This chapter is an introduction to caleulus, a branch of Mathematics, which
mainly deals with the study of change in the value of a function as the points in

‘ :I 3 the domain change.

LIMITS AND
DERIVATIVES

| TOPIC 1| - N2 CHAPTER CHECKLIST
Fundamental of Limits « Fundamental of Limits

+ Limits of Rational Functions

DEFINITION OF LIMIT » Limits of Trigonometric

If f(x) approaches to a real number {, when x approaches to a (through lesser or Functions

greater values to a) L.e. if f(x) — [ when x — a, then is called limit of the * Limits of Exponential

function f(x). In symbolic form, it can be written as lim f(x) =1 Funetions and Logarithmic
X—a

Functions
Concept of Left Hand and Right Hand Limit * Derivative and First

Principle of Derivative
LEFT HAND LIMIT

A real number [, is the left hand limit of function f(x) at x = a, if the values of
fix) can be made as close as {; at points closed to 2 and on the left of a.
Symbolically, it is written as

LHL = lim f(x)=/,

N—ra -
In other words, we can say that lim f(x) is the expected value of £ at x = a,
x—ba

» Algebra of Derivative of
Funetions

s Derivative of Trigonometric
Funetions

when we have the values U-Ff near x to the left of 2. This value is called the left

hand limit of f(x) at a.
RIGHT HAND LIMIT

A real number /,is the right hand limit of function f(x) at x = 4, if the values of
fix) can be made as close as /, at points closed to @ and on the right of a.
Hj'mbcﬂica]]}-', it is written as RHL = lim f{x} = fz

x—Fa
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In other words, we can say that lim f(x) is the expected

x—a
value of f atx =a, when we have the values of f near x to

the right of a.
This value is called the right hand limit of f(x) at 4.

EXISTENCE OF LIMIT

If the right hand limit and left hand limit coincide
(i.c. same), then we say that limit exists and their common

value is called the limit of f(x) at x = # and denoted it by
lim f(x).

x—ra

Note
(i) (@) x— a=00r x— & is read as x tends to a from left and it
means that x is very close to a but it is always less than a.
(b) x— a+ 0or x— a" is read as x tends to a from right and it
means that x is very close to a but it is always greater than a.
(c) x— ais read as x tends to a and it means that x is very
close to a but it is never equal to a.

(i) fim (Constant) = Constant; llm (Constant) = Constant

X

and l|m (Constant) -Constanl eg. lim2=2

X0

METHOD TO SOLVE THE LEFT HAND AND
RIGHT HAND LIMITS OF A FUNCTION

With the help of following steps, we can find the left hand
and right hand limits of a function casily

Step 1 For left hand limit, write the given functon as
lim f (x)and for right hand limit, write the

X—"

given functionas lim f (x).
x— l

Step 11 For left hand limit, put x =4 = 4 and change the
limit x — 4~ by » — 0. Then, limit obrained from
step Lis bli.:nuf(a =h).

Similarly, for right hand limit, put x =4+ / and
change the limit x— 2* by /— 0. Then, limit
obtained from step I is hligxof(a +h).

Step 11 Now, simplify the result obtained in step 1

le. bli_r::n_fl_’g-h} DrJEnuf{a+bl

EXAMPLE |1| Suppose the function is defined by

| x-3|
_— x#]3

flx)={ x-3
0, x=3

(i) Find the left hand limit of f{x) at x =3.
(ii) Find the right hand limit of f(x) at x =3.

| x -3
Sol (i) Given, fix)=4{ x—-3 '
0, x=3

x#3

-. Left hand limit at x =3 is
llm flx)= lim

x— 3"

| x-3]|
x—3

(1)

On putting x =3 — h and changing the limit x — 3~
by h— 0in Eq. (i), we get

| x-3| |—hl
hm = lim = lim
f(x) x=3" x-3 k=0 —h
= xlin; flx)= hmoﬁ []x]|=x]

=-1

(i) Right hand limit at x =3 is
lim f(x)= lim

x— 3"

[ x-3]
z-43* X—3

i)

On putting x =3+ h and changing the limit x — 3°
by h— 0in Eq. (ii), we get
Ix-3]_

x—=»3* x-3

lim f(x)= lLm

x—3*

= lim f(x)= hmm-lim%=l [ x| = x]

x—+3" h k=0
Alternate Method
Jx=3)
Given, f(x)=1{"y_3 x#3
0, x=3
ﬂ' ifx<3
(x-g) -1, ifx<3
wd X= ifx>3 =41 ifx<3
x— .
0. ifx=3 0 ifx<3
() LHL= lim f(x) = lim (-1)
x— 3" x— 3"
[ f(x)=-1, for x < 3]
=-1
(i) RHL= lim f(x)= lLm (1) [ f(x)=1, for x>3]
x—=3" x—3*

=1

EXAMPLE |2| Find the left hand limit and right hand
limit of the greatest integer function f (x) =[x] = greatest
integer less than or equal to x at x =k, where k is an
integer. Also, show that x'l.i_])njc f(x) does not exist.

Sol We have, fix)=x]
LHLof fatx =k, = ]j.m_fl{r}l
= ]unf{k k) [putting x = k — hand when
x— k7, then h— 0]
= lim [k — ] = lim (k1)
h— 0 h— @

[k—-1<k-—h<k=(k-h=k-1]
=k-1



RHLof fatx=k, = lim f(x)
x—=k*
= lim f(k+h) [putting x =k + hand when
s x— k", then h— 0]
= lim [k + Ah]
h—0
=hlim°k [vk<k+h<k+1= (k+h)=k]
=k
Here, LHL # RHL
lim'r f(x) does not exist.

ALGEBRA OF LIMITS

Sometimes two or more functions involving algebraic
operations, addition, subtraction, multiplication and
division are given, then to find the limit of these functions
involving algebraic operations,

we use the following theorem
Let f and g be two real functions with common domain D,

such that lim f(x) and lim g(x) exists. Then,

(i) Limit of sum of two functions is sum of the limits of
the functions. i.c.

lim (f+g)(x)= lim f(x)+ lim g(x)

(ii) Limit of difference of two functions is difference of
the limits of the function. i.c.

li_l'n (f=g)x)= li_!)n f(x)=- li_r:l g(x)
(iti) Limit of product of a constant and one function is
the product of that constant and limit of a function,

Le.

lim [¢- f(x)]=¢ lim f (x), where ¢ is a constant.

(iv) Limit of product of two functions is product of the
limits of the function, i.e.

lim [f(x)-g(x)]= lim £ (x)- lim g(x)

(v} Limit of quotient of two functions is quotient of the
limits of the functions, i.e.

lim £ (x)
LG il :
x—sa glx) lim g(x)

where lim g(x) 20

xX—ra

EXAMPLE |3] Let us consider two functions
f(x)=x* +4 and g(x) = x — 3 such that f(x) and g(x)
exist at x = 5. Find the limit of the following functions at
x=5

(i) £(x) + g(x) (i) £0x) - g(x)
(iil) £(x) X 9(x) (iv) L&
g(x)

Sol. Given functions are f(x)= x* +4and glx)=x-3
Clearly, lims flx)= lims x* +4

=(5)° +4
=25+4=29 i)
and Iim g(x)= lim (x-3)
= 2y =2 (i)

(I) xh—lz‘s [f(x) % g(x)]= xh—x'ns f(X)+ xﬁ—ryns g(x)

=29+2
=31

(i1) 'li_l’ns [f(x)— g(x)]= ,hfls flx)— ,“_'.“s g(x)

[from Egs. (i) and (ii)]

=29-2

=27 [from Eqs. (i) and (ii))

(ii1) lims [f(x)x g(x)]= lims flx)x Iimsg(x)

=29x2

=58 [from Egs. (i) and (i1))

lim f(x)

. . f(x) x5 < o

(iv) xh_l:ls ) = _ﬁms = [from Egs. (i) and (i1))

=145

Nl@

LIMITS OF POLYNOMIAL
FUNCTION

A function f is said to be a polynomial function, if f (x)
is zero function or if f (x) =4y +ajx+ srzxz +.Fa,x”,

where ;s are real numbers and a, #0.

METHOD TO FIND LIMIT OF A POLYNOMIAL

To find the limit of given polynomial, we use the algebra of
limits and then put the limit and simplify. It can be
understand in the fullnwing way

We know that, lim x=a .Then
xX—*ad

lim x*= lim (x+x)
xX—ra Xx—*d
= lim x+ lim x
— _ .2
=aga=a
lim x* =a"
x—#d

Similarly,

Now, let f(x)=a,+a,x+ alrz +..+a,x" bea

polynomial function.



Then, limit of a polynomial function f(x)
=lim f(x)=lim [ag+apx+ a‘lxz + ot a,x")
x—+a X34

= lim ay+ lim 4, x+ lim a, x4 ..+ lim a,x"
x—+a xr—a x—+a x—3a

. . 2 .
=ag+a; lim x+a, lim x“+ ..+ a, lim x"
X—3a X—3a xX—+a

=gy +aa+a,a +.+aa" = f(a)

EXAMPLE |4]| Evaluate the limits
lim (4x° —2x* = x +1).

¥—+ 3

Sol lim (4x*—2x* — x+1)
xr—3

=4 lim x* =2 lim x* - lim x + lim 1
x—+ 3 xr—43 r—+ 3% r—+%

=403 —2(3° —3+1=108—18—2=88

EXAMPLE |5]| Evaluate the left hand and right hand
limits of the following function at x = 2.

f(x]={2x+3,ifx52

x+5if x>2
Does lim f(x) exist?
i 2x +3, if x<2
Sol Gi = B
@ ven, f(x) {x+5, if x>2

LHL= lim f(x)= lim 2x+3
x— 27 x—s 2"
[~ f(x)=2x+3 if x=<2]
=hlima (2(2-h+3]=2(2-0)+3

[putting x = 2 —hand when x — 27, then h — 0]

=4+3=7
and RHL= lim f(x)
x= 2"

= Iim'(x+5} [ flx)=x+5ifx= 2|

x=2
=lim (2+ h+5)=2+0+5=7
h—= 0
[putting x = 2+ hand x — 2, then h— 0]
- LHL of flat x = 2)=RHL of f(at x = 2)
w lim f{x)exists and it is equal to 7.
x— 2

EXAMPLE |6| Evaluate the left hand and right hand
limits of the function defined by

1+x%,ifo<x<1
flx)= s atx=1

2—-x",if x=1
Also, show that lim f(x) does not exist.
x—=1

1+x% ifogx<1
Sol. We have, f(x)={ " U=¥
2—x2,ifr>1

Atx=1LHL= lim f(x)

x=»1

= lim (1+x") [“f(x)=1+ " if0€ x<1)

x=1"

= lim[1 +(1- Bl=1+(1-0f =2

[putting x =1 — hand when x — 17, then h — 0]
RHL= lim f(x)

r=1*

= lim (2— x") [~ flx)=2-x" ifx>1)

x—+1
= lim [2 — (1 + h)*)
k= b
[putting ¥ =1+ hand when x — 17, then h — 0]
=2-1=1
Since, LHL # RHL
Therefore, ]iml flx)does not exist.

EXAMPLE |7| For what integers m and n does '|.imn fix)

and lim f(x) exist, if
X¥x—=1 F
mx- +n, x=<=0
flx)=qamx+m, 0=x<1
2
nx“+m, x>1 [NCERT]
mx’ +n  x<0
Sol Given, f(x)={nx+m, 0<x<1
nx2+m, x=1

Limit at x =0
LHL= lim f(x)= lim mx* +n

x— 07 x— 07

= lim m({0—h)? +n
h— 0

[putting x =0 — hand as x — 0”, then h— 0]
=n

RHL= lim fi{x)= lim nx® +m

=" x—s0*

= lim a0+ h)* + m=m
k=0

[putting x =0 + hand as x — 07, then h— 0]

Now, for lim f{x) to be exists.
x— 0
LHL = RHL
=5 n=m
Hence, lim f{x)exist whenm=n
= i

Limit at x =1

LHL= lim f{x)

=1

Here,

= lim (nx +m)
x—=1"



= lim [n(1 - h)+ m]
LR

[putting x =1— hand as x — 17, then h— 0]
=n+m

RHL = lim f(x)- hm (nx* +m)

X—'I

= lim n(1 + b)Y + m
k>0

[putting x =1+ hand as x — 1%, then h— 0]
=n+m
Now, for lim f(x) to be exists,
lim f(x)— hm f(x)

x—1"

= h+m=h+m, whlchlslrueforalln, meZ.
Hence, lim f(x)exists foralln, me Z.
x—1

|x]+1 , x<0
EXAMPLE |8| If f(x)=4 0 , x=0, for what
|x|-1 , x>0

value(s) of a does lim f(x) exist? [NCERT]
X
-x+1, x<0 if x>0
Sol. We have, f(x)={ 0 , [ |x= xl.x_ ]
-x. ifx<o
x>0

Casel Whena=0
In this case, LHL lim f(x)=hlimof(0—h)
h—s 0" i

= lim—(0-h)+1
b [vForx<0, f(x)=-x+1]

= lim(h+1)= lim h+ lim 1
A0 h=0 k-0
=0+1=1
and RHL= lim f(x)=hlim f(o+h)
x—0" -0

= lim f(0+h)—1=—1
e [ For x =0, f(x)=x—1]

- LHL # RHL

~r Fora=10 lim f{x)does not exists.

Case Il Whena<0
In this case, lim f{x)= lim{-x+1)
[ Forx <0, flx)=—x+1]
= —a+1, which is a fixed real number.
s Fora< 0 lim fx)exists.

Case lll Whena=>0
In this case, lim f{x)= lim{x—1)
e e [+ Forx=0, fix)=x-1]
= a—1, which is a fixed real number.
~Fora=0, lim f(x)exists.
Hence, from case [, Il and III, we conclude that lim f{x)
exists for all @ # 0. o

TOPIC PRACTICE 1

OBJECTIVE TYPE QUESTIONS

1 The limit of f(x)= x? when x tends to zero

equals
(a) zero (b) one
(c) two (d) three

2 The right hand limit and left hand limit of a
function f(x)at a given point x = g is the value
of f(x) which is dictated by the values of f(x)
when x tends toa from ..A... and ..B...,
respectively. Here, A and B refer to
(a) left, right
(b) left, left
(c) right, left
(d) right, right

3 The process of finding the limit follows
addition, subtraction, multiplication and
division as long as the limits and functions
under consideration are
(a) undefined
(b) ‘well defined
(c) Both (a) and (b) are correct
(d) Neither (a) nor (b) is correct

4 Let f be a function such that lim f(x) exist.

Then for any real number A, we have
(a) lim [(&-f)(x)] =4 lim f(x)

®) lm {(%)(x)} L. tim 1(x)

(c) Both (a) and (b) are correct

(d) Meither (a) nor (b) is correct
5 If f is an odd function, then ]jmn fix), when
X—

exists, is equal to
(a) fl0)

(b} O

(c) any real value
(d) None of these

VERY SHORT ANSWER Type Questions
6 Find lim (x>—x+1).

2"

7 Evaluate LHL and RHL of the lim 12| x|
X— x



8 Evaluate Ei_r?':lx—ll, where []is greatest integer
function.
9 Find the limits (Each part carries 1 mark)
(i) 11153[;‘—;—1] (ii) lim [x%(x+1)]
(iii) ll_1’r1_'1I (l+x+x2+..+x%)

SHORT ANSWER Type I Questions

10 1f () = {

exists.

2 x<-1
X+&xs , then find ¢ when hrn _f[x}

[NCERT Exemplar]

11 Let f(x)be a function defined by

Gx—6,ifxr<3
X)=
fix) {lx—k,it‘x:as
Find the value of k, if lin; fix) exists.
X—5.

x—4
12 Show that lim I—I does not exist.
r—d xX- [NCERT Exemplar]

SHORT ANSWER Type 11 Questions

13 Evaluate the left hand and right hand limits of
the following functions at x=1.

%) S5x-4 ,if0=<xx<l
Xl=
dy?-3y, if l<x<?

Does lim f(x) exist?
¥l

2y+3,ifx<0
14 Let = ' th
et flx) {3(x+1],ifx> o’ en
(i) evaluate lirrnif{x} (ii) evaluate lir:lif[x}
a+bx, x=1
x =1, andif lim f(x)= f(1),
b—ax, x=1

15 Suppose f(x)=

then what are the possible values of a and b7
[NCERT]

LONG ANSWER Type Question

xaetl
16 Evaluate l'ma fix), where f(x)= |X|
x=0
[NCERT]
S L PP
" X#% then show that lirréf{x]

2 ifx=0
does not exist.

17 1f f(x) =

18 Find I.inaf{x} and limI f(x), where

) {2r+3, x=0

- 3(x+]), x>0 [NCERT]

| HINTS & ANSWERS

1. (a) Given function is f[x}=xz. Observe that when x
takes values very close to 0, the value of f(x) also
approaches towards 0.

We say rli_r.nn flx)=0

2. (¢) There are essentially two ways x could approach to a
number a either from left or from right. This naturally
leads to two limits-the right hand limit and the left hand
limit.

3. (b) The limiting process respects addition, subtraction
multiplication and division as long as the limits and
functions under consideration are well defined.

4. (a)For any real number i, we have

P_TE[(?I-'I]{X}]= :'L'Hﬂ!]
5. (b) It is given that, ]im f{r}exists_

]un fl{x}- lim fi{x)

P
Q *]i;r'nuf[ﬂ—h}=hl.1_|’nuf{ﬂ+h}
> _ah—l.rtn fh)= nh—r,nn fh)
[ flx)is odd = f{— h)=— f(h)]
= 2 lim f(k)=0 = lim f(h)=0
lim flx)y=0

6. lim (x* —x+1}-|1|n|_{2 Ry —(2— h)+1} Amns. 3

x—2"

7. LHL= llmﬂ=1:]ndRH]'_= hnm=£

=0 X X x—a* X X
Ans. LHL = —1and RHL =1
8. LHL= Iim [x—1] =Ii|n[1—h—1]= Iim[—h]; -

and RHL- lim [x~1]=lim [1+h~1] = lim[h] =0

I'—)l
Ans. Does not exist
9. (i) lim[x* —x—1]=[1"-1-1]=-1
=l

Ans. 36
Ans. 0

(1) Solve as part (i).
(iii) Solve as part (ii).
10. LHL= lim (x+2)= llm{—l h+2)=1

x—-1"

EHL= lim f{r}- lim cx -I.unc( 1+h}

=-1" x—=-1"

Ans. c=1



6y —6if x<3

1l. We have, f(x)=
s {2:—!«: if x=>3

LHL = 1|.m  f(x)= lim_(6x—6)

3"

- hm[ﬁfS—h}—ﬁ]-lz
=i

and BHL= lim fix)= lim {2x—k)
=" 3"
=H[2{3+h}—k]=ﬁ—k Ans. k=—-6
—4
12. Given, limu
x4 y—d
—(x—4
LHL= lim -~ _ [ x—4 |=—(x—4), x<4]
=4~ x—4
. (x—4)
RHL= lim =1 [v]|x—4]|=(x—1) x>4]

—4* x—4
3. LHL= lm (5x—4)= lim[50-h)-4]=1

and RHL= lj.m flx)= hm {41’ —3x)

x—=1"

= '!m;[ﬂl+h} -3{(1+h)] =1

Ans. lim f{x)exists and it is equal to 1.

x—1

14. (ij)LHL= li.m (2x+3)= Lim[zr;u—h}+3]=3

RHL = ]un 3{x+1]|_hm[3(n+h+1}]_3 Ans. 3

x—=0*

(i) lim f(x)=lim3(x+1) Ans.6

15. LHL= lim (a+bx)=lim[a+b(1~h))=a+b

=17

RHL = hm (b— ﬂx}-hm[b a(l+h)] =b-a

1"

| TOPIC 2|
Limits of Rational Functions

A function f is said to be a rational function, if

g (x)
f(x)—b()

functions such that 4 (x) 0.

, where g(x) and b (x) are polynomial

lim g (x)
Thcn, lim f(x)— llm (X) = oA e g(ll)
X e h() lm b ha)

However, if 4 (a) =0, then there are two cases arise,
(i) g (@) #0 (ii) g (@) =0.

In the first case, we say that the limit does not exist.

~LHL=RHL=f(1) =a+b=bh-a=4
Ans. ﬂ=ﬂ,b=4
16. LHL= lim fix)= lirr;f{ﬂ—h}

= lim {ﬂ h) = lim (0=h) _
a—m|n }.I b — (D— ﬁ]

RHL= lim f(x)= lim f(0+h)

0"
0+h 0+h
= —_—= Il — =
h—m|n+h| k=0 (0+h)
Ans. At x =0, limit does not exist.

r-lr]_y, 0P

17. LHL= lim f(x)= lim

¥ 0 =0~ "_“D (ﬂ—h}
= ]m]ﬂ_ 2
b= —f

x—|x| . (n+h1|—p+h{=ﬂ

and RHL = I1rn (x)= lim
f 0+h

x—0" X Ll

Ans. hn}._f{x}l does not exist.
18. Atx=0,LHL= lim f(x)=lim f(0—h)
x—sil" h—s i
= 1i1::2{ﬂ—h}|+3=3
EHL= lim f(x)=lim f(0+h)= lim3(0+h+1)=3
el k=0 h—

LHL = lim_f(x)= lim f(1~h) = lim3(1~h+1)=6

Atx=1 RHL= lim f(x)=lim f(1+h)= lim3(1+h+1)=6
1" - ad

Ans.  lim f(x)=3and lim f(x) = 6

In the second case, we can find limit.

Limit of a rational function can be find with the help of
following methods

Direct Substitution Method

In this method, we substitute the point, to which the
variable tends to in the given limit. If it give us a real
number, then the number so obrained is the limit of the
function and if it does not give us a real number, then use

other methods.



