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Three Dimensional
Geometry

Short Answer Type Questions

H
Q. 1 Find the position vector of a point A in space such that OA is inclined
9
at 60° to 0X and at 45° to 0Y and |OA | = 10 units.

Sol. Since, O_A is inclined at 60° to OX and at 45° to OY. Let O_A makes angle a with OZ.
cos? 60° + cos? 45° + cos® o = 1

1V (1Y
= (Ej +($J +00820L=1 [ l2+m2+n2:1]
1 1 5
= — 4+ =—+cos“a=1
4 2
= cosza:1—[1+1)
2 4
=3 cosza:1—(§)
8
> 1
= cos®a = —
4
= COS(X=%:COSGOO
o = 60°
OA \0A|(1€+i +112j
- 2 TR
—10[1|+— +1|2j [+ |OA| =10]
2172 ' -

=5i+5/2]+5k



Q. 2 Find the vector equation of the line which is parallel to the vector
3i - 2} + 6k and which passes through the point 1, -2, 3).

@ Thinking Process

i

Here, we use the formula r =b+ A a, where r is the equation of the line which passes

{

through b and pam//e/ to a.

Sol. Let;:3| 2]+ 6k and b = —2] + 3Kk
So, vector equahon of the line, which is parallel to the vector ; =3 - 2] + 6k and passes

throughtheveotorb =i- J +3kis r = b + Aa
= 21+3k)+x(3| 2] + 6K)
= (xiA+y]+zR) ( i ):k( 2]+6k)
= (x = 1)i + (y+2) + ( 3)k = M(3i —2j + 6 k)
. — -2 z- N - .
Q. 3 Show that the lines =y3 :243andx54:y 1:zmtelrsect.

Also, find their point of intersection.

@ Thinking Process
If shortest distance between the lines is zero, then they intersect.
Sol. We have, x,=1y=2,2=3 and a =2,b,=3c,=4
Also, x,=4Yy,=12,=0and a,=50b, =2,¢c, =1
If two lines intersect, then shortest distance between them should be zero.
Shortest distance between two given lines
Xo=%1 Yo= Y1 L4
a b, Cy
a b, Co

JbCs = b0 P + 0, —com) + (@b, — asby)

4-1 1-2 0-3

o 3 4
B 5 2 1
JB1-2.47 + (4-5-1.27 + 22 - 5.3
3 -1 -3
2 3 4

5 2 1

= 257 324+ 121

33— 8)+ 12 — 20) — 3(4 — 15)

B J470

—15-18+33 0
J470 C a0

Therefore, the given two lines are intersecting.




For finding their point of intersection for first line,
x-1 y-2 z-3
2 3 4
= x=2A+1y=3r+2andz=41+ 3
Since, the lines are intersecting. So, let us put these values in the equation of another line.
2 +1-4 3a+2-1 40+ 3

=

Thus,
5 2 1
2L-3 3A+1 4r+ 3
= = =
5 2 1
2L -3 41+ 3
= - =
5 1
= 20— 3 =201+ 15
= 18 =-18=-1

So, the required point of intersection is
x=2-N+1=-1
y=3(-1+2=-1
z=4(-1)+3=-1

Thus, the lines intersect at (-1, =1, = 1).

Q. 4 Find the angle between the lines
r=31-2j+6k +2(i +j+2k)and r = (2] - 5K) + u(6i +3j + 2k).

@ Thinking Process

- >
|b1' b2| . . - %
We know that, cos 6 =————=, where, O1s the angle between the lines a;+ L b,
|ba]-fba]

- —>
and a,+ b,

Sol. We have, r=3i ~ 2] + 6k + M2i + | + 2k)
and ?z(2]—5|2)+p(6i+ 3]+2l2)
where, a,=3i-2j+6k b =2i+]+2k

—

and a2:2]—5lz,b;:6f+3}+2lz
If 8is angle between the lines, then
— -
|b1'b2‘
— —
o] - [y
@i+ j+2Kk)-(6i +3j+2k)|
21 + j + 2K||6i + 3j+ 2 K|
12+ 3+4 19

Jov4a9 21
419

cos0 =

0 =cos



Q. 5 Prove that the line through A(0, —1, —1) and B(4, 5, 1) intersects the

line through € (3, 9, 4) and D (—4, 4, 4).

