =45 + 2 25 +3)

The coordinates of any point on second line are given

by

_y=1_z-=6_

R

= x==6t+l, y=2t+landz==5t+6

So, the coordinates of a general point on second line are

(=61 41, 2t 41, =5t + 6)

If the lines intersect, then they have a common point.
So, for some values of s and t, we must have,
“Is+l=-6t+1,—-4s5+2=2¢+1

and 25 +3=-5t +6
= —3s+6t=0—-45—2t =—land 25 + 5t =3
Solving first two of these two equations, we get

s= 1 and t = L
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These values of s and ¢, do not satisfy the third equation.
Hence, the given lines do not intersect.

Similar as Example 9.
Hint The given equations can be rewritten as
_1 - - -
x=1_y-1_z+4l  x-4_y-0_z+l
3 =1 0 2 1] 3
[Ans. (4,0, =1)]
Given lines are
x=8 y+9 z-10 .
= = = & (sa D)
3 — - (say) (
x=15_y=29_z-5
3 a =5

and

= U (say) --Aii)

Any point Pon line (i) is

P(3A + 8 =164 =9, TA +10)
and any point J on line (ii) is

O[3 +15 8+ 29, =50+ 5)
So, direction ratios of PQ are
(B +15=30L =8 8u+29+16A+9=5u+5=7A=10)
ie. (B =3A+7, Bu+16A+38 =5u=TA=5)

...{i)

(1v)

Now, |PQ| will be the shortest distance between lines (i)
and (ii) if PQ is perpendicular to both lines (i) and (ii).

43.

33 =34+ 7) = 16(81 + 164 + 38)
+7(=51=Th=5)=0
[ aa; + bby + cic, =0]
= O — 94 + 21 — 128 — 2564 — 608 — 351 — 494 =35 =0
=  =154p=314A =622=0
= 7T +157Ah +311=0 [dividing by (=2)]...{v)
and 3(3u =34 +7)+ 8(8u + 164 + 38)
—-5(=5L=Th=5)=0
[aa, + bb, +c,c, =0]
= O =94+ 21 + 641 + 1284 + 304 + 250 + 354 + 25=0
= 981 + 1544 +350=0
= T +11A 4+ 25=0 [dividing by 14] ...(vi)

On multiplying Eq. (vi) by 11 and then subtracting from
Eq. (v), we get

(770 4+ 1574 4 311) = (770 + 1214 + 275) =0
= 36Ah +36=0 = A=-1
On putting the value of A in Eq. (v), we get
771 +157(=1) + 311 =0
= 77 =157 +311=0
= TIL+154=0 = p==2

On putting the values of A and p in Egs. (iii) and (iv),
we get

Coordinates of P=(-3+816-9, -7 +10)=(5,7, 3)
and coordinates of @ = (=6 415, =16 + 29,10 + 5)
=(9,13,15)
. Shortest distance between two lines,
PQ= J(-;— 5 +(13=7) +(15=3)°
[+ distance = (y(x = x1)° + (v2= 1)’ + (22 = 2)°)]

= /16 4 36 + 144 = /196 =14 units

Equation of line PQ of shortest distance is

x=5_ y=7 z-=3
9=-5 13-7 15-3

LT y=n -5
o™X YiT™N 5T

x=5_y=7_=z=3

4 il 12

-5 -7 -3
Hence, IT = ‘VT =Z is the required equation of

the line which gives shortest distance.

Similar as Example 15.

[Ans. Length of perpendicular is 24, coordinate of foot
of perpendicular is (3, -4,-2) and equation of
x=1 Yy _ .z

perpendicular is = =3




SUMMARY

= Direction Cosines A directed line say L passing through the origin makes angles o, p and y with X, ¥ and Z-axes respectively, which
are called direction angles. Then, cosine of these angles, i.e. cos «, cos pand cos y are known as the direction cosines of the directed
line L. We denoteitas, | =coso.m= cosfandn=cosy.