EXAMPLE |1] Find the limits of the following.
R e - 2
(1) }1_1'1; = (if) lim

iy i ST BT

x—0 2+x

(x — 1% +3x°
(x* +1)

[INCERT]
Sol. (i) 0 o,
2 x+3
W (x—1)*+3x*

(i1) ,»l:.n-ll (x‘+l)2

[here, h(a)+# 0]

_(=1-1)+3(=1)°
(-1 +1)*

(—2)* +3(1)
(1+1)*

2+x+ 2—-x

S

2+0

_M_i_,/;

(i) lim

x-4

EXAMPLE |2| Evaluate lnn et
12] 13-13-x

7 ol
s>13-J13-x 3-2
__ -3 33+28)  _ -3(3+248)
3-243 (3-243)3+2v3)  9-12
_D36+2B) R

- - - .8 - - -1 ]

Factorisation Method
Let fim £

xX—* g X
x=a. Then, we factorise f (x) and g (x) and then eancel

out the common factor to evaluare the limir,

METHOD TO DETERMINE THE LIMIT
BY USING FACTORISATION METHOD

fix)
Step 1 Write the given limir as  lim
= a g {x]

If lim f(x)=0and lim g(x)=0, then go to

[C\duECS (L8] tl'll: FCII.'ITI %, WI'ICH wce subslitutr:

next step, otherwise use direct substirunon method.
Step Il Factorise f (x) and g(x), such that (x—a) is a
common factor and write given limit as
(x—a) fi (x)
x—a (x—a) g (x)
Step 11l Cancel the common factor(s), then limit obtained

in Step III becomes lim f' ()
x—a g [x]

Step IV Use direct substitution method ro obrain limir.

¥ USEFUL FORMULAE FOR FACTORISATION

(i) (a* =b*)=(a—b)(a+b)
(ii) &> —6* =(a—b)(a® +ab+b*)
(iii) @® +8* =(a+b)(a® —ab+b*)
(iv) @' =b* =(a® =b%)(a” + %)
=(a—b)(a+b)(a® +b*)
(v) If f(0t)=0, then x —otis a factor of f (x).

3
EXAMPLE |3| Evaluate L = lim <>
xX—2 (x - 2)
Sol. Wehave, L= hmx ..
x—=2 X— 2

Letf(x)=x —8and g(x)=x-2

Here, Iimf(x):limx’-8=23—8=0

and lung(x)—llmx 2=2-2=0

x—2
Thus, we get 5 form.

Now, factorise f(x)and g(x) such that(x — 2)
is a common factor.
Here, f(x)=x* —8=(x*-2%)
=(x— 2)(x* +4 + 2x) and g(x)=x-2
Faslien (x —2)(x* +4 + 2x)
x— 2 (X-Z)

On cancelling the common factor (x — 2), we get
L= lim (x* +4 + 2x)
x=+2

=(2* +4+2(2)=d+4+4=12
5

Hence, lim G-
=2 x—2

=12

Note We cancelled the term (x=2) in the above calculation,
because x = 2.

4x° —1
2x -1

EXAMPLE 4| Evaluate lim

X —¥
. 1 1]
Sol. On putting x = —, we get the form —
2 o

S0, let us first factorise it.

¥
Consider, lim 2 =1_ jjm Zx+D(2x—1)
'_"% 2x -1 r—s’; {21’—1}

[using factorisation method]
= lim (2x+1)

==
2

= 2{-1—)+l=2
2



2 —-—
EXAMPLE |5| Evaluate lim | ————|.
x=2 | x7 —4x" + 4x

Sol  On putting x = 2, we get the form 2 So, let us first
0

factorise it.
¥t —4 (x+2)(x-2)

©(x -2y

Consider, lim - — =
¥= 2y —4x” +4x x— 2

= lim (x+2) _ 2+2 _4
Troz x(x—2) 2(2-2) 0
which is not defined.

2

-4

lim —_ does not exist.
s x? —4x? 44y

2 -—
EXAMPLE |6] Evaluate lim z"—3
X3 x°+3 -.|E x=12

Sof  t ?-3 (x—3)(x +3)
:—.--.r;_r2+‘_’.1ﬁx—12 x=s 3]‘.’2+4'\EI—\EI—12

lim {x—ﬂE}{x+ﬂE]

=43 (x +443) (x — 3)

- (x+4B) _ B+ _ 2B _2

=3 {x+433} E+4E E 5

EXAMPLE |7| Evaluate I:|.m[ 2,1 }

1% x-=1

—% becomes the

L,) When x =1, the expression : = =

_x —
form ==—==. So, we need to simplify it to express it in the
form 2.
S0l We have,

]im[ 22+—1 )= lim[ 22——1 ]
r=i\]—x xr—1 r=I\l—x 1—-x
[e — o= form)]

= hmm I:E- farm]
11—yt 0

EXAMPLE |8| Find the limit

fim| o2 !
X—= xz—x X3—3X2+2X X [NCERT]

3 X= 1
- When x =1, the expression -
¢ P x2=x x3-3x%+2x

becomes the form = —. So, we need to simplify it to
express it in the form %

-x x-3x +2x
| x-2 1 1

B xl{x—l}_x{xa—31+2}l
l |

Sol Here,[ et i J

_ x—=2 _ 1
Nx(x-1) x(x-1)(x-2)
(x—2)" =1
xx—-1){x-2)

[ x® —4x +4-1
_r{x—l}{r—z}l

_- ' —4x+3 ]_ (x=3)x—-1)

_x{x—l}l{x—Z] x—=1){x-2)
[ x* -2 1
li _
:E;nl_xz—x 13_31,2_'_21]
_ (x—3)(x—1)
-r—ux{x—l}l[x—z}
= lim x=3
=1 x(x—2)
= 1% =_—2=2
1{1-2) -1

X 3-x _
EXAMPLE |9] Prove that lim ~—>  —12__%

xs2 3¥x _guf? 3

R S s 3 1237 )+ 27

Sol. We have, lim —o——= hm%
r—3 3 33—:_3:F2 x—s 2 33 _{3:!2}3

= lm (3" —3)(3 —93
x—2(3-3 94+ 33 4 37)
[ a* —b* ={a—b)a* +ab+b")]
(3% =33 =3)(3*" +3)
=-—lm xf2 x xf2
x—2 (37 =33 +3x3 +0)

(3 —3)(3" +3)

r—=2(3 +3x3" +9)
_ (9-3)(3+3)  6x6 4
T (e+9+9) 2 3

Hence proved.

Rationalisation Method

0
If we get S form and numerator or denominator or both have

radical sign, then we rationalise the numerator or denominator

or both by multiplying their conjugate to remove (—(:- form and

then find limit by direct substitution method.



2 — 42
EXAMPLE |10] Evaluate lim frx-2

X
[NCERT Exemplar]

-

of the form 2 So,we will rationalising the numerator by
0

Sol. When x =0, then the expression becomes

multiplying and dividing its conjugate i.e. Vzrx+42.

,/z+—x'-f (Jm V2) (25 x +42)
"'° "*“ x(J2+x+J—)

[multiplying numerator and

denominator by\fz +x+ \E]
24+ x—
r—'ox(;;2+x+32 :;2+x+72 T

[using direct substitution method]

-J 2x =3
EXAMPLE |11| Evaluate lim Yomax % i

o e S

[NCERT Exemplar]

a+2r—-.|||31
Sol. We have, lim
¥=a Jla+ x — 24 x

1||d+2r—-‘|'3¥ 1||1-:|+2.'|:+~'|r3¥
f—*'..f3a+r—2-u"_ .Ja+2r+-lr_

[multiplying numerator and

denominator by ~la+ 2x +/3x]

a+ 2x —3x
r—»-(,j'zux —2yx ) Ja+ 2x +4B3x)
[-{A-B)A+B)=A"- B

lim {ﬂ—x}l{~,‘3d+x+2-u!—)
-r—..(‘ﬁ'a+2x+q'_}|{,j3x+x 2 )fia+ x +24x)

[multiplying numerator and

denaminator by +3a+ x + 2-».";]
(a— x][ﬂg +x+ Zvr;]

r—"[qfa+2x+q“_’:}{3c:|+x—4x}
i A= x)(vBa+x +24x)
e (Na + 2x + ¥Bx) (3a-3x)

_ -.||'3¢1+a+2-.G

Ha+ 2a++3a)

_ 4va
" 3% 234

2
-3_-.,1'3'--

|,

EXAMPLE |12| Evaluate umw.
=1 2x% +x-3

(2x-3)(\x-1)

= becomes of
2x"+x~-3

Sol. When x =1, the expression

0
the form 5 So, rationalising (J; —1) in the numerator.

by multiplying and dividing its conjugate i.e. Jx+1
i 25 -3)(/x-1)
x-’l 2x* +x-3
o (25— -3)(Jx -1)(/x +1)
= (Jx )2+ x—3)

. (2x-3)x-1) 0 ]
= lim —form
w1 (Jfx +1)(2x% + x —3) [o *

X (2x-3)(x-1)
= lim
w1 (fx +1)(2x +3)(x=1)
2x-3 1

= Jx +l)(2x+3)-_l_0
By using Some Standard Limits

We have,

- = x - " x -
If the given limit is of the form lim
x—ad X =4

. then we can

find the limit directly by using the following theorem
Theorem Let n be any positive integer. Then,
x" —-a”

Iil'.l'l —_—=na
xXxX—a X =-—a

Proof We know that, x" — a”

o ax" v a" .f"")

On dividing both sides by (x — a) , we get

=(x=—a)(x

x" —a”

=x" a2 4 a" x a!
xXx=—ad
x" —-a”
Thus, lim ———
xX—a X -4
= |im{x"_I +ax" o+ a"_2x+ﬂ’_l}
x—>a
=a"' +a {.f"_z:l+ et a"ra+a™!
=a" 4 a4t a" +a™ [# terms]
= pa"!

Note

n
The above theorem ie. Iimxﬂ ? =pa™ is also true, if nis any

43 N

rational number and a is positive.




10 _
EXAMPLE |13 Evaluate lim *—— 024,

x—=2 X=2
10
Sol. When x = 2, the expression 2 1(2)24 becomes of the
x—
0
form —,
0
© —1024 x' =2
Now, lim = lim =1(X2'°'l )=5120
x—2

x—-2 =2 x-—2

EXAMPLE |14 Evaluatehm
141 T

. x-2 1
Sol. P_"nz BB A _n
x—2 x—-2
= 1 1 = 1 1 =3(22n)
_(lel-l) -X(Z_zn)
3 3

EXAMPLE |15 Find all the possible values of g, if
x9 9

§ -a A
lim —— = lim (4 + x).
x—=a X-a x—5
&
Sol. We have, lim = = lim (4 + x) ..(i)
x—a x—a x5

9
—a =9(a)9" =94

X—a

Now, lim
X a

+ lim 2—2

x—a

=nd""!

X~

and Iim (4 +x)=4+5=9
x5

From Eq. (i), 9% =9 = a*=1= a=%*1

=32

EXAMPLE |16| Evaluate lim X

X2 x 3 )
? First, write the given function in the form of Xy -a and

X -

=na"" 1o get the required
x5 -32
-8

n
apply the theorem lim X =&

i—+8 X-—43
value and then putting x =2, the expression
becomes of the form 0/0.

5
Sol. lim X232 X2

r=+2 x° —§ :—321-3—2

[+ 2 =32and 2* = 8]

-7
x—2 . oo
=) - [dividing numerator and
iy - denominator by {x — 2]
x—2
_ i3
= lim -2 + lim x -2

=2 y -2 x—=+2 y-—2

[. m L) - fim fx)+ lim g[x}]

r—)ng{x} x—a

"_1‘ To evaluate such limit, we replace the function under
L

n n
=5x 21 +3x 2% L

-+ lim =na""‘]
x—a xY—a
4
=5x%x2'+3x2* =5><22 e L P Iy )
3Ix2 3 3 3

‘-1=lim Sty o

EXAMPLE (17| If lim S

, then
x=1 x-k x2 _k?
find the value of k. [NCERT Exemplar|
T . )
Sol. Given, lim = L lim = L3
x=1 x—1 x—k xz—kz
-k}
S -k x" -4 =
= 401)'"'= lim — lim =na""!
() x—okxz kz x—a x—a ]
x—k
x¥ -k .
x=»k x—-k f(x) xh—l:‘af(X)
3 4 = —— S c——
x* -k* x—=a p(x) lim g(x)
Ry P x—a )
2
= 4=— = 4==Ek. .'.k=ﬂ=§
2k 2 3 3
x! -2x¢° +1
EXAMPLE 18| Evaluate lim -
x=1x3 _3x2 42
[NCERT Exemplar|
5
Sol. lim # [9- from]
x=1 x° —3x% 42 0
7_ .5

x =X —x*+1 xs(xz—l)—l(xs—l)

xi(x-1)-2x*-1)

= lim

x=1

x=1 It oxiq2

[dividing numerator and denominator by ( x

(x-1)]

*(xf-1) 1(x*-1)

i 7D (x-1)

=21 xix-1)  2Ax"-1)

{x—1) (x—1)

5
lim ¥(x+1)- hmz[ 1]
x—s1 xr—1

" lim x —lm"{“n
_1x2- 5x(1)* _2-5 3,

1-2=2 1—4 -3

1,‘1 +x =1

EXAMPLE |19] Find the limit lim ———.
=0 X [NCERT]

radical sign by y and change the limit. So firstly, put

x+ 1=y and change the limit, then apply

]
lim X = h =na".
=8 X-—=—23




Sol. Put y=1+x, then y—1lasx— 0.

s lim A Sk lim \/;-1['.':+l=y:x=y—l]

x—0 X y—1 y—l
3. L
212 1 S | - R at
=lim X——=-()? O i I
y=1 y-—1 2 x—a X—a
_1
2

(x +2)¥% = (a +2)¥?
x-a “

EXAMPLE |20 Evaluate lim

X—a

Sol. letx+2=y theny—a+2asx—a
N E ) it CR) i

xX-—+a x_a
3z _ 2)3 2

=Y—7(a02)yy_:—::_2;. ('-'X+2=yﬁx=y_2]

.
=Z(a+2)§ ‘=.3_(a+2)uz vt lim X4 =na""]

# 2 S ¥og

6
EXAMPLE 21| Evaluate lim -+ =1

x50 (14 x)2 =1

Sol. Putl+ x=y theny—>lasx—0

Py

6 &
.‘.lim(l+x)2 l=lim y’ l=lim yzl
x=20(1+x)" =1 yo21y°—1 y-1| y -1
y—1

[dividing numerator and denominator by y —1]

W o W G
y—1 y—1 y—=1 y-—1
6(1¥"' 6 n_on
=(_),‘-=—=3 + lim Sl =nd"!
208" 2 x—a X—a

(x+ 4" -2

EXAMPLE |22| Evaluate lim
x—>2 X=2

Sol. Put2x +4=y,theny—8 asx—>2

. ]J-m(2x+4)”’—2_lim ¥ -2 vIx4d=y
-,—’2 x—-2 -y—vly—4_2 :x=y-—4
S _ o\’
=2 lim I—0 ) [ 2=(8)'")

y—8 y_4_4
13 _ gi/f3
=2 lim b it 5
y— 8 y_s
1
1 -1 n_n
=2--(8)° [ lim =—° =mz'"]
3 X—a X—a

EXAMPLE |23| Evaluate

n n-1 n-2 2
X +Xx + X +.ee+X +X-n
lim 3
x—1 x=-1
Sol. umx"+x""+x"’+...+xz+x—n
x—1 x-1
("= HF (" =)+ (=D +(x—1)
= lim
x—1 (x—])
[-n=1+1+1+..to nterms]
X" -1 x"—l -t
= -
x=1 x-—1 x—1 x—-1
2 2
+o+ lim X : + lim"r :
x=1 y-1 x=1 xy—-1
=a() + (- "+ +20)P "+
n
[ tn =8 ,.-]
xsa xX—a
=n+(n—-1)+..+2+1
- 26D e 3p o Mnt1)
2 2

| TOPIC PRACTICE 2 |

OBJECTIVE TYPE QUESTIONS
I Which of the following is/are true?

L Iimz—
x=1 cx“+bx +a

1.1

R W 1

I lim 2—2is—.
x=»-3x+3 9

(where,a+b+c#0)is 1.

(a) Both I and Il are true
(b) Only I is true
(c) Only Il is true

(d) Both I and Il are false

2 lim —“HE is equal to

x=0 X [NCERT Exemplar]
1 1
¥ b
@ 3 il
© 57 ()42
3 liml-(——————-—- Wis equal to
X - + X -
1 -1
it b) —
@ 10 ®) 10

(c)1 (d) None of these



2

x°—4

4 lim is equal to
x—2 :}3x—2 —:?x +2
(a) 2 (b) 4
(c) 8 (d) 16
7,7
5 1f lim X% _7 then the value ofa is
x=(-a) xX+a
(a)1 (b) =1
(c) £1 (d) None of these

VERY SHORT ANSWER Type Questions

6 Find the following limits. (Each part carries 1

mark)
2
(i) a2+ (i) lim> =4
-0 ¢ex +1 2 x+3
2—
(iii) lim-@ (iv) lim = A
=3 X+3 12 (x -2)

7 Evaluate the following limits. (Each part carries
1 mark)
10 5
(i) lim XX +1 (i) lim ax +bx+c
=1 x-1 oo ex? 4 bx

a+b+c#0

8 Evaluate the following limits. (Each part carries

1 mark)
oo RNILEIE o AT D
O ORSTE ORSS
n_on
9 Findn, lim> < =80, neN.
x—2 X—-2
1 1
—f -
10 Evaluate lnmx—z
-2 x 42

SHORT ANSWER Type | Questions
Evaluate the following limits

2_
i “mxz 3x+2‘ 12 1im x2-9x+20
=2 x“+x-6 -5 X2 —6X+5
|
13 lim—— 14 1
x-1 x—1 r?z' X +372x
ls lim ._2__8l 16 lim u
-3 2y’ _5x-3 =2 x?_4

17 hm Jx+ J- 18 lim JGH‘_JZ.
x50 x;;az«mx

¥y
20 1,'_';", 01

19 lim

n m
21 lim &0 22 lim* =1
x—0 x x=1 x"—1
J . 5/2 5/2
23 "ngLZ‘xs_ 24 “"2(“3) = l(,b+3)
X X-

x—ol -1 x—2]

25 | (J3+ \/5 (B+x-5-x) 56, e |
2 Jx+2——:z3x-2

27 lim (1’l+x+x Jx+)

=0

SHORT ANSWER Type Il Questions
28 lim XX +14x-8 59 [ 1  2(2x-3)
x—2 X +2x 8 x—=2| x-2 x3—3x2+2x
2 4
30 1 Jl+x -,}l+x 31 lim* --‘\/;-
x'-'g[IZHxs_m i Jx-1
32 1

. x*-8x*+2 33 1im | 8X=3 4x?+1

imf ———— lim o

x—1 x3_5x +3x%1 x=1/2\ 2x-1 4x°-1

2% 1m x? —3x%+ x® —9x* —4x? —16x + 84
=2 x> -3x*—4x+12

¥-b x*-1

=lim , find all possible values
-1 y—1

35 Iflim
x=4b x—-b

of b.

| HINTS & ANSWERS |

2
1. (b)L Given, lim o

x=1 ex? +bx+a

_ax(1) +bx1+c _
cex(1)+bxl1+a
1 1
i
I lim X3
-3 x+3
(3+x)
x=-33x (x +3)

2. (c)Puty=2+ xsothatwhenx -0, y— 2
lim 2+x—w/5

x>0 X
l l

-hmy -2 1

1 y-z 22




9.

10.

12.

13.

15.