Sol. We know that,the cartesian equation of a line that passes through two points (x4, ¥4, z;)and

(x5, Vo, Z,)is
X-X% _Y-¥ _Z-%
Xp =% Yo=¥1 L4
Hence, the cartesian equation of line passes through A(0, —1, —1)and B(4, 5, 1)is
x-0 y+1 z+1
4-0 5+1 1+1
x y+1 z+1

- 4° 6 2
and cartesian equation of the line passes through C(3, 9, 4)and D(—4, 4, 4)is
x-3 y-9 z-4
—4-3 4-9 4-4
N x -3 _y- 9 _Z- 4
—7 -5 0

If the lines intersect, then shortest distance between both of them should be zero.
Shortest distance between the lines
Xop =Xy Yo=Y Zo— 4
& b; Cy
a, b, C,

\/(b1cz — by P+ (€@, —Coay)? + (@b, — ayhy )

3-0 9+1 4+1
4 6 2
7 5 0
J(6:0+ 107 + (—14— 0P + (-20 + 42)°
3 10 5
4 6 2
7 50
Ji00+ 196 + 464
3(0 + 10)— 10(14) + 5(-20 + 42)

780
30140+ 110

\780

=0

So, the given lines intersect.

Q.6Prove that the linesx=py +q, z=ry+sand x=p'y+q, z=r'y +s'

are perpendicular, if pp’ +rr' +1=0.

Sol. We have, x=py+qg = y:¥
z-s
and Z=ry+s = y= ;
= xX-q_y_ z-5S

Similarly, =

(i)
-.(if)
[using Egs. (i) and (ii)] ...(iii)

. (iv)



From Egs. (iii) and (iv),
a,=pby=1ci=r
and a,=p,b,=1¢c,=r
If these given lines are perpendicular to each other, then
a,a, + bjb, +c,c, =0
= pp'+1+m=0
which is the required condition.

Q. 7 Find the equation of a plane which bisects perpendicularly the line
joining the points A(2, 3, 4) and B (4, 5, 8) at right angles.

Sol. Since, the equation of a plane is bisecting perpendicular the line joining the points A2, 3, 4)
and B(4, 5, 8) at right angles.

So, mid-point of ABis (2 4 3; > 4; 8) e.(346).

Also, N=(4-2)i +(5-3)j +8-4) k=2 + 2]+ 4k

So, the required equation of the plane is (? ) ﬁ =0.

= [(x-3)i+(y—4)j+(z-6)k]-Qi +2j+4k)=0 [+ a=23i+ 4]+ 6K
= 2x —6+2y—-8+4z-24=0

= 2x +2y+ 4z=38

: x+y+2z=19

Q. 8 Find the equation of a plane which is at a distance 3+/3 units from
origin and the normal to which is equally inclined to coordinate axis.

Sol. Since, normal to the plane is equally inclined to the coordinate axis.

Therefore, COSo. =C0SP} =cosy = —

o =cosp=cosy =153

> a1 s
So,thenormalis N=—i + ——j + —=k and plane is at a distance of 3+/3 units from origin.
RN RN - Rl 9
5
. o ~ N

The equation of plane is r-N = 33 { N= |N|]

[since, vector equation of the plane at a distance p from the origin is 7 N = Pl

(}“J'W"Lm

= (xf+y]+z|2)~

= ﬁ"l‘f"{‘f:s«/@
x+y+2z=3/3-4/3=9

So the required equation of planeisx + y+ z= 9.