= Direction Ratios Any three numbers a, b and c propertional to the direction cosines /, m and n, respectively are called the direction
ratios or direction numbers of the line.
(i) The direction ratios of a line passing through two points P(x;, ¥y, z;)and Q (X3, ¥z, Z) are xa — x;, ¥z — ¥y, Zo — Z;.

(i) 1= g M=t D andn=2——2C
]a"’+r:|2+:':2 :Ja2+bz+c:2 1'12+.bz+c"'J
= Equation of a Line
(i) Equation of a line through a given point and parallel to a given vector
Vector Equation T =ath B, where, @ = pasition vector of point and b vector to which ling is parallel.
Cartesian Equation x_:‘ = y;y. = Z;Z', where a, b, c are direction ratios and (x,, y;, ) be the point.

(i) Eguation of a line passing through two given points

Vector Equation 1 = 3 +Mb—a) where aand b are position vectors of points.

X YN 278 here(x, . 2;)and (X, ya, 25)are two points.
Xo—X Yo—hi D4

Angle between Two Lines

Cartesian Equation

=
Vector formcos 8= b-b, |
| b6

Cartesian form cos 6=

a@ + bb, +c)
J&+ 6 vt + b5 v}

Distance between Two Skew-Lines The shortest distance between these two skew-lines.

Vector Form SD =

Ho—X) Vo—Wi Za— 4
g b G
d b, Ca

V(b — bty F + cz—ca ) + (@b, —abf

= Distance between Parallel Lines The shoriest distance between parallel lines

Cartesian Form SD =

L,:?=§:+}._b'and LE:7=§;+!.tBis SDr.)ru'=m
15|



CHAPTER
PRACTICE

OBJECTIVE TYPE QUESTIONS

1 Pisa point on the line segment joining the
points (3, 2, =1) and (6, 2, - 2). If x-coordinate of P

is 5, then its y-coordinate is [NCERT Exemplar]
(a) 2 (b)1
(c)-1 (d)-2

2 IfOis the origin and OP = 3 with direction ratios
=1, 2and -2, then coordinates of P are

12 -2
{a) (_1- 2-_2) (b] [_§,§1E]
(c)(-3,6,9) (d)(1,2,2)
3 The equation of X-axis in space is
[NCERT Exemplar]
(a)x=0,y=0 (b)x=0,z=0
(e)x=0 (d)y=0,z=0

4 The coordinates of a point on the line
x+2 y+1 z-3
3 2
point (1,2, 3) is
(a) (56,43, 111)

(e) (2,1,3)

at a distance of% from the

17 1? 17
(@) (-2-1-3)

(b) [56 43 111]

VERY SHORT ANSWER Type Questions

5 If aline makes angles 907, 135%, 45° with the X, Y

and Z-axes respectively, find its direction

cosines. [Delhi 2019]
6 Find the direction cosines of the following line
gox zy-lz
= 2 4 [CBSE Sample Paper 2021 Term I]

7 The line of shortest distance between two skew
lines is ......... to both the lines. [All India 2020]

8 Cartesian equatinn of line AB is
2x=1 4-y +1
— = T_ T Write the direction ratios of

a line parallel to AB. [All India 2010]

9 What is the cartesian equation of the line

— ~ A A ~ A A,
= -- 1 ? [ 1 '?
r=(3i-j+4k)+A{i +2j+ 3k) [NCERT Exemplar]

10 Write the vector equation of the line
x-5_y+4 6-z
3 7 2

[Delhi 2010]

11 Find the equation of line passing through the
point (2, 1, 3) having the direction ratios1,1, -2.

12 Find the equation of a line parallel to ¥-axis and
passing through the origin.

13 Write the condition for the lines r = §;+ }.5; and

— - = . .
r =a,+ Ab, to be intersecting.

14 Show that the lines =—= = = "1 and
% S % = %are perpendicular to each other.

SHORT ANSWER Type I Questions

15 IfPisa lent in space such that OP =12 and OP

is inclined at angles of 45° and 60° with X and
Y-axes, respectively. Then, find the position
vector of P

[Hint First, use IZ+m®+n? =1]
16 Show that the line joining the origin to the point

(2,1,1) is perpendicular to the line determined by
the points(3, 5, -1) and (4, 3, -1).