{J_ 1(2x-3) m{f—u{zx—z}

(b) Given,
r—tl ax +x-3 r—t'{2.r+3}[x—l]-
_=1
10
2
() lim z [Furm
r—+2 (Bx—2—-yx+2

(x— 20 x+ 2}{,,,5 — 2+ fx +2) [ )

=f—r'n?[-J3x—2—Jr+2}{.J‘.’:x—2+Jx+2}
= lim (x+2}|{1j3x—2+..,‘||x+}

x=1

X —(-a) _
(:} rl-lr?—lai x—{—g} -

= 7(—a) ' =7 =a=+1
@b ()0 {ui}% (iv) 4
(i}—l (ii) 1

NOES

4 4
{il) Given, limit = lim Ans. 108
=3 x-3

(iii) ﬁ;

n?"!' =5x 2" Ans.5

1 1
_+_

lim -2 = lim (2+x) z’l.ns..—L
== x+2 —=-22x(x+2) 4
2
Iilnx_ 31+2—]i.m{r Z2Nx—1) J'l.l:ls.l
=2 y'py—g —=2(x—2)(x+3) 5
—4 -5 1
Given limit = hlnw Ans, —
=5 (x—=1)(x—5) 4
3 2
]i.mx ‘1=lim{Jr 1x +xT% Ans. 3
=1 y—1 x—+1 (x—1)

x4 - (x+/2)(x—2)(x" +2)

lim
y—,.‘f__'t’ +3J-r 3 47 {X—'UI'_HI'H‘J-}
AJJ.S.E

5

2

lim —81 hm{x—S}l[x+3]{x +9)
=32y —5x—3 =3 (x=3)(2Zx+1)

108
Ans. —

7

2
h_m‘ix —x—10= Iim(.t—Z]l{S:c+5}| Ans,u
=2 x4 =2 (x—=2)x+2) 4

17. Putx+h=y then y— xash— 0

12 e a2
Now, lLimFW——(x) "
h—s0 h
R R T L
T i 3 S
Fx }I‘—_‘f 2
1

Ans,
2/x

18. Given limit =

o arz—va Jarz+a

'_‘"x a* + ax Jﬂ+x+J_

x
= lim
I_’“x[,juz+a:c}|{..||u +x+»q";}

1
ns.
2a-Ja
x+1
3 3
+1 + © +
19. Lim = = lim (x+1) lim 2 i X
x—=-1 " 41 x—+—1 x! +1 =1 y41 r—=1 ¥41
x+1
—{-1 1
x (= } ].|:m b }1 Ans
—-1 x—(—=1) ===t x—(=1)
P |
15 15 10
20. ].imxm 1=lim xﬂ—‘.l = lim< 1+Ii|nx 1
=1y —1 =51 x] 1 =1 x—1 =1 y—1
x—1
15 _ 18 w_w
= lim +lim Ans. —
=51 x—1 =1 y-—1 2
21. Putl+x=y then y—lasx —0
n n
Mow, I.iln":\l-i—x:II i = lim Y-l = lim Y1
x—l X y—+1 y—l y—+l }r—l
Ans.n
x" -1 . oxm 1"
m
22.  Given limit = lim ¥l = o x-dl Ans. 2
Rl e | e n
lim
x-1 =1 y—]1
3
23. Gj\ren]imit=lim."h+x _JJI x JH-X +‘Jl x*
il x J1+x +~Jrl ¥

(1+r =(1— r)

:._’"‘x (J1+r +-,‘|r1 -x* )

= lim 2x° Ans. 0

i :vrz{«,‘JL1+:cj +\‘r1—Jr3 )
¥ —(b+3r"

y+3) y—(b+3)

24.  Given, limit =

where y= x+3

ns. 2(b+3)*"

5



25. Given limit = lim ly3+x—vi5—2x) “3+I+“5_x}

=1 (x—1){x+1) (,|I'3+x+Js -x)
2x—2
= lim
=1 (x=1)(x+1){ 43+ +J5— x)

1
Ans, —
4

26. Given limit

. x -4 [ x+24.3x—2)
lim
=2 :;‘r+2—:|-|3r—2 (o x+24.3x-2)
= lim (x— 2}[1+2]{1p|x+2+ Fx—

¥—2 —2x+4

Ans. —8
27. Multiplying numerator and denominator by

E 1
«.||q+x+x‘+ x+1 Ans.—
4

28. Given limit = lim (x—1)(x—2)(x—4)
w=2 (x—2Zfx+4)

Ans, ——
29. Given limit = lim| ——— —22x=3 |

=2 x—2 x{x—1)}{x-2)

. x'—5x+6
= lim|———
x—2 _x{x—i}[r—z}l

= lim —(r—z}{x—ﬂn} | Ans. -t
=2 x{x—1)x—2) 2

E 2 f
30. Given limit = lim X ot w
( +:c3—-.||1+x}
{1+xa+4||1+x]x{ +x% + i x)
.J'1+xg+ﬂ|i1+x] {-‘f1+x"+..ﬁ+r]
{{1+x}| |{1+x}}><|{'~J|1+x all+x x)
"’"{{1+x} 1+ x)}x (Vrx? +41+x)
= lim _t(x—l}{..!lq+_t' +.!!1+x}
"_'“x(r—l}l{x+1]{-,fl+x2+..||E+x}|

) -
:r—.H J_ 1 I—ﬂ \‘r; 1

x—sil

Ansl

. X 1
lim
=1 y—-1
= 172
1
lim (x)
a1 x—1

Ans. 7

2
32. Given limit = lim M Ans-.l
=41 {.t—‘l}{:c —4x—1) 2

B lim 81—3_41{ +1
w12l 2e—1 4x%—1

W ‘[{Sx —3)(2x+1)—(4x +1}J

1 (4x*-1)

. [12x* +2x-4]

lim —_—

x—nu[ axi—1 J

lim 2(6x" +x-2)

=2 4y®q
2[(3x+2)2x-1)]

m et T eRex )l

sz (2x) (1)
2(3x+2)(2x—-1 7

lim —{ x+2)(2x }Ans.-

=12 (2x=1)(2x+1) 2

34. When x=4+/2, the given limit assume the form )
0

Therefore, {x—-.ﬁ} is a factor of both numerator and
denominator. But, irrational roots occur in pairs. So,
(x +—\E]- will also be a factor of both numerator and

denominator, consequently, I{x2 — 2) will be a common

factor.
L] ] [ 4 2
lim X =3x +x -9 —4x —16x + 34
x— o2  —3xt —4x+12
- fim xf —3x® +2x° —5x* +4x® —19x* + 80 + 42
x=s f2 X =3xP+2x—6
2-131
Ane 82

s

35. 3" '=4(1)"" Ans. b=%



| TOPIC 3|

Limits of Trigonometric Functions

To find the limits of trigopnometric functions, we wse the

ﬁffawing theorems
Theorem 1 Lctf and £ be two real valued functions with

the same domain such that f(x)< glx) for all x in the
domain of definition. For some real number a, if both

lim f(x)and lim g(x) exists, then
Xx—a r—a

lim f(x)= lim g(x).

This is shown in the .dtﬁaining ﬁgurf

Theorem 2 (Sandwich theorem) Let f, ¢ and A be real
functions such that f(x)= g(x) < b(x) for all x in the

common domain of definition. For some real number a, if

lim f{x}=f= lim A{x), then lim glx) =/

xX—a
This is shown in the ﬂ@'ﬂfﬂing ﬁgurf
¥

v
\‘I.,.n'x

=g
y
=&

[ 8

Theorem 3 Three important limits are

: L=
) i 222 = (i) ImS =0
x—0 x x-=0 X
tan x
(ii1) lim =1
x=0 x
A GENERAL RULE

f(x)

Let given limit lim =——— exists and we want to evaluate
x—a g(x)

this. First, we check the values of f(a)and g (). If both are
0, then we try to vanish those terms which make it zero. For
this, we write f(x) = £, (x) f,(x), such that £ (a) =0and
f>(a)#0and g(x)= g,(x)g,(x),such that g, (¢) =0and

g,(a) #0. Cancel out the common factors from f(x) and

g(x) (if possible) and get

£6)_ g0
glx)  glx)
Then, lim @ = ﬁ, where g(a) 2 0.

s g(x)  gla)

METHOD TO DETERMINE THE LIMIT OF
TRIGONOMETRIC FUNCTIONS
Step I First, check thar given vanable rends to zero or not.
If yes, then go to Step 11, otherwise putx=a + A in
the given function such thatas x — a,then b — 0.

Step 11

]
Put the limit in given function, if E form is

obrained, then we go o next step. Otherwise, we
get the required answer.

Step 111 Simplify. the numerator and denominator to
eliminate those factors which becomes 0 (zero) on

putting the limic.
Step IV Now, convert the result obrained in step 111, in the

sin®  tanB
5
Step V Substitute  the value of standard

trigonometric function as obrained in step IV and

simplify it.

form OF

limit of

EXAMPLE |1| Evaluate lim @ cosec 6.
B8—=0

[}]
S0l lim 6 cosecB = lim —
=0 - 0 sin@

= lim 3
60 sinB

6

1
=-=1
1

EXAMPLE [2] Evaluate lim 5“;3".
X X

sin 3x sin 3x
Sol. lim = lim 3
x—0 5x x50 83X ;

3 sin3
& Tim 2. 502X
x—=05 3x

3 .. sin3x

[as x — 0, therefore 3x — 0]
5 3x—=0 3x



EXAMPLE |3| Evaluate lim 2229,
80 sin bA

Sol We have, lim lim lim = L
B0 gin M G—=0 § B0 B

sin af sina B
= +

E+b]im sin b@
w—o bB
[as® — 0, then ab — 0and as @ — 0, then b8 — 0]

i
=a(l)+ Kl)=~—
a(l)+ K1) :

. sina
=a lim
ai—o gl

tan(0 -b)

EXAMPLE |4| Evaluate lim
b B-b

Sol. We have lim Im(-5)
G—=b  B—h
Put H—B;h = 8=h+b
Also, when 68— b, then h— b
lim l:m[El—EJ}= lim tan h =
=t B-b h—=o  h

1

EXAMPLE 5| Evaluate lim =

X

.;{ First, change the angle in radian and then use lim X1

w0 x

tan—

tan x® T

Sol  lim X - lim 180 _ [ 19= — rnd]
=0 " =0 TMX 180

180

sin7x

EXAMPLE |6| Evaluate lim .
x—0tan5x

sin7x :
?x[ ] lim sin7x
Tx _? =0 Tx

,  tan5x
=0 Sy

. in7 .
Sol lim 222 < lim ]
x—0 tan5x HGSx[tﬂnEI] 5

5x

71 7 tanf |

Iimﬂ=1:md].im—=1
=0 g =0 g J

EXAMPLE |7]| Evaluate lim

x—0

[sin?x +sinbx
sin5x —sin3x )

Sol. Iiln[

x50

sin 2x +sinbx ]

gin5x —sin3x

= lim

x—0

) [2sin4x cos 2:c]
=lim| ——

sindx cos 2x
2cos 4 xsin x

cos 4 xsin x

sindx x 1
= lim * ® oS 2x % w4
=0 4x sin x cosdx

in4
=4= ].imsmx:-(].im[ =z ]
dx—0 4x x—0\ gin x

» lim cos 2x x
Ix—s0

e ———— 11>'<l)'(1)'(‘12|'(1 =4
lim cosdx 1

dx—l

EXAMPLE |8 Evaluate lim ——tx,

x—0 X

l-—cos4x
Sol  lim = lim
=0 X x—+0 X X

. 2
25in” 2x x
o— ['."l—taszEl=2sianI]

. 2
= lim2 [str] xdx
2x

x—30

= 2x1%X0=0 [ im X ]
x—=0 g
EXAMPLE |9] Evaluate
i + bx
lim mi_bx;a, b,a+b=0.
*—0 @x + sin [NCERT]
sinax bx

sinax + bx PR

= lim
x—0 @x  sin by
—_— —

Sol. lim
=0 gy + gin bx

x x
[dividing both numerator and denominator by x]

sin (ax
tim S0 s tim b
— x—=l ax x—i

smhxxb

bx )
[y f) 5 T

o lm =— 14
e g(x)  lim glx)
lim ( f(x)+ glx))= lim f(x)+ lim _g{:c}J

sin ax

lim a + lim
x50

x—0

nd

a lim + lim b
=0 gy x—+ il

sin bx

lim a+ b lim
0 r— bx

_al)+b
T a+b(l)
_a+b_
-a+b_

1

EXAMPLE [10] Evaluate lim 252X ~Sin2x
x—0

Sol  lim tan 21:3i|121 = limn S0 2x _

=0 x =0 x

sin 2x — sin 2x - cos 2x sin 2x (1 — cos 2x)

= lim = lim

3 0
r—+0 X7 -cos 2x =0 X" -cos 2x

2
2sn” x
2

tan2x .
= lim - lim
x— 0 ¥ =0 x

[by using product of limits and cos 20 =1 — 2sin” 6]

2
tan 2 i
= 2 lim x)-(zlim[ﬂnx]
=0 2x x—l X
i tan
=2(1)x 2(1)* - lim 22X = im 1:1]
=0 x =0 x
=4



EXAMPLE [11| Evaluate lim S5 =935
=0 coscx —1

[NCERT Exemplar]
Sol lim

CO8 ax — cos by
=&  coscx—1

o —Zsm{[" b]x] sin| < ; ’ )x

x—0 1ex X
—2sin

|[ cosC—cos D= —Zﬂn[c +D

I_:m.dr.'us M=1-%in"0

sm[ ]
X
smz —
2

s‘m["?‘ )f 5
) )

EXAMPLE |12| Evaluate lim [M}

x4 x-—-'_l'[‘p"Z.
Sil'lx—tns.‘l’]
x—-m/4

r—+ M

Sol letl = ]I.'ﬂl[

Here, given variable is not tending to zero ie. limit is
not of the form x — 0.

hid
So, put x—==h
P 4

n
= x—I+P| MNow, asx—)4 then h— 0.

si.n[£+ h] - ms[l + h]
L=lim 4 4

h—0 h

r
L
Ja—sll

o

[sm—:ns h+ cos E:m h]
4

n
ms—u:ns h—sin hsm?]

lim
h—0 h
isi.nh
=1|'m-“E—=J§[1}=J§ [ hmﬂ-'l]
b=k 0 x
14 cos2x

EXAMPLE |13] Evaluate —
x—nf2 ('-'I - ng
1+ cos 2x

1+ cos 2[£+ h]
Sol  lim = lim )

E=mf2 “1:_21-}2 h=st . 2[n +h] K
2
_I

[puttingx =E+h,as x = E, then h— CiJ
2 2

m 1+ cos (1 + 2h)
b0 (R —@— 2ﬁ}2
= lim ﬂ- [E fomj:l
h=0 4h2 0
1-(1=2sin® h)
B o 4h*

[veos28=1- Zsinzﬂ]

EXAMPLE |14| Evaluate
lim (x + y)sec(x + y) — xsecx

y—0 }'

[NCERT Exemplar]
Sol. l_lml[r+ yisec(x + y)— xsecx
o ¥
lim x a(sec{x + y)—secx)+ ysec(x + ¥)
yr ¥
sec{x + y)—secx + lim ysec(x + y)
¥ yo ¥

X X

= lim x
y—+0

- lim cos{x +y) cosx

+ lim sec{x + y)
y—= 0 ¥ y—+0

y—0

- lim ] Co8 X — costx + y)
ycos x cos(x + y)

} + lim sec(x + y)
y=0

=hm{msx—cos{x+y}x x ‘l

y0 v cos xcos{x + y)

+ lim sec({x + y)
y—+ 0



= lim x

¥ 41] cos xcos(x + y)

2
+ hlnsetl{x+ ¥)
y—.
sm[l)

=].ims'u1[r+£]>{lim z * lim X

y—2l 2 yl ¥y ¥—+ beos xcos(x + y)

2

+ lim sec(x + y)
y3

=sinx x1x +secx = xtan xsecx +secx
cos” x
in (2 + x) — sin(2 —
EXAMPLE |15|Evaluatelirr5m( X) —sin@ - x)
—s X
[NCERT Exemplar]

“7- First, use the formula,

¥ -
sinC=sinD =2cr::s(c'£ o ] sir{u] and then apply the

limit to get the required value.
sin(2+ x)—sin{2 — x)

Sol  lim
0 X
[2+x+2—x]_ [2+x—2+x]
2cos sin
. 2 2
= lim
=0 x
C+D C - DY
['.‘sinC‘—si.nD:ans[ ]-sin[ 5 ]
. 2cos 2 sinx
= lim — ——
x—= i x
= 2cos 2 Iilnﬁ=2msz r lix ﬂ_
=0y |_ B—0 ]

EXAMPLE [16] Evaluate lim 1= 228 XY€0s2X

x—0 x

1- cos x+/cos 2x

2

Sol  lim

x—+0 x

1—cos x+/cos 2x
2

. 1+ cos x-».l" cos 2x

= lim
1+ cos x-'lrros 2x

a—l x
[rntiannlis'mg the numerator]
- lim 1—cos® x{st x=1)

m
asl i {1+ cos xvrras Zx} T xa0 x (1+ mstmst}

1—cos? xcos 2x

. 1-2cos* x+cos® x
= lim -
=0 x7(1 + cos x+lcos 2x)

(1-cos® x){1+ 2cos® x)

= lim
=0 x {l+mstmst}
. sin’x 142cos”x 1+2) 3
= lim = m =1x|—|==
=0y x=0 {1 + cos x+/ cos 2x} 1+1 2

EXAMPLE [17| Evaluate lim 1-cos 40
-0 1-cos 50

Sol. I.un ms4B 2sin? (28)
#201—cos 50 60 Q[Eﬂ]
2 sin

[ 1—cos = 2sianI]

2 : z
sin” (20) g2 lim [Sm 29]
= lim 6° =EK 230} 29
60 . 250 25 sin30/2)
sn > 25@° lim [ ]
2 x so L sa/2
250 4
4 [as 8 — 0, then 28 — Oand 58/2 — 0]
2
=£x&=£ hmﬂ—rlJr =1
25 (1) 25 a0 x
. 14cosx
EXAMPLE |18| Evaluate im ———.
= tan” x

Sol. On putting x = T + h, we get

1+ cosx 1+ cos{m+ h
lim LECOSX _ pyy, LY cOS(R Y B)
r=% tan®x. A0 tan*(; + h)

[~ when x — m, then h— 0]

D oos? n+h
/ cos y [+ tan{m+h)=tanh |
=lm ——— z
=Y tan” h and 1+ cos 28 = 2cos GJ
2cos’ [£+ i] zﬂnzﬂ
= lim - 2 - l|r|1—22'L
Ll tan~ h k=0 tan” h

{ cO8 [%+e) =—5in@ .~ cos? [%+B)=sinz G']

25in’ 1
=lim —— 2 % cos*h
k=0 gin®h

h
2sin® —
2

= lim

—mszh |:-_1gmﬂ=2gj_nﬁ-cgg E:l
h—stl 2 2
[ . h h]
25in —- cos —
2 2

2

1

=']|.im x::cszh=—><[1}2=-

=0, 2h 2x1 2
2

[vecos0=1]

EXAMPLE |19| Evaluate lim (secx - tanx).
*=m/t NCERT Exemplar]

Sol P'uty-——x asx o & ,then y =0
2 2

lim (secx—tanx)
x— B2

- s By uan(2- )|



= lim(cosec y — coty)
=0

n T
{ [secE—El] = to&ecﬂa.ndtan[g—ﬂ)= cot®

= lim 1 cosy = lim 1—cosy
y»iiginy siny =20 siny

2=!11|'|21 I sin22=1_':‘JSEI
= ].Im 2 - z
¥ 2gin L cos £ l:md sinf =2 s'mEms E
2 2]
= limtan¥ =0 as y— D,thenl—}ﬂ
Y 2 2

2
EXAMPLE |20| Evaluate
2 2
lim {a + h)* sin(a + h) — a" sina
h—=o h

[NCERT Exemplar]
Sol lim (a+ h]l2 sinfa + h) — a*sina
k=0 h
= lim v[r:i2 +h+ 2ah) [sinacos b + cos asinh) — a’sina
k=0 h
[ sin(C + D) = sinC cos D+ cos Csin D)
= lim [az sind;ns h=1) + a msh::sinh

h—0

+(h+ 2a)(sinacos h + cos asi.nh)]

) _ a*cosasinh
= lim |+ lim——

h—s h-‘) ’ 2 h—0 h
[

|a2sina (—2sin® i} |

+ J!l’.‘m (h+ 2a)sin (a +h)
—+0

~ cos h—1=—2sin® h/2and
sinacos h+ cos asin h=sin(a+ h)

sinx _ 1]

=a’sinax0+a cos afl) + Zasina r lim
|_ =l X

=a’cosa + 2asina

EXAMPLE |21| Evaluate lim Psinx - cosx

x—=nlb s
r ==
6

[NCERT Exemplar|

3sinx — cos ¥
SoL m Yinx—eosx
x—=M i T

[

. T . T
2 [sm X €08 — — COS xsm—]
f f

= lim
x— nle T
r—=
[ 5]

o)
smjx ——
=2 lim ——52

x—= /e [ 'ﬂ]
r—=
6

[ sin Acos B — cos Asin B = sin (A — B)]

=2 [ hmﬁ=landx—>£=>[x—£]—>ﬂ]
&) 6 6

G—= 0

EXAMPLE |22| Evaluate lim —-1204%
x—0 1= cosé4x

sindx
x-

tand cos 4x
Sol. i xtandx

im = lim
r—=01—cos 4x =0l —cos2-(2x)

sindx
x-

4
- hln COs 28X

- [+ cos 28 =1 — 2sin 8]
x=01 — {1 — 2sin” 2x)

. x - sin 4x
= lim —_—
r=0 cos 4x-2sin” 2x
) x-sim A 2x)
= lim

x=0 cos 4x (2-5in 2x-sin2x)

. x (2 sin 2x - cos 2x)

= lim
=0 (23in2x -sin 2x) cos 4x

[ sin 28 = 2 5in @ cos 8]

. X -cos 2x . cast[ X ]
= = lim -

T, 0 (sin 2x)-cos 4x r=0 cos 4x | sin 2x
cos 2x
= lim ———  x lim
P [sin 2x . 2] s=+0 0§ 4x
x 2
1 2
= = lim #* lim £os ox
2 x-ad [Si.ll Zx) r=+0 0% 4x
2x
1 1 cos0D 1 1 1 1 [ sinB ]
= _%— =—M-X-—=— - lim =1
271 cos0 2 1 2 =

EXAMPLE |23| Evaluate lim S0.X = 25i3% #sin5x
x—0

X
[NCERT Exemplar]
Sol. lim sin x — 2sin 3x + sin 5x
x—=0 X
. (sin5x + sin x) — 2sin3x
= lim
x—3 0 X
Zsi.n[sJr * x)ms[sx _ I] — 2gin3x
. 2 2
= lim
x—=0 x
[ sin C +sin D= 2sin [C+D]ms [C_ D]]
2 2



i 2sin3x cos 2x — 2sin3x

= li
x—=0 > ¢

= lim 2sin3x(cos 2x —1)
x—=0 X

o 2(sm3x] " 3[-(1 - cos 2x)]
x—0 3Ix 1

=-2%x1x3(1-cos0)
=-6(1-1)=—-6x0=0

tan x —sin x

x3

tan x —sin x i sin x —sin x cos x

x—0

EXAMPLE 24| Evaluate lim

Sol. lim

x—0 X

=1im{smx(l-cosx)}=hm{smxXl-cosxx 1 }

=0 x*cos x 0| x x? cos X

¢ 2%
2sin” =

x3cos x

={umsmx

x—=0 X

}x lim - 2 4 % lim !
x—0 X o~ x=0COS X
( ) x4

[ 2

2

)]

Evaluation of Trigonometric Limits
by Factorisation

Sometimes, trigonometric limits can be evaluated by
factorisation method.