Q. 9 If the line drawn from the point (-2, —1, —3) meets a plane at right
angle at the point (1, —3, 3), then find the equation of the plane.

Sol. Since, the line drawn from the point (-2, —1, — 3) meets a plane at right angle at the point
(1,-3 3). So, the plane passes through the point (1, -3 3) and normal to plane is

~

(=31 + 2] - 6K).

—> A A A
= a=i-3+3k
and N=-3i+2]j -6k

N

So, the equation of required plane is (7—§)~N =0
= [(xi+yj+ zk) - (i — 3]+ 3K)]-(=3i + 2] -6k) =0
[(x—1)i+(y+3)j+(z-3)k]-(-3i + 2] - 6k)=0
-3x+3+2y+6-62z+18=0
-3x +2y—-6z=-27
3x -2y + 6z-27=0

SRR

Q. 10 Find the equation of the plane through the points (2, 1, 0), (3, —2, —2)
and (3, 1, 7).
@ Thinking Process
Here, apply the equation of the plane passing through the points (x,,y1,z4), (%, ¥,.2,)
X=Xy Y=Yi Z—Z
and (x;,y5,2;) Is given by | %, —x, Y, —y, 2,—2,|=0
X=X V5=V 32
Sol. We know that, the equation of a plane passing through three non-collinear points (x;, y;, z;),
(x5, Yo, Zo)and (x5, V5, Z3)is
X-—X% Yy-% -4
Xo=X Yo=Y Z=2%|=0
X¥3= % Ya= ¥ &34
x-2 y-1 z-0

= 3-2 -2-1 -2-0|=0
3-2 1-1 7-0
x-2 y-1 z
= 1 -3 -2|=0
1 0 7
= (x=2)-21+0)-(y-NT7+2)+ z(3)=0
= -21x+ 42 -9y+9+3z=0
= —21x—- 9y + 3z=-51

.~ 7x+ 3y—z=17
So, the required equation of plane is 7x + 3y —z=17.



Q. 11 Find the equations of the two lines through the origin which intersect

. -3 -3
the line = _y=: =§ at angles of % each.

1
Sol. Given equation of the line is *=3_ y%S = ?Z = (i)
Y’ Q
(0,10, 0
@)
X' X

Y (@ +3,1+3,A)

So, DR’s of the line are 2, 1, 1 and DC’s of the given line are 2

75

%‘ R
®.

o
5=

Also, the required lines make angle g with the given line.

From Eq. (i), x=0@A+3),y=(A+3)and z=2A
aa, + bb, +ce,
Ja2+ b2+ c? a2 + b + cZ
b (Ar+6)+ (A+3)+ ()
cos— =
3 J6@r+ 32 + (A+ 3P + 22
6L+ 9
V6,427 + 9+ 120+ 22 + 9+ 6L+ A7)
J6 6L+ 9

2 /6)% + 181+ 18
632 + 3L+ 3) =2 (6L + 9)

36(A° + 31+ 3)=36(4A% + 9+ 12))
A2 + 3L+ 3=402 + 9+ 12
302+ 9+ 6=0
A2+ 30+2=0
ML+ 2)+ 1L +2)=0
A+ HA+2)=0
- r=—1-2
So,the DC’sare 1,2, —1and -1,1, - 2.
Also, both the required lines passes through origin.
y z di— y z

So, the equations of required lines are S A = .
1 2 -1 -1 1 =2

cos0 =

= =

N | —

v
|

SRR R U R VA U



Q. 12 Find the angle between the lines whose direction cosines are given by
the equation! +m +n =0 and [* + m®* —n® =0.

Sol. Eliminating n from both the equations, we have
P+m?—(I-mZ=0

P+mP-P-m?+2mli=0 = 2Im=0

=
= Im=0 = (-m-nm=0 [ l=-m-n]
= (m+nm=0
= m=-n = m=0
= l=0,1l=-n
Thus, Dr’s two lines are proportional to 0, —-n, nand -n, 0, n i.e., 0,—=1,1 and -1,0, 1.
So, the vector parallel to these given lines are ; = —j + kand E ——i+k
Now, cos 0 = ab =i-i = cose:1
AN 2 2 2
|a||b|
0=" [ “cos— = —}
3 3 2

Q. 13 If a variable line in two adjacent positions has direction cosines, m, n
and [ +6l, m +6m, n + dn, then show that the small angle 66 between
the two positions is given by 8§02 =812 +8m® + &n°.