[NCERT Exemplar]

SHORT ANSWER Type II Questions

17 Aline passmg thrc—ugh the point A with position
vectora = 41 + 2} +2kis parallel to the vector
b 2I 4 3} +6k. Find the length of the
perpendicular clrawn on th1s line from a point P
with position vector r= r +2_; +3k.



18 Find the vector and cartesian equations of line
passing through the point (1, 2, - 4) and
perpendicular to two lines

x-8_y+19_2z-10 an|:1:1r-15=y-2'3=z—5‘
3 -16 T 3 8 =5
[Delhi 2012]

19 Show that the angle between the diagonals of a
. 1 [1 }
cube iscos™ | =
3

20 Find the shortest distance between the lines
F=(-0i+(t-2) j+(3-20Fk
and r=(s+1)i+(25-1) j—(2s+ D k.
[All India 2011]
21 Find the shortest distance between the lines
x+1=2y=-12zandx = y+2=6z-6.

22 Find the shortest distance between the
following lines

F=(i+j-R)+s2i+]+k)

and ?=(f+}'+2£}+t(4f+2j’+2£)
[CBSE Sample Paper (Term II)]

23 Show that the lines r = 3i +2j -4k + A(i + 2 +2k)

andr =5 —2}'+|.1(3E +2}' +6.';] are intersecting.
Also, find their point of intersecting.
[All India 2013]

LONG ANSWER Type Questions

24 If a variable line in two adjacent positions has
direction cosines [, m,n and [ + 8{, m + ém, n + 6n,
then show that the small angle 80 between the

two positions is given by 507 =31 + dm” + 6n”.
[NCERT Exemplar]
25 A_S>=32-j'+i;.andC_D)=-3£+2j'+4i::aretwu
vectors. The position vectors of the points 4
and C are 6; + ?}' + 4k and-9}+212
respectively. Find the position vector of a point
P on the line AB and a point Q on the line

— — —
CD such that PQ is perpendicular to AB and CD
both. [NCERT Exemplar]

26 Find the value of A, so that the lines
1—x=7y-14=z—Sand?-_?x=1}'—5=6-z
3 A 2 3 1 5
are at right angles. Also, find whether the lines

are intersecting or not. [Delhi 2019]

27 Aline makes angles «. i, y and § with the four
diagonals of a cube, prove that

2 3 2 2. _4
cos o +cos [} +cos” y +cos b=§.

CASE BASED Question

28 The equation of motion of a missile are x = 3t,

y=-4tand z =, where the time ¢ is given in
seconds and the distance is measured in
kilometres. |CBSE Question Bank]

Answer the following questions using the above
information.
;:i} What is the path of the missile?
(a) Straight line (b) Parabola
(c) Circle (d) Ellipse
(ii) Which of the following points lie on the path
of the missile?

(a) (6,8,2) (b) (6,-8,-2)
(c) (6,-8,2) (d)(-6,-8,2)

(iii) At what distance will the rocket be from the
starting point (0, 0, 0) in 5 57

(a) ¥550 km (b) v650 km
{c) y/450 km (d) V750 km



| ANSWERS |

1. (a) 2. (a) 3. (d) 4
5 o_L L 6 [1_ L L)
) "3z 3427 342
7. perpendicular 8. (1.-7,2)
9. #:%:? 10. 7 =(57 — 4] + 6k) + A3 +7] - 26)
. X-2_y-1_z-3 nxX-¥y_z
1 1 -2 1 0
3. (b xb,)-(a,—a)=0 15. 621 + 6] + 6k
17. -.lfl?u.nils IB.X—;I=}IT_2=Z:4: ?=(l’+2}'—4£}+l{2f+3}'+6f:'}
20. %units 21. 2 units
22, %i-silmits 23. (-1, -6, —12)

25. P =(3.83), Q=(-3, -7, 6); position vectors are 3+ 8} + 3!2 and - 37 —'?}'+ 612.

26. =7, lines are not intersecting 28. (i) —(a). (i) —(e), (iii) — (b)