2
EXAMPLE |25| Evaluate lim <2tX=3
x—m/6COSECX — 2

[NCERT Exemplar|

2
Sol  lm Sovx-3

x—nlé cosec x — 2
2

) cosec’x—1-3

= lim ———

[2 cosec®x — cot’ x =1]
r—+mib

cosecx — 2

cosec’x — 4

r— w6 cosec x — 2
(cosecx — 2)(cosecx + 2)

[by factorisation]

r—smié (cosecx — 2)

lim (cosec x + 2)
x—+mib

cosec%+2=2+2=4

EXAMPLE |26] Evaluate lim

using factorisation method.

Sol.

2sin? x +sinx -1

x> /6 2sin? x — 3sinx + 1

g2 R
2sin“x +sinx —1
Iim —0—
x—x/6 2sin” x —3sinx +1

A 2sinx —1)(sinx +1

= i ) )

x—x/6 (2sinx —1)(sinx —1)

sinx +1

x—xjfesinx —1

g 30 1
1+sin—

14—
=_§.=_Z.=_3
. X 1
sin—-1 —-—1
6 2

| TOPIC PRACTICE 3

OBJECTIVE TYPE QUESTIONS

1

. soi Ko
lim x sin—is equal to
x—0 N o

[NCERT Exemplar]
(a) O (b) 1
(c) % (d) Does not exist
1-cos46 .

————isequalto
8- 01— cos66

4 1
a) — b) —
(a) 5 ( )2
(c) %1 (d) -1

If o and P are the roots of ax” +bx +¢, then the

_ 2
value of lim 1_cos(ax_ +bx +c) is

x—p (x - 5)2
b -a)? a*(p -y’

(a) — (b) —
() 0= (@) 6w

4 4
i tan x+4tan 2x— 3tan3x .
r:_l;nu ~ is equal to
(a)1 (b) 8
{c)9 (d) 0

. x x* x? x*).
lim —|1-cos—— -cos—+cos_—cos — |is
2 4 2 4

8
I—rﬂ_‘[‘g

equal to
1 1
MI {'h}E
1 1
— d) —
(c) E ( }32

[NCERT Exemplar]



Evaluate the following limits. LONG ANSWER Type I Questions

1-cos mx sinx-sina
N sctions 3 B 38 1i
VERY SHORT ANSWER Type Questions L S p— lim S
. sinb5x . tan3x .
6 ,','I'% " 7 P—?}) - 39 1im tanx-;smx 40 lim cos2x-1
x=0 gin®x x—=0 cosx-1
8 lim xcosec3x 9 lim xcot4x _ 2sinx-sin2x _ 1-sinx
x—0 x—0 ’1’1 !\!—%T 42 xBul! - 3
10 lim xsin > 1 lim xcos [-—-x
x—0 X x—0 X
. secdx-sec2x . cosecx —cotx
12 limi smx l3 lim COSX 4’3 lm)m 44 !rl'sr(l)—
x—':xn —=0n—-Xx X s (3 5)
- 45 |im Sin2x+3x 46 1im (SN 3x+sin Sx
14 }m‘: su;x 15 B otar;?.x x— 02y +tan 3x x—0(sin6x—sin4x)
47 i COMX-cOSAX 4o sin+/x -sina
SHORT ANSWER Type Questions —x/8  (n-8x)° x-a x-a
; in3x . cosx-—cosa
16 lim m 17 lim 32 49 lim
x=zx n(n-x) x—0 gin7x x—a :7x—:7a
18 lim S""f’ 19 lim 2222008 LONG ANSWER Type II Questions
x>0 x=0 psinx F .
. sindx . tan2x 50 2-V3cosx—sinx
20 }'l—% tandx 21 xl—lo!znn X—E x=n/6 (6x 1()2
2 51 lim tanx+4tan2x 3tan3x

sin®2x x—=0 x’tanx

22 lim (E—x]tanx 23 lim -
x—>x/2\2 x> 0sin“4x 3 1-sinX
tan®x—tanx g3 .o

1 L 52 i

24 1im 12982 g yp, IocosSx O, (o ey

-0 2 -0 x cos| x+— cos—| cos—-sin—

4 2 4 4

26 lim cos.zx 27 lim (cosecx—cotx) -

x>x/2 1-sinx =0 .y (-——x)sinx-Zcosx

; sinx 1-sinx 54 lim¥——— 55 lim
28 lim—— 29 =z (n-X) —=x/2 (R

x-0x(14+cosX) x—%/2 COSX i +eotx
30 lim tanx-sinx 31 lim COSX—¢osa smlxl

x—0 X x—a X-a [ l

, 56 If f(x)=1 [x] , where [] denotes the

32 lin:)———;anz“f_x 33 lim —: o] 0, [xl=0

FroSx-siny IRQ-cosx greatest integer function, then find lim f(x).

o a X

. i . “x-2
34 1 S 35 lim 3€¢ X< [kcosx n

r—?}} ix+l— ﬁ—x :r—-ulr:l‘i tanx-1 —2x ,When.t'#? n

57 Iffx)= and lim f(:c}:f(—}
(a T x—+n /2 2
sm(F] 3, whenx:E

36 li

e sin[ b ] then find the value of k.

2"



6. 5 7.3

HINTS & ANSWERS | oy

Given limit = lim Ans.—
r—05in3x 3
1
I. ({a)Since, lim x =0and —-1= s|'.|r1L = 1, therefore 9. Given limit = lim Ans. —
x—50 X x—0 tand x 4
. 1
lim xsin— =0 10. limx=0 and —155in1—51 and then use Sandwich
x—+ill x =3l x
48 _ 2sin’ 20 theorem. Ans.0
2. (a) Given, ].|m I im 250
01— cos6B 60 25in?30 1. o
sinx sin(M—x Sin{M— x
sin 26 ! 12. lim lim ( ]= — lim ¥ Ans. -1
lim | —— R X—f x=n (x—1) —=r (T—x)
4 B0 28 1
s . z 13. Substitute x =0 Ans. —
lim [sm?-BJ P
TXx
g0l 30 14. Convert x° in radian measure, i.e. write x®= — radian
_4 Ans. T /180
9 15. 2

3. (b) It is given that ot and P are the roots of the given 6. Putm—x=h Ans.»
equation ax” +bx +c =0,

li sin 3y
ax? +bx+ ¢ =a{x— a)(x —p) o o | 3 om A 3
» iven limits —-———— Ans. —
1- —a)(x - -
Now, given limit = lim cos {a(x z“ B} 7 +..8inTx 7
= (x =P =0 Tx
2 ) 2
- - 5
[gi|] w -| 18. Given limit's lim | 222X | x25
2 i :12{1—0112 x—04 Sy
=2 lim
x—o){x— | i
x—+ al Jx—f) 4 < 05 Jigy 505X L oosinsx o
l 2 J Sr—0 5x Sx—0 S5y
aP-a)? (P -a) 19. Divide numerator and denominator by x.
s 2 Ans, 2L
4. (d) We have, b ndx 14
sindx f4x
li tan x+ 4 tan 2x —3 tan3x 20. Given limit = lim ————— Ans. 1
l:_l'nu . x—0 tandx fdx
T
. [tanx 4tan2zx 3tan3x] 21. Let x——=h Then,
= lim + - 2
=0 X x x -
lan2[—+hJ
= lim anx +8 lim angx —9 lim = Given limit = lim 2 = lim tan +2h)
x =0 ¥ x— 0 Py x =0 Ix h—s0 h =0 h
1+8-9=0 = lim —= [~ tan(7 +8) = tan8)]
5. (d) We have, k=t f
_ e x2 e Ans. 2
lim — ‘l—ms——cns—+ms—cos— 272, 1
x—s 0 X& - ) )
. K e 23. im sin” 2x = im sin” 2x .
= lim —|1—cos —||1— cos — r—=0(sin 2(2x)]" *—#0(2sin2x cos 2x)
x—+ 0 xs 2 4 .
2 %2 232 = lim :m 21’2 = lim 12 Ans. 13
sin X gmx_] r=045in” 2xcos” 2y **04cos” 2x 4
= lim 32 4 8 1—cos 2x l—1+25i.r12x
et 2 52 ] 24.  lim 3 = lim
x50 x x—+0
2 2 2sin® x
1 1 1 = lim =2Ii|n 2I.1|n Ans. 2
=32x]|—| |- =— x—= i IZ x—0 .'I:' 0
4 3 32



5x
Zsu:l2 — 2

25.  Given limit = lim ———= [—) ®x Ans. 0

=20 [51]

1
ﬂ- lim 1+sinx Ans. 2

=2

26. Given limit= lim

=2 1—sin x

- Iiln[ 1 cos x]

27. Given limit

r=0lsiny sinxy
l—cos x
= Iiln[_—]
x50 SN X
Zsin2£ Sin —
= lim 2 _ lim 2
x X X
"_'uzgin—tns— x—4i <
2 2 2
Ans.
2sm —Cos— 1 tan 1
28. lim 2 — _lim 2 Ans.
2 X 2x—=0 X 2
x| Zcos” — -
erd) 7 3
T
_ [l—ﬂll[g—ﬁ)]
29.  lim ——>x = lim |
X W T
=2 cos X - u:ns[——h]
| 2 ]
h
1—cos h 2sin” =
= li - = lim T 2 Ans. 0
h—=0  ginh "_.DZSLH—[‘DS—
2
30. Given limit= hm[t:mx_ﬂnx] Ans. 0
x—+i) X x
. [x+a]_ [a—x]
251N | =—— |sin
31. Given limit = lim 2 2
x—a (x—a)
(a—-x
o), o
=2]i.m72><—sm[x ]
x—a _ a—x 2 2
Ans. —sina
tanZx — x X[mt’zx_l] = 2xtanz’f !
32,  lim - = lir - =20 SZLTII
=0 3x—sinx =0 Jlr[3_5u'13r] 3— lim
x =y
Ans. 1/2
2
x
x*cos x [EJ
33.  Given limit = lim = 2lim lim cos x
x—0 3 X =0 . 3 X x—=0
2sin E —_—

Ans. 2

35.

36.

37.

38.

39.

lim sin x .,|||x+1 +41—-x
1—-ﬂ1|’x+ ﬁJ'l x 1||.\:+1 +4l—-x
_ unsianx+l+-\I'1—x}

=0 (x+1)—(1—x)
= lim sin x{ r+1+1.|'1—x}
x—i x+1-1+x
1
= =lim snx hln{ x+1 +4,‘||1 x) Ans. 1
2x—=0 x x—b

sect x—2 . 1+tan®x—2
—_ = lim ——

lim
=i tanx—1 r—=fM tanx —1
tan® x—1
= lim ———— Ans.. 2

r=rfd tan x—1

[ fa al a
Sll'l[;]/; x;
Given limit = lim = - Ans, —
=0 [b ]/b b
sin) — |/ —|x—
I 2 '] 2
a2
. mx
SII'I.[T]
lim ———
2g|_|'12ﬂ F E—-D ﬂ
2
Given limit = hm—a—-[ﬂ) - 2
Tasin? = AP sin[E]
* lim 2
"“;—m hx
2 | 2|
J!lns.m—2
"

. _— . sinx-—sina ~.|':c+JE
Given limit = lim ®
{sinr—sinﬂ}{Jr+JE}

X—a

= lim

X—ha

On putting x —a = h, we get
[sml{.a:+h} sina][+fa+h +J_]

h

Given limit = ]

["x—=a=h—=0]

h h—
zm“z“m-n[“z “)wmﬂm
= lim

h—i

2cos

2.u+h) [ )(Jm+-ﬂ

= jm [h]
2 —_

Ans. 2yacosa

tan x —sin x 1—cos x

- = lim 5
sin” x =0 opg xgin® x
x
2sin® = 1
= lim Ans. —
x— i [ 2 .t') 2
cos x| 4sin® —-I.‘OS —_
2 2

lim

a3l




40.

41.

42,

43,

44,

45.

1-cos 2
Given limit = lim — = =X
x=l | —gos X

b || =

.2 . 2

. 2sin” x . sin x

= lim ——= lim b4
=l ] I x— x

. X
25in §in—

2
2gin x —25in X COs X
3

J %4 Ans. 4

Given limit = lim

x—si x
sinx 1—cos x
- 2l 20 g1 522)
=0 X x—50 ¥
l—cosx Zsin 'z
=21lim—— = 2|1m—1 Ans. 1
x—50 x x—0 _'r
4w —
4

1—sin[£+h]
I1|r1—2

e

Put x=— +h Then, given limit =
2

1—cosh Zszi
= li Zx— Ans.—
k0 BE b0 fpy? 2
[EJ

cos 2x—cosdx

lim | =28 2y cosdx
x—=i0| C08 X—cos3x

Given limit =

Ccos X cos 3x

. cos 2x—cosdx  cos xcos3ix
= lim
sl

cos x—cos3x  cos2Zxcosdx

cos 2xcosdx

. 2zin3xsin x
= lim x
o\ 2sin 2xsin x

cos xcos3x )

. sin3x

3 lim
= x—5ill sz % lim
2 lim sin 2x

CO8 X cos 3x

3
Ans. —
x—sp CO8 2XCOS 4 X 2
=0 2x
1 COS X

- . - . sinx sinx .
Hint Given limit = lim = lim
x—+0 x x— ¥-5in X

1—cos x

x
2sin® =
= lim 2 = lim
—0 X X 0 X 2 2
x-2mn;cas— —_

+—|2x
2x 2x

tan’
+m'r]1x

sin2xy 3x
sin2x+3x _

x—0 2x +tan3x -

0| 2x

smz:c 3

:—:1}2 tan?.x

=| Li ] Ans.1
=k

47.

48.

49.

50.

. . . 2sindxcos x
Given limit = lim ——
r—0 Jcos Hxsinx
. sindx . COSX
= lim - lim —— Ans. 4
=0 ginxy *—0¢0s 5y
cosdx

- —cosdx
sindx

r—m /8 (1:—81}3 sind x

cosdx(l—

Given limit

sindx) . 1
- lim
[1:—31}! x—aiBgind x
cos4x(l—sindx)

(m—8x)*

lim

r=ul8

lim

rS3E/8

On putting x= %+P|, we get
ms4[£+hJ[‘1—sm4[E+h)]
8 B

- 3
[1:—3[—+h]}
B

—sindh{1—cos 4h) 1
T ns.E
[ﬂwa]m{&-ﬁ}
2 2
(fx)* =(+la)?
[J‘ x+Ja ]

lim
h—

Given limit =

m
ks

2cos

lim
x—Ha

Given limit =

2c

75,

= lim

O P P [r I}

Ans. i rnsJE
2-»_}'.::

281.“[ a— xJ

lim wix ++fa)
x—4a {;x—;a}x[ir +J.u:

Given limit =

2s1n[—) si.n[d x]
= lim 2 ® lim 2 x]iml{«f;hﬂ}
1 r—a 2

= =@ xX—a

2

Ans. —2-4::jnﬂ

z—ﬁtm[%+h]—sm[§+h]

)]

[2 -ﬂg[cas%msh sm—sth-{
|

Given limit = lim
h—0

T
[sm— cos h+cos —sm h]
6

(m+6h—1)°



Z—J?_--[ﬁcas h—lsin h]—[lms h+£sin h]
2 2 2

2
= lim
h—s0 I6h
h
l—cosh 2sin’ = 1
= lim = lim 2 Ans. —
=0 gkt h—0 1gp* 16

tan x +4 tan 2x —3tan3x
x? tan x

51. Given limit= 1
x4l

2tan x qSt:mr—tan?'x

tan x +4- — =
1-tan” x 1-3tan” x
= lim 5
=0 x tanx
[1. 8 9—3t3|12x]
! 7. 2
l—tan"x 1-3tan” x
= lim
x—0 12

[{1—1.1.1* r]{l—3lanzx]+3{1—3tanzx]]

| —{9—3tan? x){1—tan® x)
rzl{l—tanzx}{l—St:mz x)

= lim
x—0

L ————

L

~ —16tan” x
:—«ﬂxa[l—tanzx}lfl—iiﬂna x)
. (tanx 1
=—1ﬁ]l]ﬂ
x50 {1—tan® x){1—3tan” x)
Ans. —16

2
tan x(tan” x -1
52. Given limit= lim ( )
x5 K4 | o
cos| x+—
4

[ |

| - I{l—tanzx}

lim tanx- lim
= m =51 4| b !
cos x+;

1

1+tanx)1—tan x
=‘1><|— lim ( X }l

CﬂS[X"' ]
—22 lim —— %) Ans 4

r— ®fd
COS X-COS I+1

X aX . X x
cos? Z+sin® - 2sin = cos —
4 4

53. Given limit = lim
x— 0 X X . X
cos —| cos ——sin—
4 4

2

cas——sm—
= lim 4 Ans
=1 2_‘[ . 21’
cos” — —sin” — ——sm
[ 4 4][ ]

n (/24 cos 1_1})( I{..||2+cas +1)

['JZ+ cos x +1)

54. Given limit = -
x— 1 {ﬂ—x}

. 2+cos x—1
= lim =
= (T—x) I{.J2+casr+1}
21\1:::1\2£
= lim =
r—!l{rl:—_t}zl[dr2+cos x+1)
2[1:+h]
2cos | ——
. 2
= lim g
#=0(—h)* (yf2+ cos(m+h) +1)
h
sin®— 1
= lim - Ans. —

- 2
o 2[%] [.,,I'2+ cos(m+h)+1)

{—h}sin[£+hJ— 2:m[%+h]

55. Given ]imit=£i.m
- (- h}+cot[2+h)

= lim —hcos h+2sinh Ans. — l
h—0  —h—tanh 2

56. RHL= i = lim f(0+h)= lin M;"—““
'nflir} lmfi+] T .

Ans. Does not exist
n

kcos [—+flJ
2

x— MM by o
l ms[x+z] J
[ 1 57. I.1|n _f(x}- I.un keos x _ = lim
na—2x :—.um _2 T:+PI
| COS ¥ —sin X | E
=— lim (l+tanyx) lim |————m———
x—+ Ef4 ¥ l“l[‘ﬂs ¥ocos [I+§]J = lim ksi.nﬁ=£
k=0 2h 2

Jz[ﬁ; cos x——psinx

=—(1+1)x lim

= mid T
COs X-C0s5 I+I

It is given that, lim f(x)=f ]

x—» R/

L)

Ans. k=6



| TOPIC 4|

Limits of Exponential Functions and

Logarithmic Functions

LIMITS OF EXPONENTIAL
FUNCTIONS

The great Swiss Mathematician  Leonhard  Euler
(1707-1783) introduced the number ¢, whose value lies
between 2 and 3. This number is uscful in defining
exponential function.