Sol. We have . m,nand I+ 8L m+ & m, n+ &n as direction cosines of a variable line in two
different positions.

P+m?+n®=1 ()
and (I+ 80° + M+ 8mf + (n+ 8n)? =1 (i)
= P+mP+n+8P+8m* +8n*+2(18l+mdém+ndn)=1
= 3PP +8m° +8n° =-2(81+mdm+ndn) [ 1°+m?+n®=1]
= 181+ mdém+ nzsn:g(sz? +8m® + 8n°) ...(iii)

Now, ; and B are unit vectors along a line with direction cosines I, m,n and
(I+ 81), (m+ dm), (n + 8n), respectively.

§=l3+m]+nlz and G:(l+ 61)?+(m+ 8m)]+(n+6n)|2

a b
. - - R ~
= coséez%:a-b [ lal=[b]=1]
lal|bl
= cos 80 =1 (I + 8l)+ m(m+ dm)+ n(n+ dn)

=(P+m? +n%)+ (181+ mdm+ ndn)
1

=1 -3 1% + 8m® + 8n°) [using Eq. (ii)]
= 2(1—cos 80) = (812 + 8m° + 8n?)
= 2-23in2%: S+ 8m? + dn° {.-1—0036:28ir12 g}
2
= 4 (%) =5P+8m’ +8n° [since,% is small, then sin ?:?}

§O0°=8F+m° +8n°



Q. 14 If 0 is the origin and A is (a, b, c), then find the direction cosines of
the line OA and the equation of plane through A at rlght angle to OA.
Sol. Since, DC's of line OA are

\/a +b% +c? \/a +b2+c \/a +b2+c

- e ~ A ~
Also, n=0A=a=ai+ bj+ck
The equation of plane passes through (a, b, c) and perpendicular to OA is given by

[r —a]-n=0
- -5 o o

= r-n=a-n
= [(xi+y]+zk) (8I+bj+Ck)] (a +bj+Ck) (a€+b]+cl2)
= ax + by+cz=a’+ b +c?

Q. 15 Two systems of rectangular axis have the same origin. If a plane cuts

them at distances a, b, c and a’, b’, c¢’, respectively from the origin,

thenprovethatiz+i+i:i+i+ 1
a

b2 CZ arz er C/Z 3
Sol. Consider OX, OY, OZ and ox, oy, 0z are two system of rectangular axes.
Let their corresponding equation of plane be

x y z .
— 4+ =+ ==M N
a b ¢ 0
and LA A (i)
a b c
Also, the length of perpendicular from origin to Egs. (i) and (ii) must be same.
0 0 0 0O 0 O
R
a b _c _.a b _c
\/1 KD \/ L1,
a2 b2 c2 8'2 brz Cr2
N \/ 1 1 1 \/1 N 1 N 1
8’2 b’2 C,2 a2 b2 C2
1 1 1 1 1 1
= S+ 5+t 5= —

Long Answer Type Questions

Q. 16 Find the foot of perpendicular from the point (2, 3, —8) to the line
4;x :%:1_72. Also, find the perpendicular distance from the

given point to the line.

. . 4 — y
. We have, equation of line as = —
Sol q 5 6= 3
x—-4 _ Y _ 2;1 =2
-2 6 -3

= x=-2A+4y=6rand z=-3 A+ 1

1-z

=



Let the coordinates of L be (4 — 2, 6A, 1 — 31) and direction ratios of PL are proportional to

(4-2r-2,6A-31-31L+8) e, 2—-2%, 6AL—3 9-32).

Also, direction ratios are proportional to -2, 6, — 3. Since, PL is perpendicular to give line.
—2@-20)+6(®BL-3)-3(9-31=0

= 4+ 40+ 36AL-18-27+ =0
= 4o90=49 = Ar=1
So, the coordinates of L are (4— 21, 61, 1-3)\)i.e., (2,6 —2)
P (2,3 -8)
L
4-x Y 1-z
2 6 8

Also, length of PL = /@ — 2% + (6 - 3 + (-2 + 8

=./0+ 9+ 36 = 3/5 units

Q. 17 Find the distance of a point (2, 4, —1) from the line
X+5 y+3 z-6

1 4 -9
Sol. We have, equation of the line as x: 7o, y; 8_ 2_96 =2
= x=h=5y=4-32=6- 9

Let the coordinates of Lbe (A — 541 — 3, 6 — 9)), then Dr's of PLare (A — 7, 4L —7,7 — 9\).
Also, the direction ratios of given line are proportional to 1, 4, -9.
Since, PL is perpendicular to the given line.
A=7)1+(Ar=T7)-4+ (7 -9)-(-9)=0
= A—7+16A—-28+ 81A—63 =0
= MBAL=98 = Ar=1
So, the coordinates of L are (-4, 1, — 3).

Required distance, PL = \/(—4 —2P 4 (1— 4 + (-3+ 17
=36+ 9+ 4=7units

. . . 3
Q. 18 Find the length and the foot of perpendicular from the point (1, > 2)
to the plane 2x —2y +4z +5=0.
Sol. Equation of the given planeis2x -2y + 4z+ 5=0 ()
= n=2i-2j+ 4k
So, the equation of line through (1, g 2) and parallel to n is given by
x-1 y-3/2 z-2
2 2 4
= x=2x+1,y=—2x+§and z=4r+2

=X




If this point lies on the given plane, then

2(2K+1)—2(—2 A+ 2§ )+ 4(4+2)+5=0 [using Eqg. (i)]
= AIh+2+4-3+16A+8+5=0
= 247L:—12:>7L:_?1

Required foot of perpendicular

={2 x(j)+ 1-2 x[_1)+3,4x(_1]+2} ie., (Oé,Oj
2 2 2 2 2
. . , (3 5Y 5

Required length of perpendicular = ,/(1-0)" + 5" % +@2-0)

= 1+ 1+ 4=+/6units

Q. 19 Find the equation of the line passing through the point (3, 0, 1) and

parallel to the planes x + 2y =0 and 3y — z =0.
Sol. Equation of the two planes are x + 2y = 0and 3y — z= 0.
Let nj and n; are the normals to the two planes, respectively.
— ~ A - £ =
n=i+2j and n,=3j-Kk

Since, required line is parallel to the given two planes.

- o — 1l K
Therefore, b=nxn,={12 0
0 3 -1
= i(-2)-j (1) + k@)
:—23+j+3|2

So, the equation of the lines through the point (3, 0, 1) and parallel to the given two planes are

A

(x—S)i+(y—0)]+(z—1)I2 +k(—2€+]+3|§)
= (x—3)i+yj+(z—1)|2+X(—2€+i+3|§)

Q. 20 Find the equation of the plane through the points (2, 1, - 1), (-1,3, 4)

and perpendicular to the plane x- 2y + 4z =10.
Sol. The equation of the plane passing through (2, 1, — 1) is

alx-2)+b(y-N+c(z+1)=0

Sicne, this passes through (-1, 3, 4).

aF1-2)+b@-N+c4+1)=0

= -3a+2b+5c=0

Since, the plane (i) is perpendicular to the plane x — 2y + 4z =10.