A function of the form of f(x)=¢* is called exponential
function.
The graph of the function is given below

Y 1 ()=e*

X X

-
(1) Domain of f(x) = (=ee, o)
(i1) Range of f(x)=(0, =)

To find the limit of a function involving exponential function,
we use the following theorem

et =1

Theorem |lim =1

x—0 X

Proof We have an incqualiry
1 " et -
1+ | x| x

xe[=11]=1{0} L..(1)

1
Sl+(e—2)[xl,

RS | 1
Here, . is sandwiched between the functions and
x 1+ x|
1+ (e = 2)|x].
1 lim 1
Now, lim i [by quotient of limits]

x—10]+|x|= lim {]+|x|}
x— 0D

11

Cajo] 1

andrli_l;nﬂ[l+{r—2}|x|]=1+{e—2.l|l}|
=l+{e=2)(0)=1

Thus, lim
=01+ |x|

=1=lim[1+ (¢ = 2x)|x|]
x—0

So, by applying sandwich theorem in Eq. (i), we get

e =1

lim =1 Hence proved.

x—=0 X

METHOD TO FIND THE LIMIT OF
EXPONENTIAL FUNCTIONS

If given function has exponential term, then we convert the

and then use the

given theorem in the form of
x

e =1
theorem lim
x—=0 x

3x
EXAMPLE ((#],Find the value of lim &——.

x—0 X

Sx /) 3x _
Sol N N—L=lim & —1y3

x—=0 x x—0 X 3

[multiplying numerator and denominator by 3]
3x
=3 lim <" (i)
x—0 3x
Leth=3x.Then,x -0 = h—0
Now, from Eq. (i), we get

X K. . | O
lim £ ! =3lim £ l=3(l) [ lim u=l]
x—0 X h—0 B0 ()
=3
X -X
. e +e =2
EXAMPLE |2| Evaluate lim —————.
x—0 X
Sol. um¢
x—+0 x

2x x
. & +1-—2e
= lim ———
=0 123:




E!inx -1

EXAMPLE |3| Evaluate lim ———
x— 0 X

Sol lim £ _1=|.i|ne —lxsinx

x= 0 x =0 x sin x

[multiplying numerator and denominator by sin x|

. " 1 sinx N s | . sinx
= lim = lim * lim
x =+ Ein x X x—=+0 gin x x—=+0 ¥
- a
=1x1=1 [ lim £ =land lim a . ]
R -0
g* —¢g?
EXAMPLE |4| Evaluate im ——.
=3 xX=3
e -
Sol. We have, lim
x5 x—3
On putting h = x — 3 we get
¥ 5 h+% 5
lim =—5 = lim  [rx—=3=h—0)
=3 x—3 h—+ @ h
= lim efe? — &
k=0
h [

e —1 e —1
=¢' lim =e*x1=¢* |: lim =1]
h—=0 } i—=0 @

. x(e* =1
EXAMPLE |5] Evaluate im ———.
x—+0 1=C08 X
.1.'_1 ¥ _
Sol lim xle }= lim xe —1) |:‘.'1-m5x=2dnzil
x30]—pcogxy =0 Z!l'.'l'lti 2
x
=l lim —I[E l}xi
2x=0 Sillzi x
[multiplying numerator and denominator by x|
1 -1 1
== lim G }x
Zrso oy sin® x /2
i
1 -1 1
== lim £ * -
Zroo oy sin® x /2
2
[5] x4
2
1 -1
== lim £ x4 lim ———
2x—=s0 X x—+ 0 Sl'.ﬂ.'t'.l'lzz
[ xf2 J
@ .
1 1 =1 [§]
=s=X1xdx—p =+ lim E—=1.‘-1rn':1 lim Ll =1
2 (1) é—=0 8 a0 @

LIMITS OF LOGARITHMIC
FUNCTIONS

The ||:|-g:11it|'|mic function cxpn:sscd as |cngf R* = R and
given |:|:-,r ||:|-gl, x=y iff e? =x.
The graph of the function is given below

¥
f ()=loge x
* ol {1, 0
¥

(1) Domain nff{x} =(0,c0) or B*

(i) Range uff{x} =(—=a,==) or R
To ﬁnd the limir af ﬁmcu'am fnmfw'ng fagﬂn'ﬁ&m:'c ﬁmcu'aﬂ,
we the following theorem
. log, (1+x)
lim ——=1
x—0 x

log (1+ x) 3

Theorem

Proof Let

x
Then, log, (1+ x)=xy
= 1+ x=¢" [logx=y=e! =x]

e =1 e =1

=1=
ol Xy

On taking limit xy — 0 both sides, we get
71
lim £

=0 xy

.J:]_

li =1=1l =1
xl—r:rnﬂ-r jxlj}nﬂy

fq—

l lim
g0 xy
logt {1+ x) _1

=landasx — 0, thenxy — 0

= lim
x—0 x
Note
lim 12 1=%) _4
= i -
COROLLARY
lag‘_{l -x) 1

I lim
(] -

a’ =1

II. lim = loga
x— 0 x



METHOD TO FIND THE LIMIT
OF LOGARITHMIC FUNCTION

If given function involves |Dgarithmic function, then we
|ag__ {1+ x) d
—2

convert the given funcrion in the form of n

x

I 1+
then use the theorem limﬂM =1
x— x

EXAMPLE 6] Evaluate lim loge(1+2x)
X— X

Sol. We have, lim log.(1 + 2x) * s
x—+0 x 2
[multiplying numerator and denominator by 2]

! 1+ 2x
= 2 lim (0B + 20)
x50 2y

[NCERT)]

On putting h = 2x, we get

lim log,(1 + 2x) = 2 lim log, (1 + h)

[-x—=0=h—=10
x—0 x h— 0 h

[\ fim g 0+ 0) ]

=2(1)
=il x

=2

1 =1
EXAMPLE |7| Evaluate lim Y

x—0 log(l+ x)
Sol hln@

=0 log(l + x)
On multiplying numerator and denominator by

1+ x +1, we get
,Jl+x—1 1|‘|[i+.1c+1
m
=0 log(l + x) {,,dlll+r+1}
1+x-1
= lim X
=01 + x +1)log(1 + x)
x

Hg.]ul +x +1)log(l + x)

1 1 1
= lim =—xl=
[ﬁ+ﬂ+1}x—ﬂ] log(l+ x) 141 2
x

EXAMPLE |8| Evaluate
x* = xlogx +2logx - 4

lim
A2 x =2
*_xlogx + 2logx — 4
Sol lim ——=28% gx
=2 x=2

= lm (x*—4)— log x(x — 2)
=2 x=2

- lim (x+2){x—2)—logx(x—2)
P (_‘c—z}

= lim (x—2)[x+ 2-logx]
x—32 [r—Z]

= lim [x+2-logx]=2+2—log2
=32

=4 logz

EXAMPLE |9| Evaluate lim 23X =1,

X X =g

log x —1 log x — log e
= lim

e have, im = lir e=1
Sol We ha L li log
T—%e X —¢ 4 x
e
x
_ log= [ m|
= lim ———f— |_ logm—logn = log—J
X—sie X n
e

On putting x = h+ e, we get

h+e
logx—1 1 log
Y e lim———Z [ x—e=h—0

x—se X —@ -ek—m h+e
e -1
e

. log [1 + EJ

_Ll € .

- f]f:} T -
€

h
Again, putting y = — in Eq. (1), we get
€
logx-1_1 .

log[1+£)
lim = lim £
XHE Y —¢ £ h—0 E[hJ

e

1 log i1
=— 'nM[:-h—mz:-y—bﬂl

log (6 + x) = log (6 — x)
. .

EXAMPLE |10| Evaluate I_in;

log (6+ x) — log (6— x)

Sol  lim
x—+il X
x x
logajl+—|—log6fl——
. 6 &
= lim
x—+ 0 X

. [lag6+ lag[1+%)}—[logﬁ+ log [1—%)}

x=+l X




1
= lim - + lim -
=il G x =i § x
6 ]
[._,]- lcg(1+x} In]ng(l—x}=1]
|_ = x 1’—10 —-X
=1—}{1+1x1
[ [
1 1 2 1
St === -
6 6 6 3

EXAMPLE |11 Evaluate '““(2 ]

e
Aie =

31
lim [

2x—50

-1
i)r—tl}
log3 « tim | 5=1|=
log 2 x50 ¥

_ 2log3 _ log(3*) _
3log2  log(2%)

Sol.

_2
'3

wlm

log9

log#

2% =3
EXAMPLE |12| Evaluate lim ———o-
12| x50 14 x =1

2¥ -1

Sol. lim
0 1+ x -1

2* -1
= lim
r-*°Jl+x—l

- x{-Jl+x+1}
hm x llm (Jl+x +1)

=(log2)2 = 2log2

(Jl+x +1)

(J1+x +1)

x—0

TOPIC PRACTICE 4|

OBJECTIVE TYPE QUESTIONS
1 lim e* is equal to
(a) =1 (b) O
(c)1 (d) does not exist
2 ]im.Lll ——is equal to
(a) Iag% (b) 1ug§
(c) log% () 103%
3 ]imn‘.a"hr is equal to
(a) O (b) =1
(c)1 (d) does not exist
. 5 -1 .
4 lim is equal to
X0 ..:||1 +x -1 -
{a) log 5 (b) 2log5
{c)=logh (d)=2log5
tan x
5 The value of lim “lis
x—0 X
(a) =1 b1
(c) O (d) None of these

VERY SHORT ANSWER Type Questions

Directions (Q. Nos. 6- 15) Evaluate the following limits.

6

10

12

14

4x bx
lim - ]] 7 tim =1
x—-0 X x—0 X
lim (3 - l] 9 1im l08(1 + 5x)
x—0 X x—0 X
X X
lim log (1+cx) 1 lim 2 b
x—0 ¥ x—0 X
2+4x _ 2 x _ 4
mn(“’ s ] 13 lim(e -4 ]
x—0 X x-0| y—4
X X =
lim &= 15 lim &=
-5 xy-5 x=0 x



Directions (Q. Nos. 16-23) Evaluate the following limits.

X -X X
6 im %=1 {7 lim (-_‘]
x=0 X x—0 X
X _ p2x 2+x _
R ke 9 tim2 =9
x—0 X x=0 X
sin x
20 1im2 -1 21 lim X1
x=0 sinx X1 lOg,X
22 lin; logi - lsogs 23 lin(l) log (s1;1x +1)
X - X

SHORT ANSWER Type Questions
Directions (Q.Nos. 24-32) Evaluate the following limits

24 lim log(5+ x) —log (5-x)

x—0 X
X X X
25 im &2 26 him 3 =2
-0 sinx -0 tanxy
+x -
27 tim e&** —sinx-é* 28 1im 198 (13+x3)
x—0 X x—0 sin® x
2 2 | T e i 7
29 lim —= 30 lim————=
x50 :;l —cos2x x-2 38X _3%¥/2
X sin x 2x X
3 i L 32 \im (ﬁ]
-0 y-sinx x=0 X

| HINTS & ANSWERS |
1. {c}rhinqne‘=e“=1

2. {amnmr ‘2]

x=+ 0 x

- lm [3 -1]_ lim [2 —1}
=i x x—+ x

=log3 —log2=log (3/2)

3. (d)Let f(x)=e"".
Then,
LHL at{x =0)= lim f(x)
x— 0"

=n]'i—r:lnﬂu_h}

=lime " =¢>=0
h— 0

and RHLat (x =0)= ]j.mt_jl"[x]

x—+ 0

o

i o

10.

i1

12.

13.

4.

15.

16.

17.

=‘Ih_r’no fo+h)
= lim '™

h—0
= ¢~ = oo, which is not defined

So, lim f(x)does not exit.
x—=0

(b) We have,

5% -1 5% -1

x,’l+x+1

Jl+x+1

= lim 2 -lx limo(,’l+x+l)

x>0 8 d
=2logs
tan x
(b) Given limit = lim 1. 128X
x=0 tanx X
=1-1=1
et -1
Given limit = lim 4 [ ) Ans. 4
x—0 4x
b
log3
Given limit = lim M Ans.5
x—0 5x
¢
a x
b* (-) -1
b a
Given limit = lim Ans. log (—]
x—0 X b
ee* 1) 3
Given limit = lim —————  Ans. e
x—+i x
. _— . 4 | 4
Given limit = lim ¢° | ————| Ans.e
x—sd J‘.’—4
Put x—5=handas x — 5 then h— 0.
. We have
PR D R B
lim = lim
h—0 h h—1 h
=¢ limZ ml Ans. ¢’
k=0 h
Ix 2r
Lelim & —1ciim& —Lxiim % Ans.2
=0 ye* x=il Iy x—0 p¥
- x
lim wx 2=a"loga®
=l 2x
Ans. 2loga

]i.m[e —x—l]=h_m[e _1]—]imi
x—+0 ¥ x40 x =0 y

Ans. 0



Sx Ix X _ T _
18. lim < _1—[].imf _1} = lim 2 1><]im il —]imb 1)-(].im

x—+i} X x—2ili x ¥ X 05N X x—+l0 x x—0 5N X
iy 2x a
- lim & 1 x‘_’-—[]i.m e 1]2 Ans. ]ng[b]
=l Ix =0 2x
Ans.1 26. ]i.mij -1)—(2 —1]'>I< x
321-: —9 32(3:_1 =0 X tan x
19. lim = lim ) 3 -1 2" ) X
=0 X x—+0 x =] lim — lim *® lim
x40 x—+ili x5
Ans. 9log3 * * i
3
20. Lety=sinx. Ans. ]ng[;)
Then, y — 0as x — 0 [ 1
inx _ ¥ _ ) E: fr -1 sinx
. lim o lotim ™=t ans loga 27. lim ;——J Ans.(e* - 1)
=0 giny y—i ¥ x—+ ) X x
. 1+h-1 . h 1 I 3
21, lim = lim i JOB(X_+1) x
w0 log (1+h) A0 log(1+ h) 28 Mm=S——=x—— Am.1
1 x
=———— Ans.1 . e —1
logi(l + h 29. lim
'P_ﬁ% x—+0 izsi“;!x
22, Putx-5=handasx — 5 thenh—0 = 1 l|'_me _1>< i Ans. :
:";Hﬂ' X sinx j;
log(h + 5) — log5 hg[”?] 1 30. Weh
lim og(h +5) — log5 _ lim Ans, — ’ & have, )
b h o B 5 Y o2 (TR -12035)+ 7
lim —— a7 - am 3 Y]
log(si 3 ) x— 2R TEF g% x— 2 T =3
23. lLim—E pnzx+ x 22X Ans.1 x x
x—i) sin x x li [:3 _3}{3 _9}

T xa2(3-3) (9433 +37)

X x
log {5[1 * ;)} - log{s[i - ;]} =— lim (3" —3)(3*" £ 3)

24. 1
xs0 x = 2(3" +3x3" +9)
{]ngSHng[l +i]} - {lcg5+ lag[l—il} =-41
= lim : 2 3
=3 x x sim x x—sinx
¥ x 31. ]imi= lim & * ¢ 1 =% w1
lﬁg 1 +_) hg[]_ —_ _] =0 ¥ —8inx x—+0 X —siny
= lim 1 5) lim 5)0.1
05 x =0 X (=5) Ans. 1
2x ix
, > . 3. 1.-1“{*—3 —n-( ‘”‘l
Ans. — =0 X
5 & e Y ) B A"
o 32x -1 23x -1
* - * - =2- lim -3- lim
25. lim {( . : ) - [b 4 )} Zx—vo[ 2x ] 3x—t0[ 3x ]
*»=0| sinx sinx

9

x _ ¥ Ans.log(-)

=1 (a lx x ]-I' [b lx x] 8
x=0




| TOPIC 5|
Derivative and First Principle
of Derivative

DERIVATIVE AT A POINT

Suppose f is a real valued function and 4 is a point in its
domain. Then, derivative of f at @ is defined by

" fla+h)= fla)
i ZAET BTG
h—0 b
provided this limit exists.

The derivative of f(x) at a is denoted by £ (a).

EXAMPLE |1| Find the derivative of f(x) =4x+5 at
x=3

Sol. Given, f(x)=4x+5

We know that, at x =af'(a)=£inzw

v e e SR —1(3)
o f(3)-'}1_r’r;———h

_ lim4(3+h)+:’»—(4><3+5)
h—0 h
22 lim12+4h+5—17 - lim4h

-—
h—0 h

h—0 h
EXAMPLE |2| Find the derivative of the function
f(x) =2x* +3x —5at x =— 1 Also, prove that
frO)+3f(-1)=0.

fla+ h)-1(a)
h

[NCERT)
()7 Use f(a)= lim . to find
v h=0

f7(0) and '(- 1) Then, show that 7*(0) + 3f*(- 1)=0.
Sol Cleaﬂy_ fi(-1)= 'Pn‘;w

h
o () =tim L@ W) - f(a)
['”")'P.'.'.‘) h ]

iy LA + =1+ B = 5] - [2A-1)° +3-1) - 5]
=] h

2
- lim LR - 2h)—3+3h—5]-[2-3-5}]
=0 h
2
= lim 2h” —h
b0 h
= lim(2h —1)
h—i
=20)—-1=-1
h)— fl0)

and f(0) = mﬂﬂ + -
["'f"“’=.lll’5 f{ﬂ+ﬁ;—f{a}]

2 2
Bk [20+ h)" +3(0 + h) — 5] — [20)" + 3(0) —5]

k=0 h
2
=tim 223 fim(2h+3)=2A0)+3=3
k=0 h k=0

Now, f/(0)+3f"(-1)=3-3=0 Hence proved.

FIRST PRINCIPLE OF
DERIVATIVE

Suppose f is a real valued function, the function defined by
b)) -
Jim M, wherever the limit exists, is defined
-0 /]

to be the derivative of f at x and is denoted by £ (x). This
definition of derivative is called the first principle of

derivative.

Thus, —f(x &) =)

f'(x)=x|i_r'n0 h

Sometimes f’(x) is denoted by -;{—r[ f)] orif y= f(x),

then it is denoted by %and referred to as derivative of £(x)

or y with respect to x. It is also denoted by D[ £(x)].
Note
Derivative of f at x = ais also given by substituting x = ain f'(x)and it

is denoted by%l(x)l,tx %Lor pr

OX Jxmz

EXAMPLE |3] Find the derivative of f(x) = — from first
X

principle.

Sol, 'We have, f{x)=>
x

By using first principle, f(x)= '];i_:r:z w

11 1

o fx)=tim X x| fa=<

o - h . _ 1
[..ﬂx+h}-x+h

=]jm1—|:_r_(x+h]}=liml[ - ]
k=0 h| x{x+h) h—o k| w{x + h)

_ -1 -1
= llm —_——
l—’ﬂ'|:x[x+h}:| x*



EXAMPLE |4| Find the derivative of f(x)=ax+ b,
where a and b are non-zero constants, by first principle.
Sol. We have, f(x)=ax+b

By definition of first principle, we have

f(x +h)— f(x)

f(x)=,}1_13 P
=lima(x+h)+b-(ax+b)=limﬂ=a
h—0 h k=0 h

EXAMPLE |5| Find the derivative of f(x) = x", where n
is positive integer, by first principle. [NCERT]
Sol. By definition of first principle, we have

rron 1o JOx+R)=f(x) _ .. (x+h)"—x" v
f (X)-hh_l,!; h -:!_l'!; h A1)

By binomial theorem, we have
(x+h)" ="Cox" +"C,x" " h+ "Cox" R + .+ "C '

+..4+H

=(x+h)" = x" +nhx""" +@h’x"'2

=(x+h)—x" =nhx""! +@h’x"'2 +..+h

On putting this value in Eq. (i), we get

nhx"" + Mhz:t"'2 +..+H

f(x)=lim =
h(nx"’ - i”;l)hx"'z IO o, ik ]
= lim 2
h—0 h

n— 0|

= lim[nx"'l - -n("—z—l—)hx"zt.&h"' ] =nx"""

Hence, f’(x)or if(x) =nx"""
dx

EXAMPLE |6] Find the derivative of (x = 1)(x - 2) from

first principle. [NCERT]
Sol Let f(x)=(x—1)(x —2)=x" —3x +2
By first principle of derivative, we have
ior - i JX+R)— f(x)
o s
i [(x +h)* =3 x+h)+ 2] - [x* —=3x + 2]
= lim .
2 lim[:.:2 +h* + 2xh—3x —3h+ 2] - [x* —3x + 2]
h—0 h
2
=linr12hx+h —3h= hmh(zx+h_3)=2x—3
h—0 h h—+0 h
) |
EXAMPLE |7| Find the derivative of ( X 1] from the
x —_
first principle. [NCERT]

flxy=222

x -1

Sol. Let

By first principle of derivative, we have

[(x+h)+l_x+1]
n;f(r+h’:-f(x)=hm (x+h)-1 x-1

f(x)=1l

h— h=0 h
_um(x+h+l)(x-l)—(x +1)x+h-1)
" b0 Wx+h—-1)(x—1)

_hm(xz—x+xh—h+x-|)—(xz+xh—x+x+h-l)
h—0 hx+h-1)(x-1)

T —2h =l -2 = -2
k0 h(x +h—1)(x—1) k=0(x+h=1)(x—1) (x-1)°

EXAMPLE |8| Find the derivative of e”, using first
principle.
Sol. Let f(x)=e*
By using first principle of derivative, we have
x+h x
f’(x)=limﬂx+h)_f(x)=lime —€
A0 h =0 h

= Iim——--—e’r(cll =N =e lim—-—(eh =1)

h—0 h k=0 h
2 3
[[l+£+h—+—+ oe)—l]
1 2! 3!
= lim
h—0 h
2
h[l+i+h—+...w]
2! 3!
= =e" x1=¢"
h—0 h

EXAMPLE |9| Find the derivative of a* from first
principle.
Sol. Let f(x)=a".

By using first principle of derivative, we have

Lx+B—fix)
h

f(x)= Lim

x+h x x h x

g —a _ . daa—a
= f"‘"}’i‘l h }‘l’l h
= f'(x)=a" lim d -1 =a"log. a

h—0 h Be
a’—1
[ lim =log‘a]

x—0 X

EXAMPLE 10| Find the derivative of e*’ from first
principle.
Sol Let f(x)=e*

By using first principle of derivative, we have
ext n _ cx‘

o) i LX) = f(x) _ o
J(x)= lim a = lim -



o rht ke x?
= lim

h—i h
hik+ 2x) _
- Iim.e"! e 1 » (h+ 2x)
h—0 h (h+ 2x)

B IEJ'|"¢+ 2x) -1
=¢" lim|——— | % lim(h + 2x)
hih+ 2x) h—
x fll -1 ]

F :tr .
=e" ®K1X({0D+2x)=2xe” | Lim =1
yt oy

EXAMPLE [11] Find the derivative of e’* from first

principle.
Sol Let flx)=e'™
By using first principle of derivative, we have
Jerh _ fx
+ h) = -
Frixy=lim LEFR =)y <
h— 1 h x50 h

= hln—fﬂtfm_ - 1)

=0 (x+h)—x
Ay
n—-u{,jxm V) fx +h +x)

r J:+h J_ -1
lim
b0 (sfx + h—+fx) H“{Jx+h+wf_}
x
= J;){IK ! =f ol e’ _l=1
¢ 21\: 251 !I—]’T:] y

EXAMPLE |12| Find the derivative of the function
log x, by using first principle.

Sol Let flx)=logx
By using first principle of derivative, we have
Fx)= f{r+ﬁ} _]"{_t'}= m]ngl{r+h}—lugr
h—s i h
lcg[ s h] lag[l + E]
= lim X /= lim X x—
[—-— h h—+0 h x
x
=1x 1.1 [ lim ]ng[“—y] = 1]
X X y0 Yy
EXAMPLE |13] Find the derivative of log, x from first
principle.
Sol. Let flx)=log, x
By using first pri.ncjple of derivative, we have
Fx) = f{x+h}—f{x}
h
. . log.[x + h]
= f'(x)= lim Ba(x +h)- %X _ lim *
h—o h h=so h

]ngn[1+—]
# = li X
= f'(x) m -
h
logE[‘l +—)
i\ x) [ og, & = logch ]
h—o (log a)-h |_ log a
. lcg‘[l +£]
= fllx)= x
log,

= [h]
x| =
x

[ ]ug[1+£]

1 . X

-xlogga

EXAMPLE |14| Find the derivative of the following

function by using first principle. [NCERT Exemplar]
(i) sinx (ii) secx
(iii) tan x

Sol (i) Let f(x)=sin x
By using first principle of derivative, we have
FAx)=1im fix +ﬁ]—f{r}= lim gin{x + h) —sin x
b= h h— ke

[r+h+x] . [x+h—r)
2cos -8in
2 2

sm[C;D)]

= lim
h—

-

C+ D
[‘.'sinC—sinD:chs[ -; ]x

[ ﬁ] . h
2cos | x + = |-sin—
2 2

= lim
h—si h

sin
= lim cos | x + = |- lim —2
h—s 0 2) e,

= lim cos [x +ﬁ)><1
h—=0 2
=cos (x+0)=cos x [putting h=10]
i (sin x) = cos x
dx
(1) Let f (x)=secx
By using first principle of derivative, we have

rpon_ e Jlx+h) = f(x)
f{x}-zﬂ—

h
' sec(x +h)—sec x
(x)=lim ——
s h
1 1
= lim cos (x+h) cosx

h—0 h



_ cos x —cos (x+h)
k=0 hx cos x-cos (x+ h)

) (x+x+h) C(x —x-h)
—2szin - gin .