1.a-2-b+4.-¢c=0

= a-2b+4c=0

On solving Egs. (i) and (iii), we get
a -b ¢

8+10 —17 4
= a=18Ab =17 A, c =41

.. (i)

...(iil)



From Eq. (i),
1BAx-2)+17A(y-1)+4r(z+1)=0
18x - 36+ 17y 17+ 4z+ 4=0
18x + 17y + 4z-49=0
18x + 17y + 4z=49

=
=

Q. 21 Find the shortest distance between the lines gives by

_) A A A
=(8 +3L0)i—(9+16)1)j + (10 + 7A)k
and :153+29]+5f{ +u(3i+8}—5f().

r
_)
r
>

Sol. We have, F=(@B+30i-(9+16))] + (10+ 70)K)

= 8i — 9] + 10k + 31i — 161] + 72k

=8i - 9] + 10k + A3i — 16] + 7k)

~8i - 9j+ 10k and b, = 3i —16 ] + 7k ()
=151 + 29 + 5k +  (3i + 8] — 5Kk)

> =151 + 29] + 5k and b, = 3i + 8] - 5k . (i)

Also

U
L= &y

Q0

=
- o - —

(by xb,)- (@, —ay)

b, x by

Now, shortest distance betwen two lines is given by

i ] kK
— -
b, xb, =|3 -16 7
3 8 -5
=i(80~56)— ] (- 15— 21)+ k (24 + 48)
=241 + 36] + 72k
Now, b, xby| = /@47 + (367 + (72)2

=1222 + 3 + 6° = 84

and @, -a,)=(15-8)i+ @9+ 9]+ (5-10k
=7i + 38j - 5k
(24i + 36] + 72K)- (7i + 38] - 5 k)
84 |
168 + 1368 — 360| [1176|
- || 84|

84

Shortest distance =

=14 units

Q. 22 Find the equation of the plane which is perpendicular to the plane

5x + 3y + 6z + 8 =0 and which contains the line of intersection of the
planes x +2y +3z-4=0and2x +y -z +5=0.

Sol. The equation of a plane through the line of intersection of the planes x + 2y + 32— 4=0

and2x + y—z+ 5=0is
(x+2y+3z-4)+r(x+y—-z+5=0
= x(1+20)+y@R+ M)+ z(-r+3) -4+ 5L=0 (i)



Also, this is perpendicular to the plane 5x + 3y + 6z + 8 =0.

501+20)+ 32+ M)+63-2)=0 [ a a, + bb, +cc, =0]
= 5+ 10+ 6+ 3L+18-6A=0
A=-29/7
From Eq. (i),
x{1+2 (_29ﬂ+ y(2—§j+ z(§+ 3)—4+ 5 (ﬁ):o
7 7 7 7
= x(7-58)+y(14-29)+z(@29+21)-28-145=0
= -51x —15y + 50z -173=0

So, the required equation of plane is 51x + 15y — 50z + 173 = 0.

Q. 23 If the plane ax + by =0 is rotated about its line of intersection with
the plane z =0 through an angle o, then prove that the equation of

the plane in its new position is ax + by + (yJa’ +b%tan o) z = 0.

Sol. Equation of the plane is ax + by = 0 ()
. Equation of the plane after new position is
ax cosa by cos a

\/32 + b2 " \/b2 +a?
ax by
\/az + b2 ’ \/bz +a?

= ax + by + ztana yJo? + b2 =0  [on multiplying with yJa® + b?]