= lim
h—s1 h-cos x-cos(x+h)

{;msC—qmsD=—hm[czn)ﬂn[c_ﬂl]

2
=hm{—2ﬂn[x+%}[—ﬂng)

h—’ﬂl h-cos x cos (x +h)

o+3)
sin | x +— gin—

b=t cos (x+h)-cos x ko R
2
| . sinB
ETEIN - tim 820
cos” x -0 9
sin x 1

€OS X COS X
(iii) Let f(x)=tanx
Then, by first principle of derivative, we get
= tan(x + h)—tanx

spon e T+ W)= 1(%)
£y = lim 52 =i

h—=0 h
_ l_(sin(x+h) _sinx
h—mthos(x+h) cos X

1 "sin( x + h)cos x —sin x cos(x + h)]
cos(x + h)cos x

1t sin(x+h-x)
k-0 h| cos(x +h)cos x
[ sin A cos B—cos Asin B =sin( A — B)]

= lim S0 h' ; 1

h—=0 h h—0cos(x + h)cos x
e

cos(x +0)cos x
2 lz =sec’ x [ ﬁmﬂ= ]

cos” x 60 @

Hence, f'(x)or di(tan x)=sec’ x
X

EXAMPLE |15| Find the derivative of
f(x) = tan(ax + b), by first principle. [NCERT Exemplar]
Sol. We have, f(x)=tan{ax+b)
By first principle of derivative, we have
sy g A AY - F(X)
Lt
= lim tanfa( x + h) + b] — tan(ax + b)
h—0 h

sinfax + ah+ b) _ sinfax + b)
= lim cos(ax +ah+b) cos(ax + b)
h—0 h
sinfax + ah + b)cos{ax + b) — sinfax + b)
_ cos(ax + ah+ b)
h—sw hcos{ax + b)cos{ax + ah + b)
= lim asin{akh)
k=0 a-hcos(ax + b)cos(ax + ah + b)
[~ sinAcos B— cos Asin B = sin( A — B)|

= lim a lim sinah
k=0 cos(ax + b)cos{ax + ah+ b)sh =0 gh

[vh— 0 =ah— 0]
inf
=— 2 [+ im 5@ =1]

-ms"{ax+b} T

asec’(ax + b)

] EXAMPLE |16| Differentiate the function cos(x* +1)

by the first principle.
Sol. Let f(x)=cos(x*+1)
We know by first principle,
) et L+ B = ()
f'(x)=lim .
cos[(x + h)* +1] — cos(x* +1)

[NCERT Exemplar]

& fAx)= lim

h—0

[ f(x)= cos (x* +1)]
C(x+hP 147+ (x+ R H1-(xF D)
s sin

-2
= lim 2 2
h—oo— 'l
C+D C-D
'.'cosC—cosD=-2sin( 3 )sin( )]
_ 2 z )]
2 2 P |
~25m(x+h) +x +2sin(x+h) x
Y 2 2
h—0 h
. (x+h)2+xz+2[, (x+h)z—xz]
—2sin sin
2 |
<
(x+h) —x*
lim 2
e 3-.2
k-0 hx(x+h) x
2
C(x+hP+x*+2 x*+h 4+ 2xh—x*
—2sin X
= lim 2 2
k=0 h
R
s (x+h)"—x
: =1
Thso (x+h)—x?

2



2 2
—2sin [(X+h)++2](u + h).'zl

h—0 h

2
+
=—2$in(2x 2)><2xx-l-=—2xsin(x2+l)
2 2

EXAMPLE |17| By using first principle, find the
derivative of function f(x) =sin? x.
Sol. We have, f(x)=sin’x

By using first principle of derivative,

f(x +h)— f(x)

’ - lm
f(x)= lim A
e limsinz(x+h)—sinzx
h—0 h
= lim (sin{x + h) — sin x)(sin(x + h) + sin x)
—n—,o h
2x+h) . (h [(2x+h h
2cos 2 sin E 2sin - cos E
= lim
k=0 h
v sinC—-sinD = 2cosC+ DsinC_zD
andsinC+sinD=2sinC+DcosC;D
sinﬁ
= lim cos(w)-——z-x lim Zsin( 2x % h]cosﬁ
h— 0 2 ﬁ h— 0 2
2
=cos(2x2+o)xlx251n(2x+0)coso
= ¢cos X X 2sinx X 1=sin2x
SEAS s Ralis B - e - - - - e

EXAMPLE |18| Find the derivative of sin/x
functions by using first principle.
Sol. Let f(x)=sinx
By using first principle of derivative,
ron o Jlx+ R = flx)
f(x)=lim _—

< fim 5% B —sind/x
b h
R
e (x+h)-x
=2l )
m[m +x ]m[JFZ-J:]

2
= lim
=0 (fx + b)Y —(Jx)?

[ sinC —sinD = Zcus[

: [:tx+h—~]x
s 2
= lim %X lim cos
h—0 ix-{-h—gzx k=0
2
1
x lim
""“[:7x+h+3x]
1 1
=1 J = J-
x cos( X)Xm W;'COS X

[

[ x+};+~/;)

EXAMPLE |19] Find the derivative of ~/cos x
Sol. (i) Let f(x)=+cos x

By using first principle of derivative,

ipon o i J(x+R)— f(x)
f/(x)y= Jim SEZ 22 D0
S Jcos(x+h)—Jcosx
k-0 h
o ,ﬂ:os(x+h)—\/cosx
k=0 h
i (Jcos(x + h) + ~fcos x)
(Jcos(x+h)+~/cosx)
- cos(x + h)— cos x
50 h(yfcos(x + h) + +/cos x)

(2x+h). (h
-au{ 2 -G
= lim
h—0 h(Jcos(x + h) +Jcos x)
C+D).(C—D)]
sin
2 2
sin[z.'tr+h] si.nﬂ

. 2 .
- lim ® lim—2
*—'“I{J:ns{x+h}+«ftus x) "—?: E

2
, [ 21]
sin| — .
=— —2 Xl=s-— sy
..,lllccsl{x}+,||mstx} 2Jeos x

EXAMPLE |20| Find the derivative of x sin x from first
principle. [NCERT]
Sol We have, f(x)= xsinx

[ cosC—cosD = —Zsin(

By using first principle of derivative,
voov_ e flx+h)— f(x)
ftay= i 220
(x + h)sin(x + h) — xsinx
h

s fllx)= h]i_r’nn



= lim (x + h)[sin x-cos h + cos x-sinh] — xsin x
h—0 h
[ sin(A + B) = sin A cos B+ cos Asin B]

+ hcos x-sinh— xsinx
h—0 h

[xsinx-cosh+x~cosx-sinh+hsinx-cosh]
= lim

xsinx(cos h—1)+ x-cos x-sinh
= lim + h(sinx-cos h+ cos x-sinh)

h—0 h
s xsinx(cosh—1) e x-cosx-smh
h—0 h h—0 h

5 i h(sin x -cos h+ cos x-sinh)
h—0 h

[M] + x-cos x(1) +sinx

= xsin x lim
k=0 h

2 h
2sin” —
2

=—xsinx- lim X —+ X €cOs X +sin x

;-’0 hxz.

A
2

2 sin
=—x-sinx-— lim

4 -h-—’l)
2

2
h J X h+ x cos x +sin x
2

: 1 s
=—xsmx~;(l)x0+x~cosx+smx

Iimﬂ= l]
-0 0

= XCOS X +Ssinx

EXAMPLE |21| Differentiate eV'*"* from first principles.

Sol. Let flx)=eV==
Then, f(x+h)=eVaux+h
d _ o flx+h)- fix)
E{ffxﬂ-'!l_ﬂ—h
Junireh) _ sy
d . & —e
E{ﬂxl}=mﬁ——-'—
[ ftantxhy —fanx _ |

d N s
e —

[ om—dmmr ]
ﬁ%{f{x}}=fmm .Jtan{x+h}|—~.ftanx

= . Jtan(x + h) —+ftan x
m

- h

tan(x + h)— tan x
h

d an x .
ﬁa{ﬂx}}=e XIXI]I.I_I;!:
. 1
1l|’t:1.|1{_'|.' +h}+—\|rta.nx

e S
X

k=0 heos(x + h)cos x
1

X
Jtan(x+h)+Jtanx
d = 1 1
= Z‘-(f(x))-e xcoszxXZJtanx

= i(f(ﬂr))= i sec” x
dx Za-hanx

| TOPIC PRACTICE 5 |

OBJECTIVE TYPE QUESTIONS

1 Let fis areal valued function and a is a point in

its domain of definition, then the derivative of f
atais defined by

@ limf@*N =@ )y, fla)=fath)
h-s0 h hs0 h
g . h
(c) '.l'_‘moh fla +h)= f(a) (d) h’mm
2 If y= f(x)is the function, then derivative of f at
any x is denoted by 3
v Q@
(a) f'(x) (b) =
(c) D(f(x)) (d) All of these
3 The derivative of f(x)=3atx=0andatx=3
are

(a) negative
(c) different

(b) zero
(d) not defined

SHORT ANSWER Type I Questions

4 Find the derivative of f(x)= ax? + bx + ¢, where
a, b and ¢ are non-zero constant, by first

principle. [NCERT Exemplar]
5 Find the derivative of x* — 2 at x =10 from first
principle.
6 By using first principle, find the derivative of
99x at x =100, [NCERT]

SHORT ANSWER Type II Questions

Directions (). Nos. 7-36) Find the derivative of the
following functions from first principle.

7 B3-27 8L
¥
9 Ji-x 10 x 23



1

13
15

17
19

2

23
25

27
29
3

33
35

3 ax+b
(x*+1l)(x-5) P
P2 14 g2
log x* 16 log(x + k)
COSX 18 cosec x
cotx 20 sin(x+1)
cos[.t - g) 22 sin(2Zx - 3)
cosx 24 secyx
tan+/x 26 sin(x* +1)
tan(x? +1) 28 Sinx
x
cos®x 30 xcosx
xtanx 32 xsecx
xe" 34 gleorx
ey 36 (sinx — cosx)
1 []

| HINTS & ANSWERS |

(a) If f is a real valued function and g is g point in its
domain of definition, the derivative of f atais

defined b?nhmaw provided this limit exists.

(d) There are different notations to denote the derivative
of a function. Sometimes f*(x) is denoted by i(ﬂx})

or if y= f(x), it is denoted by ? . This is referred to as
x

derivative of f{x)or ywith respect to x. It is also denoted

by D( fix))

o= 1 JOER = f(O) L 3-3
(b}fm}-hh—l;nnT-ﬁh-l,nu = =0
Similarly, f'(3)= lim JEFR—f0)

h—s 0 h
3-3
= =0
h—=so h
fr{”_]mﬂ(r+h}2+b{x+h}+f—a.tz—E:x—r
-h—«n h
Ans. b + Zax
2 2
£7(10) = lim {10 A" — 2]~ [00) 2] e 20
h—0 h
) i 2D =99 .

h— h

7. fa)=

8. f'l{r}:flﬂ.r;

9. ftxi= p,

10.

11l

12.

13.

14.

L+ b —27) - (x — 27)
h

[2 fix)=x* - 27]

3 3
=]I_m|{x+h] -x _
h— h
2
=]i|nhlh +3x(x + h)]
h—s h
1 _ 1
(x+h* x*

3
lim h™ +3xh{x + h)
h— 0 h

Ans. 3x

=]|_mx’ —{x+h*
k=0 (x + b)Y x*h
(x4 H o+ 3xhx + b))
{x+h xR
_h[h‘+31;vtrj+ hy] Ans. 3
(x+hyxh x!
Ji—(x+h) - Ji-x
h
(e —(x+h) - Ja— x)

d 7 Ifa—(x+h)+.Ja-x}
= RN it —(x + h) + Ja— x}

. X
= lim
h—

k=0

N

Ans. T4 —

LTI T
£)= lim [L]

h
= lim (r+h}z"3 - Ans 21_.,5
(e+bh=zxl (x+h)—x "3

Fr(xy=lim & h* +1)(x + h—5)— (x* +1)(x - 5)
h— i h

Ans.3x" —10x +1
Fx)= il +m b ax+bl
h—sohle(x+h)+d ex+d

B ]I_ml[[ax +ah+ b)(ex + d) —(ax + b){cx +ch+d'}]

h—0 fy fe(x + h)+ d)f{ex + d)
1 adh— beh ] ad — be
= lim— 5. 3
k—:nhl{r{x + h) + d}ex +d]J (ex + d)F
x+ 2h _e'_!.r
£1()= i
Exyp 2h
= |1|an 2
h—0 2h
Ans, 2e**
2{x + h) az:r
1x)=li
fi(xy= lim
2x Zk_l
=limZ (a }xz Ans, 23" loga

2



log(x + h)* — logx*
= .______,g
15. f'(x)= h h

1 h) — 21
- m20g(x+ ) og X

h—0 h
2log l+f—
. x 1 2
= lim—————=x — Ans.—
h—0 h x x
i
6. f(x)—' log(x + k + h)— log(x + k)
h
h
log|1 + e
= lim h x Ans. 1
h—0 (x+k) x+k
(x+k)
h) — cos x
17. ‘“(x =hmc—°s(L_
f(x) =
—Zsin(x+h+x)sin(x+h—x]
% Pisi 2 2
h—0 h
sinﬁ
= lin;{—sin(sz”)} h2 Ans. —sinx
2
i on _ i cosec (x + h) — cosec x
18. f(x)-,}l_r'r‘l) T

. . A Zcus[x + i)sin[—ﬁ)
- hmmnx—mll{x+ }I= lim 2 2

k=0 hgin xsin{x + h) b=t sinxsin{x + h)h
Ans. — cosec xcotx
- cot(x + h) — cotx

19. fix)=1l
fix) in h

sin x cos (x + h) — sinf x + k)cos x

= f(x)=lim

hsin{x + h)sin x
: sin(—h)
h—0 hgin( x + h)sin x

Ans, —cosec’x

20. Jr,Lﬂ=]_Imal?.lnl{Jr:+J‘|+1;—su'1(1r+1]|
[x+h+1+:c+l] , [r+h+1—x—l]
2cos sin
= lim 2 =
B0 h
2x+h+2 _  h
2co§ —————sin—
= lim 2 2 Ans. cos(x +1)
h— 0 2w
2
T T
cus[r+h——)—ms[:c——)
2. f'(x)=lim L L
’ kb h

n n i3 n
X+h——+x—— X+h———x+—
—2sin 8 8 | sin 8 8
2 2
=lim
2x — 2( )+h
—28IN | ——

. n
= lim Ans. —sm(x - —]
h—=0 ZX— 8

2

22. 2cos(2x-3)
cos x+h-cosJ_

23. f(x)— li
s (,fx+h+~/_] [,fx+h—~f;]
= lim #
h—0 (x+h)—x

[:Zx+h+~/_] [:Zx+h ]
= (ot h+4x) o= Z[Jx+h J‘]

2

lsm-\/—

Ans. — ;Tx

se::!r +h- secwf;
h

= lim cosWY —cosAJx + h
h—0 hmsﬂmer+h

_2si“[q';+ 2..||x +h ]sm[ﬂ - :‘x + h]
-0 f(x +h}—x}t0§£t0§,jr +h

_zﬂn[ﬂ +yfx+ h]

BT (x)= im,

2

= li
uﬂ{,jx +h +J;}msx|'r;ms.\fx +h
sin[-dr; —1,2‘I|x + h]

* lim
=0 {:,]x +h —;x}

secx tan x
' ij
sin./x + h sin-.l‘;
cns-Jx +h B cusdr;
h
_ hmsin x +h-cusﬂ—smﬂ-cusm
h—0 h-ms,fx +hmswf;

Ans

25 flix)= ’!.l_l.l:




- lim sm[.“’x+ —-J_]' 1||Jr+ —'J-
h—sﬂhms—u'r_ cos,fx+h F_-J_

1 im sm{F -Jr_]-
.,fx+h -j_

i ST

= lim
"'—’“msa.lr; cas..fx+h *

P:

sec fx

Ans
24x
. 4 o,
26. f*[x}= lim sinf{ x + h) +;]—m“(x +1)
2 a ) )
ans[u-'_h} v x +2]sin[{x+h] - X ]
Z 2
= lim
h— 0 P]
E 2
- im ZMS[MJ
h— 0 2
ﬂn[@]

li ® lim(h+ 2x)
k=0 h(h+ 2x) h—

Ans. Zrccs(rz +1)
tanl{l{x+h}| +1}—tnn{x +1)

27. f'(x)= p
rsin{[x - J’:]l2 +l}cﬂs{x2 +1)— cos{{x + h)* + 1]1
. sin{x® +1)
= lim
h— 0 h-cos{({ x + h)® +1)cos{ x* +1)
. : 2
- iy XN 1 x 1) Ans, Zxsec’ (x" +1)

h— 0 heos({ x + h)* +1)cos(x® +1)
sin{x + h) _sinx

28, fx)= lim—Xth  x
(=) re—r,nn h
= lim x[sin(x + h) —sinx] — hsinx
b0 h-x(x+h)
[ [x+h+r) _['r+h—x]] )
x| 2-cos -5in — hsin x
2 2
= lim —
k=0 k- x(x + h)
x 2-ﬂn£-tos[r+£]:|—hsinx
. 2 2
= lim —
h— o h-x(x + h)
(h h
sin| 3 cos x+E )
= lim - lim — lim Sy
LI [2] k=0 (x+h) h—s o x(x + h)
2

COSX siny

29, f‘l{r}=,!i_l.r:

cns"{x + h)— cos? x
h

[cos{x + h) — cos x]

= lim(cos(x + h) + cos x)lim
=0 k=0 h

ZSin[x + E]eu'n[E]
=2r:osr|im——2 2
h— h

Ans. —sin2x

30. fix)= ']t.i_r,lz%lir + hjcos(x + h) — x cos x|

= ]i:m% [xfcos(x + h)— cos x} + hoos(x + h)]

h—s0

= lim lrx{—z:in[ 2-";' ﬁ]ﬂng} + hecos{ x + h]‘]

h—a h

h sin—
= lim —215i.n[.t+ 2] hz +casl[r+h}||

1

AT
=—2xlimain[x+—]lim 2.2 4 lim cos(x + h)
h=40 2 Je—sao 2 k=0

Ans. cos x — xsin x
3, )= [{x+h}l:m{x:— h) — xtan x|
x[tan[x + h)— tan x|+ htan(x + h)
h—=0 h
= lim x[sin{x + h)cos x — cos(x + h)sin x]
h—+0 hecos( x + h)cos x

+ lim tan{x + h)
h—si

. 1 . sinh
sxlim— x lim——+tan x
h—ocos(x + hjcos x  hso h

Ans. xsec’ x + tan x

32. secx + xsecxtanx

x+h x x+h
- +h
33. Iiln{xf xe )+ he
b=l h
e -1
=re"']im[ ]+ lime* *®
h— h h—i
Ans. (x +1)e”
'u[l'!l' 3
34. cosec” x
ijtr
el
35. -secx tan x
2afsecx

36. cosx +sinx.



| TOPIC 6|

Algebra of Derivative of Functions

Let f and g be two functions such thar their derivatives are
defined in a common domain. Then,

(i) Derivative of sum of two functions is sum of the
derivatives of the functions.

d d d
= [f(x)+ g(x)]—zf(XH = g(x)

(i1) Derivative of difference of two functions is difference
of the derivatives of the functions.

d d d
Z[f(x)-g(x)]—zf(x)-zg(x)

(iii) Derivative of product of two functions is given by
the following product rule.

d d d
Z[f(x)'g(x)]—f(x)zg(x)+ g(x)zf(x)
This is also known as Leibnitz product rule of

derivative.
(iv) Derivative of quotient of two functions is given by
the following quotient rule.

= = ,g(x)#0

d d
i[f(x)]- g(x)zf(x) -f(x)Zg(x)
(g(x)])?

glx)
Note

%[c-!(x)]-c%l(x)

Some Important Theorems
Theorem 1 Derivative of f (x) = x" is nx"" for any positive
integer n.

Note
The above theorem is true for all powers of x i.e. n can be any real
number.

Theorem 2 Derivative of Polynomial Functions

Let f{x]zn‘ux"+dﬂ_[.r"_[+...+ apx+ay

be a polynomial function, where &,’s are all real numbers
and a, #0.

Then, the derivative function is given by

%[_f{x}] =Jm,,x"_l + (= l}a,,_|x"_2 +..+2aax+ ay

Proof By definition of first principle of derivative, we have

Fle+hi= flx) . (x+h" =x"
=ll|Tl

fe)=im b Pt N )

By binomial theorem, we have
(x+h)" ="Cox" + "C,x"_llr+ "sz"-zb2 +.+"Ch"

=5 (x+h)" =x" +nbx"" + n(”—-l)hlx"_z +.+h"

n(n=1)

= (x+h)" =x" =uhx""' + SV S O Ry <)

On putting this value in Eq. (i), we get

nbhx"" + —"("2_ Dp2em2y opm
’ =i
=i h

M=) o2y ]
i 2
= lim

b0 h

= lim mx" "% e
h—0 2
-1

hlnx" +

Pl P S

=nx"

Hence, f7(x) or %f(x) =m" ',

EXAMPLE |1] Differentiate 2x* — 4x* + 6x +8
w.Lt. x.
Sol let y=2x"—-4x” +6x+8
On differentiating both sides w.r.t. x, we get

dy d 3 2
—=—(2x" —4x° +6x +8)
dx dx

=293 - s L ()4 68 () + L
—ZE(X ) 4dx(x )+6dx(x)+dx(8)
=2(3x%) —4(2x) +6(1) + 0 ['.'{—t-(x")=nx""]

=6x" —8x +6

EXAMPLE |2| Find the derivative of

f(x}=]+x+x2+xi+.“+xsnatx=1 [NCERT]
Sol. Given, f(x)=1+x+x" +x "+ + 2"
On differentiating both sides w.r.t. x, we get
Frx)=0+1+2x +3x" + _ +50x™
Atx =1,
Fra)y =1+ 2(1)+3(1)° + ... +50(1)"
=1+2+3+...+50
e B zn=@]



EXAMPLE |3] Ifu=7t* 2t — 8 - 5, then find %
att =2
Sol. We have,u=7t" —2t* -8t -5

On differentiating both sides w.r.t. t, we get

du d
d—"=d—[?:‘ -2t -8t 5]
t '8

=7(4t¥) - 23t*) - 81) -0 [ %{x“ }= nx"“]

3 2

= 28t

Now, [d—"'] =282 -6(2)" -8
dt ), _,

— 6t —8

=224—-24-8=192

EXAMPLE |4| For the function
100

99 2
X

X x
X)=—+—+. . +—+x+1
) 100 a9 2
Prove that f*(1) = 100£"(0). [NCERT]
100 99 2
Sol Given, f[x}=x—+x_+___+x_+x+1
100 9 2
L] L]
= fleex B L ik
100 99 2
[if f(x)=x", then f’(x)=nx""]
= Fle)=x"+x"+  +x+1 i)

On putting x =1, we get
Fr=mT+0™+. +1+1=1+14+1.._+1+1
100 Hmes
= f(1)y=100 - i)
Again, putting x =0, we get
flo)y=0+0+..+0+1

= fFoy=1 _{iii)
From Eqs. (i) and (iii), f'(1)=100f"(0) Hence proved.

EXAMPLE |5| Differentiate the following functions
w.Lt. x.

(i) [x + %]!

.. e DX HOX +
(i) (ax +b)(ex +df (i) % (NCERT]
3
Sol. (i) Let y=[x +1-] = +3r)<L2+3x2 xl+Ls
x x X x

[ (A + B) = A% + 3A%B + 34B* + BY]

3 1
=x'+ 43—
X x

(iii) Let y =

On differentiating both sides w.r.t. x, we get

d d df3 d dj1
B8 i (2), Ly, (1)
dy dx del\x) dx de\ x

= 3x2+31(1_1 )+3x1+i{x"}
dx dx

-3 3
=it — 43— —
X x'

i) Let y = (ax +b) (cx + d)*

On differentiating both sides w.r.t. x, we get

d}" d F] zd
—=lax+b)—(ex+d)" +{ex +d) —(ax+ b
e ( }dx{ )+ }d:r{ )

[using product rule of derivative]
=(ax +b) i{c*f +d* + 2exd)
dx
+{ex +d) (ax1+0)
[{A+By =A% +24B+ B
=(ax +b)(c® (2x) + 0+ 2c x1 % d)
+{ex +dY xa
=(ax + b)(2c’x + 2ed) + a(ex + d)°
= (ax 4+ b)Y 2c (ex + d) + alex + d)°
(ex +d)[2c (ax + b) + a(cx + d)]

(ex + d)(2acx + 2bc + acx + ad)
= (cx + d)(3acx + 2be + ad)

_pxttgx+r
(ax + b)

On differentiating both sides w.r.t. x, we get

(ax +I;'}i[p.'r2 +gx +7r)
dx

—(px* +q'x+r}|i{ax+ b)
L dx |

dy _
dx {.::l.r:+£;]l2
| by quotient rule |
_ (ax + b)(2px + g +[]}—{pc:r2 +gx +r){ax1+0)
B (ax + b)’
_ lax + b)(2px +q':|—|f;1:rr2 +gx+r)a
{ax + by
_{2apr2 + aqx + 2bpx + bg) — (apx” + aqx + ra)
(ax + b)*
_ Zapx® + aqx + 2bpx + bg — apx” — agx —ra
{ax + b)*
d_}'_dp.ti + 2hpx + bg —ra

dx (ax + by



2 3 n
lfy=l+£+x—+x—+...+x—,thenthevalueof
1 2t 3! n!
dy x"
—— —y+—is
dx y n!
(a) 0 (b)n
(c) 2n (d) None of these

If a, b are fixed non-zero constants, then the

St a b .
derivative of — — —is ma + nb, where
x4 x?

(a) m=4x3,n=.—§
s

-4
(b) m=;5-.n=;2§
(c) m=:_4.,n=:2.
x° x>
(@ m=4x®n=2
x

VERY SHORT ANSWER Type Questions

5
6
7

Find the derivative of 2x*+X. |NCERT Exemplar]
Find f*(x), if f(x)=(x-2)*(2x-3).

For some constants a and b, find the derivative
of the following functions.
(Each part carries 1 mark)

(i) (x-a)(x-b) (ii) (ax?+b)?
. . 1
) x-b W) ax’ +bx +c¢

wue owan . . e P PR . -~

Find the derivative of the following functions.
(Each part carries 1 mark)

M A rxtexta (i) +x+1
x J_l'
(iii) (5x%+3x-1)(x-1) (iv) x~*(3-4x7%)
vy 2__x
x+1 3x-1 [NCERT]
(vi) #
S5x°-Tx+9 [NCERT Exemplar]

SHORT ANSWER Type Questions

dy

9 lfy;JLT_ then find —at x=1

1
X
[NCERT Exemplar]

1
1+—

2
10 1f y=—X" then find 2.
I dx

1-—

x? [NCERT Exemplar]

LONG ANSWER Type Questions

11 Find the derivative of -w-
(x—3)(x-4)

12 If f(x)=1-x+x*-xX*+.. —x"+ x", then find f*(1).

13 If f(x)=x""%+x"+ .+ x+1 then find f*(1).
[NCERT Exemplar]

| HINTS & ANSWERS |

L. (b) We have, f(x)=a, x" +a"_,.v:"'l +.....+a,X + a, be

a polynomial function, where g;'s are real numbers and

a, #0.
Then, the derivative function is given by
d
%=na,, " a(n—-1)a, _,x" "% + ...+ 20,x +aq
2. (b)Let y=X—2
x-a

Differentiating y w.r.t. x, we get

d !_ll_ R‘ll_d_ o
=(x-—a)-‘-i}—(x a)-(x a)dx(x a)

dy
dx (x —a)’
=(x—a)[nx'"'—0]—(.\"'-«1")(!—0)
(x—a)®
X" —anx"' - x" +a"
(x —a)*
3. (a) We have,
x xi 13 ] xl’l—l xl
yEl+—+t—t—+—+.. .+ +—
12t 3 4! (n—1)! n!
2 n—1 n
5 d_}‘r:ﬂ .l- .2_x+.?i ___+M =}l—x_
dx L . | n! n!
dy x"
—_— =0
dx y n!
4. (OLety=2_-2
X X
= y=ax_‘—b_r_2
Differentiating y w.r.t. x, we get
dy L d .
—=a—(x7")=b—(x7)
dx dx dx
4a 2b d n n—1
S = — w—{(x")=nx
© x [ dx ]

5. 81 +1



6. flx)=2x"-11x"+20x-12 55-15x" —40x

Aﬂﬁu——;——————;
Ans, 6x" —22x+20 (5x*—7x+9)
T. (i) Let f(x)=(x—a)(x—b) 9. d_y=_1 ——ljn Ans. 0
= x*—(a+b)x+ab dx 2fx 2x
2
Ans. 2x—a—b 10. y=x2+1 Ms.—%
x =1 (x°—1)

{ii) Let f(x)=(ax® +b)* =a’x* +b* + 2abx*
(x=1)(x-2) x'-3x+2

Ans. d4ax(ax” +b 1. = =
( ) (x=3){x—4) x"—-7x+12
oo d—h . —(2ax + b) ) - )
(11} > W) ——— On differentiating both sides w.r.t. x, we get
(x=b) {ax® + bx +¢) [ p
d (e exie1) d . (x* —7x +12)—(x* —3x + 20)—(x* —3x + 2)
8 ()—| ————— =—[ s+Jc'“°+:c+—] | dx
dx x X d, .
l Zx? —Tx+12)
axt+axt+xi1 D 3 :ix
Ans, ——— dx (x° —7x +12)
X
2
Ca(eeret) s, TR 20E22
{ii) — - sx4+x T +x (x=3){x—4)
. . s 12.  f'(x)=0-1+2x—3x"+..—99x" +100x"
3 7.1 73 1 73
Ans. —xi4—x f-—x 2 = —14 26 ~3x° +...~99x "™ +100x™
(iii) 20x° —15x% +6x—4 S f1) = ~14 2534, ~99+100

. . =(—1-3—5—...—99)+(2+4+...+100)
V) —(x 7 (3-4x7)) = — (327" —4x7%) 50 50
e . = ——[2x1+(50-1) 2]+ —[2x 2+{50-1)2]
2 2
Ans. —12x 7 4365710
=50
-2 _ x(3x-2)

{x+1)*  (3x-1)*
3x+4
—_— o
Sxd—Tx+9 Now, f'(1)=100+99+.. . +1

=%{2xlﬂﬂ+{mﬂ—l}{—l}|

B fix)=100x" +99x* +_ +1+0

=100x" +99x™ +._+1
(vi) Let y=

(5x°=Tx +9}%{3x+4}| —(3x +4 }%{Srz —Tx+9)

=

{(5x? =T x +9)* = 5050



| TOPIC 7|

Derivative of Trigonometric Functions

To find the derivative of trigopnometric functions, we use
the algebra of derivative and the following formulae

(1) E{scin x)=cosx (11) E{cm x)==—sinx

2

[iii}%{tanx}l=s¢c x [iv)i{secx}=sacx-tnnx

dx

(v) i{mt x)=-= cosec 2x

dx

(vi) E{EDEII x) == cosec x ' cot x

EXAMPLE |1| Differentiate the following functions
w.rt. x.
(i) cos (x +a) iy Anlx+a)
cos Xx
Sol (i) Let y=cos{x+a)
Y=C0s ¥ C0s a—sin xsina
[~ cos( A + B) = cos A cos B —sin A sin B
On differentiating both sides w.rt. x, we get
dy d .ood
E= cos a;{ms 1}—mnaE{sm x)
= cos a (—sin x)—sina (cos x)
= —cosasinx—sinacos x = —sin(x+a)
[ sin A cos B+ cos Asin B =sin( A + B)]

sin{x+a) sinxcosa+ cos xsina

(ii) Let y =

cos x cos X
[ sin{ A+ B) = sin A cos B+ cos Asin B|

sinxcosa cCos xsina 3
= + = Cos atan x +sina
COs X

€Os X
On differentiating both sides w.r.t. x we get

% =cos ai{tan r‘j+%{siu a)

:—y=cos a%(tan x)+d£x—(sina)

= cos asec’ x+0 i(conslant) = 0]
dx |

cosa
=— osecx =
cos® x

cos x]

EXAMPLE |2| Find the derivative of the following
functions. [NCERT]

(i) f(x) = sinx
(iii) f(x) = (cos® x — sin’ x)
Sol. (i) We have, f(x)=sin’x
On differentiating both sides w.r.t. x, we get

f(x)= %(sinxsinx)

(ii) f(x)=sin2x

=(sin x}i{sin x)+(sin x}i[siu x)
dx dx
[using product rule of derivative]

= (cos x)sin x +sin x(cos x)

= 2sin x cos ¥ = sin 2x

(ii)) We have, f{x)=sin2x
fl(x)=2sinxcos x
On differentiating both sides w.r.t. x, we get

fix)= 2[sinx % (cos x)+ cos x %{sm x}]

[using product rule of derivative]
= 2[sin x-{—sin x) + cos x-cos x|
= 2[—sin2 X+ msix]
= 2cos® x—sin® x)=2cos 2x
(iii)) We have, f(x)=(cos ? y—sin® x)
fix) ={cos x—sin x){cos x+sin x)
On differentiating both sides w.r.t. x, we get

f{x)=(cos x —sinx}%(cos x+sinx)+(cos x +sinx)
d .
—(cos x —sinx)
dx

[using product rule of derivative)
=(cos x —sinx)(—sin x + cos x) + (cos x +sinx)
(—sinx — cos x)
=(cos ¥ —sin x){cos ¥ —sin x) — (cos x + sin x)
{cos x +sinx)
=(cos x —sin x‘f —(cos x + sin .'tf]-2
=(cos? x +sin? x — 2sin x cos x) — (cos* x +sin® x
+ 2sin x cos x)
= — 2gin x cos X — 25in X cos X
= —sin2x —sin 2y = — 2sin 2x

= —2sin x cos x — 2sin X cos X
= —sin 2x —sin 2x = — 2sin 2x

EXAMPLE |3| Find the derivative of following
functions.
(i) x* cos x (ii) x° secx (iii) x* tan x

~'(:zf>'- First, consider the given function as y. Then, use product
rule of derivative to get the result.

Sol. (i) Let y=x?cos x
On differentiating both sides w.r.t. x, we get

dy _d, , 2 d d 2
—=—=—(x"cos x) = x* —(cos x)+cos x—(x
7P ) dx( ) dx( )

[using product rule of derivative|
= xz(—sin x)+cos x(2x) = 2xcos x—x'sinx



(if) Let y = xisecx
On differentiating both sides w.r.t. x, we get
d_y = xzi{se-:x] + seCK i{.'lr2]l
i dx x
[using product rule of derivative]
z

= x"-secx tan x + secx(2x)
(i) Let y=x"tanx
On differentiating both sides w.r.t. x, we get
dy

e = xzi{tanx}+tanx %{xz}

[using product rule of derivative]
= xsec’x + tanx (2x)

EXAMPLE |4| Find the derivative of -+ 220X
3x +7cosx
4x +5sin x [NCERT)]

Sol. Let f(x)=

3x +Tcosx
On differentiating both sides w.r.t. x, we get

[{3r+?ros x}diilix +5sinx)—(4x +5sin r}]
X

\‘ :-(i[lt + Tcos x) J
flx= {Sxdi? cos :c]-2
’V” d [Jr{x],]_E{I}if{r}__ﬂx}%.ﬂx}-i
[‘ de\g(x)) [&(x)] J

_3x +7cos x)(4+5 cos x) —(4x + 5sin x) [3 + T[=sin x)
(3x + 7 cos x)%

=

12x + 15x-cos x + 2B-cos x + 35 mszxi 1
—{12x — 28x-sin x + 15sin x —35sin” .th

(3x + 7 cos xlz

35|{si.n2r+ tosax}+ 28x-sin x +15x-msx]

+ 28cos x —15sin x

(3x +7cos 1}2

_ 35+ 2Bxsin x +15x-cos x —15sin x + 28 cos x

(3x + cos x)*

EXAMPLE |5| Differentiate (x + sec x)-(x — tanx)
w.rLt. x. [NCERT)
S0l We have, y=(x+sec x){x — tanx)
On differentiating both sides w.r.t. x, we get
dy d
E=EHI +sec x){x —tanx)]
=(x +sec x}l-i{x —tanx]-+[x—tn.nx}i[x+sec x)
dx dx
[using product rule of derivative]
=(x + sec x}{l—seczx} +(x — tan x)(1 + sec x-tan x)

EXAMPLE |6| Differentiate the following functions
W.Lt. X.

X X
i) 1—2sin® = i) 2cos® ——1
(i) > (ii) >

(ii) 3$in§—4si.n1% (iv) o9 o (v) log, e

Sol (i)Lety=1- 25]112%

= y=cosx [+ cos 28 =1 — 2sin”8)
On differentiating both sides w.r.t. x, we get

dy d .

— =—{co5 x)=—sinx

dx  dx

(ii) Let y= chszi—l
2

= Yy=CO08X [ cos28= stzﬁ—l]

On differentiating both sides w.r.t. x, we get
dy d .
— =—(cosx)=—sinx

dx  dx

(iii) Let y = 3sin~ — 4sin® = = sin3 [i]
3 3 3
[ sin30 = 3sinf — 4sin” 8]

= y=sinx
On differentiating both sides w.r.t. x, we get

d—}r=i{sinx}=ccsx

dx dx
liv) Let y = glofe sin x
= y=sinx [eme S = i)

On differentiating both side w.r.t. x, we get

dy d .
—=—(sinx)=cosx
dx dx

(v) Let y=log.e
» logm"® = nlogmand log_e =1
= y=cosx
~ log, e™ * = cos xlog, e = cos x
On differentiating both sides w.r.t. x, we get
dy

— = —(c05 x)=—sinx
dx  dx

EXAMPLE |7| Differentiate (ax® +sin x)(p +g cos x)
w.LL. x.
Sol Let y={ax®+sinx){p+gcos x)

On differentiating both sides w.r.t. x, we get

¥ I o
— = (ax” +sinx)—(p+gcos x
o ! ]dr(P q )

d 3
+(p+goos x)—I(ax” +sin x
(p+q ) dx{ )
[using product rule of derivative]
=[ax2 +sin x)(0—gsinx)+ (p+gcos x ) 2ax +cos x)

= —qsinx{ar2+si.n x)+(p +qcos x) (2ax+cos x)



EXAMPLE 8] Tty = [~ %2
1+ cos2x
xe[ﬂ, g]u [%' r:), then ﬁndg.

F_ -3
Sol We have, y= 1_cosix  |3sin X =+tan’x

1;1+ cos 2x 2eos® x

r cos 28 =1— 2sin’@ = 2sin’0 =1 — cos Zﬂand]

cos20=2cos’B—1= Zcos®B=1+cos20

T T
=5 y =|tan x|, where xE[EI, EJU[E' rl]

tan x, XE [ﬂ, E]
2

n
—tanx, xe€ [—, 1':]
2

Iseczx, ifIE[U,E)
dy 2

ifxe [E 11:)
2

EXAMPLE |9| Find the derivative of the following

Now, y=

dx 2
—sec” x,

functions.
.. SN X +cosx ... SeCX +tanx
(i) ———— (i) ————
SINX —COS X secx —tan x
[INCERT; NCERT Exemplar]

“(J° First, consider the given function as f{x). Then, use
guotient rule of derivative 1o find the required derivative.

Sol Let f{x}=w
SlNX — COs X

On differentiating both sides w.r.t. x, we get

) d .
— — +
(sin x — cos x) (sin x + cos x)

— (sinx + cos x) illfsirut.' — Cos x)
fx)=t : dx y )
(sin x — cos x)

- - - =

d d
.:i(f(x))=g(x);f(x)-f(x)zg(x)
dx \ g(x) [g(x))

(sinx —cos x) [%(s'm x)+%(cos x)]

—(sin x + cos x)[i(sin x)—%{cos x)]J

(sin x — cos x)z
(sin x — cos x)(cos x —sinx) — (sin x + cos x)

(cos x +sinx)

(sinx — cos x)z

[ i{sirut.'} = [C0s X amii (cos x) = —sinx]
dx dx

_ —lsinx —cos x}z —(sin x + cos 1}2

(sin x — cos x)?

r(sinx — cos x}z + (sin x + cos 1}2
l (sin x — cos _'r}2
[—(sinzx +cos® x — 2sin x cos x +sin” x 1

+ cos® x + Zsin x cos x)

(sin x — cos x]z

_—2{5in23r+ccszx}_ -2

(sinx — cos :f}2

[ sin@+ cos*B=1]

(sinx — cos :f}2

1 N sinx
. secx+tanx cosx cosx 1+sinx
(ii) Let y= = - = .
secy —tan x 1 sinx 1—sinx
COSX COSX

On differentiating both sides w.rt. x, we get
dy d [secx+tanx] d [1+sinx]

dx E =E

secxy —tanx 1—sinxy

{l—sinx}%{l+ sinx)—(1 +sinx}%{1— sin x)

(1—sin x)
[using quotient rule of derivative]
_ {1 —sinx){0+ cos x) — {1 + sin x} (0 — cos x)

{1 —sin r}2
2cos x

- (1 —jr.irur:l2

1

EXAMPLE [10| If y = {;““} then show that
1+tanx

dy =2

dx  1+sin2x
1-tanx
1+tanx

On differentiating both sides w.r.t. x, we get

Sol. We have, y =

Q (l+tanx)~-‘;-i—(l—lanx)—(l-lanx)--j—i-{l+tanx)

dx (1+ tan x)*
[using quotient rule of derivative]
_(1+tan x)(—sec? x)—(1—tan x)(sec?® x)

(1+ tan x)*
_ —2sec’ x _ -2
(l-Hanx)z (coszx)(l+tan2x+2tanx)
_ -2 _ -2
2 sinx 2sinx| (1+sin2x)
{cos“ x) 41+ T F
cos“x cosx

Hence proved.



TOPIC PRACTICE 7 |

OBJECTIVE TYPE QUESTIONS

{ The derivative of 22X —1jq P 5
secx +1  (secx +1)

, where p

is equal to
(a) 2secxtanx
(c) 2?cosecxcotx

(b) Zsinxtanx
(d) Zcosxcotx

2 Ifa, p and g are fixed non-zero constants, then
the derivative of (ax” + sin x) (p +qcosx)is
Alax? +sinx) + B(p + geosx), where Aand B

respectively are
(a) =gsinx, 2ax + cosx (b) 2ax + cosx, = gsinx
(c) 2ax —cosx, gsiny (d) gsinx, 2ax - cosx

3 Ifthe derivative of (x + cosx) (x — tanx) is

Alx +cosx) + B (x —tanx), then A and B

respectively are

{a) tan’x,1=sinx (b) =tan®x, 1 =sinx

(d) - tan®x, sinx -1

i
X cos| —
4.
is
5

{e) tan®x sinx -1

4 The derivative of ————~

inx

xsin [1] [25inx + xcosx]
4

(a)

sin’ x

Icns{i]lhinx - xcosx]
(b) 4

sin’ x

xsin (E]I_Esinx - xcosx]
4

(c)

cos’xy

ICDS[%] [2sinx + rcosx]

(d)

cos’ x
5 If f(x) = xsinx, then f’[%J is equal to

(a) O (b) 1 () =1 (d) 1/2

VERY SHORT ANSWER Type Questions

6 Find the derivative of the following functions.
(Each part carries 1 mark)
(i) sinxcosx
(ii) 5secx + dcosx
(iii) 3cotx + 5cosec x
(iv) S5sinx + 6cosx + 7

(v) 2tanx — Tsecx [NCERT]
(vi) cosecxcotx (vii) (secx —1)(secx +1)
(viii) (ax® + cotx)(p+gcosx)  [NCERT Exemplar]

(ix) (x* +1)cosx (x) sin(x +a)

SHORT ANSWER Type I Questions
7 Find the derivative of the following functions.
{Each part carries 2 marks)
(i) (x + cosx)(x - tanx) (ii) x*(5sinx - 3cosx)

(i) ——o

o {iv) (3x+5){1+tanx)

5 .
x°—cosx . a+bsiny
{v] —— {\r]] ——

sinx c+dcosx

... COSX .y COS(X—a

(vii) - (viii) coa(x—a)
l+sinx CcOsY

i 8) dy
8 1fy<Sne+9) o find? atx=o.
_!v' cosx ; en nn atxy

l-cosx
l+cosx

9 Find the derivative of

SHORT ANSWER Type Il Questions
10 Ify= sinx+cosx

- ,then ﬁndd—y at x=0.
sinx—cosx

[NCERT Exemplar]
11 Find the derivative of x”sin x+cos 2x.

12 Find the derivative of the following functions.
(i) xtanx (i) sinx—xcosx

(sec x+tanx) xsinx+cosx

| HINTS & ANSWERS |

secxy —1

1. {n}Lety;se:r_'_l

dy (sec x+1}%isetx—l]—|{sec:c —1}%{5&‘1’ +1)

Then —=
dx (sec ¥ +1}2

2sec x tan x

(sec x +1}2
2. (a)Lety =lfa.u:2 +sinx)(p + g cos x), then
by product rule
&J"- , 2 .
d—=—qsmx{a.‘r +sinx)+(p + gcos x){2ax + cos x)
I

3. (b)Let y=(x + cos x)(x — tan x), then
dy d d
—=(x+cosx)—(x—tanx)+{xr—tanx)—(x+cos x
— i }drl{ 1+ }drlf )

=—(x + cos r}m|121+(x—tanr}l{1 —sinx)

[ sec” x — tan® x =1]

o3
X Cosj)—
4. (b)Let y= — 2/
slN X
(5
= }J’= cos — -
4 Jsinx



dy nod| x*
—_— = 0§ ——
dx 4 dx| sinx

4, z[d. ]

siny—(x*)— x° | —sinx

dy [ n] dx dx
= —_—= CIJSI 3

dx sin” x

(by quotient rule)

T .
xcos I[Zsm X — xcosx)

sin® x
5. (b)Clearly f'(x)= xcos x+sinx
f’[£]=£ccs£+sin£=1
2 2 2 2
(1i) 5sec x tan x—4sin x
(iv) Scos x +6sinx

6. (i) cos2x
(1) =3 cosec” x—5cosecx cotx
(v) 2sec’ x—Tsec xtan x (wvi) — cosec” x—cot® x cosec x

(vii) (secx —1)(sec x +1) =sec’ x—1=tan’ x
=tanx-tanx Ans. 2tan xsec’ x

(wiii) Let y=[a.rz+mtx}|{p+qms x).
d}-‘ 3 d
Then, — =(ax” +cotx)—(p+gcos x)
e . p+q
d, 2
+{p+gcos x)—{ax” +cotx
(p+q ]Idx{ )
=—qsi.nx{ar2+cntx}|+{p +gcos x}lfzax—cuseczx}
(ix) —x*sin x—sin x+ 2x cos x
(%) sin{x + a)=sin ¥ cos a+cos ¥sina Ans. cos(x+a)
7. I{i}i[{x + cosecx) (x — tan x)*}
dx
d d
=(x+cos x)-—(x—tan x)+({x—tan x }—( x +cos x
( ) d.r( 1+( }.rix{ )
Ans, (x+cos .'r}l[—t:l.r:L2 x)+(x—tan x)(1—sin x)
(ii) x*[5x cos x+3xsin x+ 20sin x—12cos x|

(iii) Let y=

1+tan x

On differentiating w.r.t.x, we get

dy (1+tan r}i{r}— x%{1+tanx}

dx (1+tanx)

_ 1+ tan x — xsee’ x

{1+t:|.nx]2

(iv) Let y =(3x+5)(1+tan x).

d d
Then, ﬁ = ——((x+5)1+tan x)]
= (3x+5)-(1+tan x)+(1-+ tan x) (32 +5)
dx dx
= 3xsec” x +5sec’ x+3tan x +3
d[x*—cosx
V) —| ————
dx sin x

sin xi{xs—ros x)—( x* —cos x}isi.nx
dx dx

ltsin_'u.'}2

_ sin x(5x* +sin x)—(x* — cos x)cos x

sin® x

_ 5x*sin x— x* cos x+1

sin® x

a+bsin x

{Vj} Let y= Y ThEI'I.,

c+dcos x

r{c+dcas r}%l{u+bsm x)—(a+bsin x)

| i{rﬂim& x)
dx

(c+dcos Jc}2
_ {c+dcos x)(bcos x)—{a+bsin x){—dsin x)

B|&

(c+dcos _'r}2
_ becos x+adsin x+bd

(e +d'|':|::.5i\1c}2

(i)
1+sinx

CO8 X Cosa+sin xsina )
= Cc0s d+tan xsina

(viii) y=
cos X

Ans. sec” x-sina
sin (x+9) _ sinx cos9 + cos x sin9

8. Given, y=
cos x cos x

=tanx cos9+sin 9
d
N Lo =sec’x cos9 Ans. cos9
9. Use quotient rule of derivative.
25in x
Ans. —_—
{1+ cos x

. sin x+Ccos ¥
10. Given, y=s —————
SN X—COs X
(sin x — cos x){cos x—sin x)—(sin+cos x) |

dy _ (cos x+sinx)

dx (sin x — cos x)°
_ —isinx—cos r]z—l{s'mx+ccs _\:Jl2 I
(sin x —cos 1}2

11. i{;r2 sin x + cos 21’}:1{12 sin r}+i[cus 2x)
X dx dx

Bl &=

. d 3
{12 sinx)+ —(2cos” x—1)
dx

d
I{xzsinx}+—[2msxms x—1)
dx

b

= X"-C08 X+sinx 2x
+ 2[msxi{msx}+cusxi{cusx})—iﬂ}
dx dx dx

= x” cos x+ 2xsin x—2sin 2x

2. xsecx(sec x—tan x)+tan x (i) x*

(sec x +tan x)

{xsin x+cos .u:}l2



SUMMARY

¢ If x = g, then f(x) — [, where [ is a real number, then [ is the limit of the function f(x), i.e. Iim’J fx)=!
+ The value of f(x), which is dictated by the values of f(x), when x tends to a from the right is called right hand limit of
function f. Thus, LHL = lim_f(x)

+ The value of f(x) which is dictated by the values of f(x), when x tends to a from the left is called left hand limit of
function f. Thus, RHL = lim_f(x)

. If Iim f(x)= Iim f(x) i.e. LHL =RHL. Then, limit exists and denoted by Iim f(x).

. Algebra of Lnrmts Let f and g be two real functions with common domam D’ such that I:m f(x) and hm g(x) exist.

Then,
(i) Ium [f(x) +g(x)) = hm flx) £ Iam g(x) (ii) Ilm[cf(x)] =C I|m f(x), where c is a constant.
lim f(x)
(] JmFon)-gtx)) = b - fim, o) ™ Je, gfz(()) T g "o R e
lim f(x)
+ Limits of Rational Functions |im 15 e i ()

x=a g(x) Ium g(x) gla)

(i) If g(a) 0 and f(a) #0, then limit does not exist.(ii) If g(a) = 0 and f(a) =0, then we can find limit.

" =a"
o lim>
x=a Y -0

=na" where, nis any positive mteger.

+ Limits of Trigonometric Functions

sinx tan x o T=cosx
(i) lim ———1 = lim (ii) lim
=0 y x=0 y x=0

=0
e'—1

og(1+x)
X

+ Limits of Logarithmic Function I|m S/

+ Derivative at a Point Suppose f is real valued function and a is a point in its domain. Then, derivative of f ata is
fla + h) - fla)
h

defined by f’(a) = '!imo , provided this limit exists.
+ First Principle of Derivative

If f is a real valued function, then o flx)y=Ff"(x)= Iimn
ke X =

w , provided this limit exists.

+ Algebra of Derivative of Function Let f(x) and g(x) be two functions, then
L d d d . d d d
(i) E[HX.‘J g(x))=— ﬂx}l o g(x) (i) o [f(x)- glx)] = f(x) Egl'xl +g(x) o flx).

iy 2 [ ﬂ,ﬂ gt —= f{xl ﬂxJ:—xgix}
dx | glx) [g(x))°

+ Derivative of Polynomial Function If f(x) = x", then ;_x flx)=nx""".

+ Derivative of Trigonometric Functions

0] 4 (sinx) = cos x (ii) 4 (cos x) = —sinx (iii) g (tanx) =sec’x (i) L (cotx) = — cosec’x
dx dx dx dx



CHAPTER
PRACTICE

OBJECTIVE TYPE QUESTIONS 9. Which of the following is/are true?
[k cosn = I. The derivative of f(x)=sin2x is
] 2 . Ty 4
I. Let f(x)={ %~ 2X 2 andif lim f(x)= f(i), 2(cos” x ~sin"x)
3 vk -k 2 IL. The derivative of g(x)=cotx is - cosec’ x.
'y - 2 2

. (a) Both I and Il are true
then the value of k is (b) Only I is true

3 b) 4 5 d) 6
(a) (b) () @ (c) Only Il is true

2 .
2. If f(x) ={ . 2- li XS i , then (d) Both I and II are false
-x2-1, x>
' 1-tanx dy k
i 10. Ify=]—— d—= , then th
(%) LEL o RHL, 2t x'=1 y {l+tanx}an dx 1+sin2x enthe
(b) LHL=RHL=-2 atx=1 vilieofkis
(c) LHL=RHL=-1,atx=1 @1 ®)2
(d) None of the above (c) -1 (d)-2
. 1+42+3+....... +n .
3. lim p; »ma Nisequalto VERY SHORT ANSWER Type Questions
[NCERT Exemplar]| h
(a) 0 (b) 1 ©L @1 11. Evaluate the following.
2 4 (Each part carries 1 mark)
4. lim o is equal to ) g =53 £2
’—'O:;x+l-:;l—x I |
(a) 2 (b) O (c)1 (d) -1 (&) lim x*-2x?-9x+4
.10 -2 -5 +1. x4 x?-2x-8
5. lim——= — = " jsequalto .
o xtanx (ut) 1m Sz
(a) log 10 (b) log 5 + log 2 - logl0 x=1 :;x -1
(c) (log 5)(log 2) (d) (log 10) (log 5) (log 2) 1+ x) -1
) 1
6. The derivative of the function f(x)=3xatx =2 W) 0 3x + 5x?
i(fa) 0 ®) 1 () 2 (@ 3 (v) St T-a+q =2
I X -4+,[.r—2
7. Iri{;} = ﬂ_ where p and g respectively are (vi) lim '13 +27
de[flx)] g -5 x5 1243
(a) f(x) (Flx))? {b) =f(x), {fx))* ) S
© =F(x) flx) @ 00, ) 12, thd;ﬂhti[:-gn"sttwe integer n so that
2 lim =108
8. It‘y=1+”xz,thend—yis =3 x-3
1-1/x dx [NCERT Exemplar] )
(a) —=4x (b) 4 SHORT ANSWER Type | Questions
2 2 2
ix -21} 14-1 13. Differentiate sin® x w.rt. x from first principle.
=X X
() ir (d) =1 14. For the function f, given by f(x) = x* -6x +8,

prove that f(5)-3f"(2) = f'(8).



N 2 2 2 2
. Evaluate the following. (iii) ﬁ,,}’ is 1 _cos-‘? = Cosx_ + cos— cosx_]

(Each part carries 2 marks) =0 x 4 2 -
(@) lim x2* - @iv) lim 3sin x —-sin3x
s 01-cosx =0 x (cos2x —cos4x)
s -2 fox-1 — ;
(i) Jim ©—=— SHORT ANSWER Type I1 Questions
s .2 s
. Evaluate the following. 17. 1fy= i + Sco¥y l, then find %
(Each part carries 2 marks) V0¥
() lim X sinot — ot sin x 18. If y = asinx + bcosx, show that
o oo A T
(ii) lim 1-cosx cos2x cos3x Y +(Ex—) a0
x=0 sin® 2x
(d) We have, 4. (c)Given, limo o x
lun F(x)= f( ) :2x+l—:;l-x

,_,_2. =umsim'(,fx+l+,’1—x )

20 (x+1)—(1—x)

. lim kcosx=3
= =—12-llmo—hm(\/x+l+,/l- x)
2 x— X x=
"C‘“(E-h) =Li.2=1 [ um%-ll
. 2 2 x—=0 X
e 10° - 2° —5% +1
u—z(—-h) 5. (¢) im ——m—mm7-
- =0 X tan x
ksin h _ 5% (25 —1)— (2" —1)
lim =3
- b Zh -xh-l'nﬂ xtanx
k=6 %3 x:
= i s S s OO0 2l OO
(a) Given, f(x):{ 4 2 et x50 x X tan x
- S N 3 ! = (log5) (log 2)
At x =1, 6. (d) We have,
RHL = hm hm 1+h —l h)" -1
x—=1* Jix)= fo+RY iy f(2+h) f(2) . 3(2+h)-3(2)
(2= — =
(put x =1+h) h Thae h
=_2 = 3"-:3
LHL= lim_f(x)= lim f(1h) (put x =1—h) h
x—=1" - 1 1
7. (b)Let ¢(x)=—— Then, &(x+h)=
=hlimo(l-h)2—l flx) f(x+h)
6 210 ()= lim L0
— RHL # LHL B |
() Clearly, lim 2 2¥3 % * 1 =L io(x)= lim Jxth) f(x)
Lo Ll n dx h
=limifj-;—12=l :_‘L{o(x»_ hmf(x"'h) f(x) xHm 1
n—yee 21 2 dx h w0 f(x)f(x+h)



—{b (x)}=—f"{x)x ———
leI=—r TS0 m )
—f'(x)
=5—{¢Erl}=—
dx {_ﬂ x)f
8. (a) We have, y- ‘41
r -1
dy _ (x* —1}3(12 +1)—(x* +1}£(x= -1)
dx (x* —1)*
C(xf—1)-2x—(x +1)-2x
- (x* 1)}
_21’{12—1—_1:2—1}_ —4x
T T

9. (a) L Recall the trigonometric rule sin 2x = Zsin x cos x.

Thus, @=1[ 25in x cos x)= Zi(si.n X Cos x)
de  dx dx
=2(cos ! x—sin 2.1:]

Cos8 X

IL g(x)=cotx = —
sin x

—(c::-tx} [cost
dx | sinx

_ (—sin x}{sin x )—(cos x){cos x)

d
= —lex)=—

(sin x)*
—(sin® x + cos® x)
sin® x

=— CDSEI’_‘JX

10. (d) We have, y mi—OE
l+tanx

d d
{1+tanx) —i{l—tan x)—(1—tan x)—(1 +tan x)
dy dx dx{

dx {1+ tan x)*

—2sec® x <2

(1+ tan .1;']-2 cos? x(l+ tan® x + 2 tan x)
-2

cos® x +sin” x + 2sin x cos x
_ =2
-‘1 +5in2x
wk=—2

. *$a3x+2 1P+3x1+2 6
(i) By lim 2 T2TT=_ =2

x=+1 3 3

x°+1 1" +1 2
Ans. 3
i1

2

- X —2x
(i)  lim
x—> 4

—9x +4
x'—2x—8
2
—4 + 2x—1 23
(x —4)i(x x—1) o

r—=4  (x—4)(x+2)

12.

3.

(i) lim J'rg_“'§=1'. Wx)t - Jx
=51 J;—l {J;—l}
I [(x) -1 _ o Jx (x —1)(x +1+x)

=41

= lim
r—+1 { ]’.’—1} x—+1 {,J;_l}
= lim \";{2.1:+1}

[asx—}l,saﬂ—}ﬁi.e.ﬂ—}l] Ans. 3

(iv) lim & [E fm-m]

T+ 3y +5x° 1]
i O30 —1 (1+x) -1
o U+ xF —1 bl
- x—0 x . ='["”'"_-"] 1+ x)—1 MS.E
. 3x +5x° lim (3x + 5x) 3
lim ———— P
=0 x
-z
(v) lim *

I_,Z'Jr:-'-‘J— ,J_lm+1]
= lim —yx=3 Ans. 0

y=2(fx+2+1)

x4 27 = (=3
vy fim, x + 203 xooi —(=3p
= (=3)
(x—3)
A e
(x=3)

lim
Jroagd

=4 =%

[multiplying and dividing by (x — 3)]

3—1 " "
=3( 3) 33(9 - Mim x" —a —na""'| Ans. L
5{_3;’" 5x8l| x+a x—a 15
Given, lim == =108
r=3 y-=93
[ n_ ]
= n-3" "' =108 o lim X @ =mi"_'J
Xx—a ¥ =g
= 3" =4x%3""" Ans.n=4
Let Ffix)=sin"x i)

By definition of first principle of derivative, we get
. . flx+ h) - flx)
= lim e 2
= i, S
sin*{x + h)—sin® x )
Jim ————— [from Eq. ()]

[{sin(x + h) — sin x} {sin® (x + h}

| +sin® x}+sin(x + h)sin x|
h— h

2su1|i cos[x + — J{sm (x+ h}]
2 2 |

+sin® x + sin{ x + h) sin x) J
h— 0 h




= lim Lm- lim cos [1+£)-
h=0 hf2 h—=t 2

lim [sin®{x + h) + sin® x + sin {x + h) sin x]
h—0

=1-cos x - (sin® x + sin® x +sin® x)
Ans. 3sin® x cos x
14. Given, flx)=x*—6x+8
On differentiating both sides w.r.t., x, we get
fi(x)=2x-6 A1)
Now, f(5)-3f(2)=2x5-6-3(2x2—6)
[from Eq. (i)

=10-6—12+18=10 i)

and fl(B)=2%x8—6 [from Eq. (ii)]
=10 ..{1i1)
From Egs. (ii) and (iii), we get f°(5)—3 f"(2)= f'(8)
15. () lim X2 =% o jim XY

x—+0]—cosx x—0]l-—cosx

2" -1
¥
x

2" -1
o
x

= lim = lim =
r=0 |—cosx =0 2gin” x/2
= 2 lim ;2{2 _1}=2lag2Ans. log4
“'“[sinx.i’z) x
x/2

(11) Use direct substitution method. Ans. 0
16. ()Letx=0+h thenasx— o, h—0
X sin@ — oL sin x

Now, lim
x—a xXxX—0o
- (ot + h) sinot — o sinf{ct + h)
h—0 oa+h—-o
. osin o + hsinol — o sin(oL + h)
= lim
h—=0 h
200+ hY . h
- 2cos 2 sin = hii
= lim .\ smo
h—0 h h
)
Sln —_—
(m+h] 2 (-h)
o- 2cos A T Clod? S5 [t
2 (—_h) 2
= lim 2 + sinQ
h—0 h

Ans. sin — 0 cosot

(i1) Let cos x cos 2x cos3x = 12-(2(:05 x cos3x cos 2x)

= -!2- [(cos 2x + cos4x) cos 2x]

17.

1
=—(2cos” 2x + 2cos 2x cosdx)

4
1
= 4—{1 + cos4x + cos 2x + cos6x)
Now. lim 1—cosx Cn:s 2x cos3x
Eall sin” 2x

1
1——(1+ cos4x + cos 2x + cos6x)
= lim 1

x— @

= Ans, —
sin” 2x 4
x

2 2 2 2
— & X X
(iii) lim —|1— cos — — cos — + c0s — 08 —
:—sbxa

1 1

- -

[=H [=H
15 iE
o o
uloe "
e ——
= —

' I
5
S
NIH.» le.g
e — L
—— e
= |

| ~
g ]

.:LIHH

|= —1 =
L pry
|
(=]
=]
w

|%

—_

b

] x X 1
lim — 2sin® =—. 2sin® =—— Ans.—
x40 g 4 B 32

3si —sin3 0
(iv) lim L = — form
=0 x (cos 2x —cosdx) 0

_ 3sinx —Fsinx +4sin’ x

= lim
=0 | [4x+2x], [41’—21]]
x| 2sin sin
l 2 2

h 2sin*x 2
3

x— 0 xsin3xsinx

. 2sin® x +3cos x —1
Given, y =

sinx
CcOS X 1

2sin® x

sin x sinx sinx
=  y=2sin x +3cot x — cosecx
On differentiating both sides w.r.t. x, we get
d 3
d_y= 2cos x + 3(— cosec” x) — (—cosec x cotx)
x

Ans. 2cos x — 3cosec’ X + cosecx - cotx

We have, y = asinx + bcos x

= Q:acosx—bsinx
dx
d 2
= (_y] =(acos x — bsin x)*
dx

dv
= y2+(zy) = (asin x + bcos x)* +(acos x — bsin x)*

=a'+b*