Alternate Method

+ zsina =0

+ ztana =0 [on dividing by cos o]

Given,planes are ax+by=20 (D)
and z=0 (i)
Therefore, the equation of any plane passing through the line of intersection of planes
(i) and (i) may be taken as ax + by + k = 0. (D]
Then, direction cosines of a normal to the plane (i) are , b ,
Va2 + b2 + k2 \/a‘?+b2;k2
c a

and direction cosines of the normal to the plane (i) are

Va® + b? + k? Ja? + b2 a2+ b2
0.
Since, the angle between the planes (i) and (ii) is o,
a-a+b-b+k-0
cosa =
Ja? + b2 + k2Ja? + b?
| at+b?

a’+ b2+ k2
= k’cos® o =a’ (1-cos?a)+ b? (1-cos® a)

2 2\ ainl
N 2 @+ b%)sin"a

cos? a

k=++a°+b’tana

On putting this value in plane (iii), we get the equation of the plane as

ax + by + zyJa® + b tana = 0



Q. 24 Find the equation of the plane through the intersection of the planes
? .(i+3j)-6=0 and ? .(3i- j-4Kk) =0, whose perpendicular
distance fnlm origin is unity. .

Sol. We have, n, =(i +3j),d,=6and n, =38i - j-4k),d, =0

Using the relation, ?(r‘?1 + an):d1 + dyh

- Fol+3))+ A3 - - 4k)]=6+0-2

- P+ 30+ @B-Nj+k( =6 0
On dviding both sides by \/(1 + 312+ (3- 17 + (- 40)%, we get

v [0+ 30+ (8- 2)j + k(- 4] _ 6
JO+ 302+ B + 422 1+ 302 + (3= 1P + (- 4

Since, the perpendicular distance from origin is unity.
6

Ja+ 302 + (3= + (- 4
1+ 30)° + (83— W2 + (- 40 = 36

=1

=
= 1+ 922 + 6L+ 9+ X2 — 6L+ 16)° = 36
= 2602 + 10 = 36
= 2 =1
o A=+ 1
Using Eq. (i), the required equation of plane is

7‘[(113) (3+1)|+(+4)|2] 6
- FI013) + @1+ 4kl=6
and Fol1-3) + (3+1)1+4|2]:6
= (4I+2j ):6

—

and r.(—2i+4j ):6
= dx +2y-4z-6=0
and -2x+4y+4z-6=0

Q. 25 Show that the points (i - j +3k)and 3 (i + j + k) are equidistant from

the plane r (51 +2j- 7k) +9 =0 and lies on opposite side of it.
Sol. To show that these given points (| - j + 3k)and 3(| + j + k)are equidistant from the plane
?- (5? + 2] - 7R) + 9 =0, we first find out the mid- point of the points which is 20 + ] + 3k
On substituting 7 by the mid-point in plane, we get
LHS=Qi+ j+ 3k)-(5i +2j —7k)+ 9
=10+2-21+9=0

=RHS
Hence, the two points lie on opposite sides of the plane are equidistant from the plane.



i ~ ~ ~ - ~ ~ ~
Q. 26 AB =3i — j+k and CD = —3i + 2] + 4k are two vectors. The position

Sol.

vectors of the points A and C are 6i+7j+4k and —9i+2k,
respectively. Find the position vector of a point P on the line AB and a

- - -
point Q on the line CD such that PQ is perpendicular to AB and CD
both.

— A A A~ — 2 ~ ~
We have, AB=3i-j+k and CD=-3i+2j+ 4k
Also, the position vectors of A and C are 6i + 7] + 4k and — 9] + 2K, respectively. Since, Pa

is perpendicular to both ATB and CTD.
So, P and Q will be foot of perpendicular to both the lines through A and C.

Now, equation of the line through A and parallel to the vector ATB is,
-
r =

(63+7i+4|2)+ k(3i—]+|2)

N
and the line through C and parallel to the vector CD is given by

F=—9j+2k+pu(3i+2]+4k) )
Let 7:(6?+7]+4I2)+7L(3f—]+l2)
and F=—0j+2k+ (=31 +2]+ 4k) (i)

LetP(6+ 317 — A 4+ A)is any point on the first line and Q be any point on second line is
givenby (- 3u, — 9+ 2u,2 + 4p).
5 n ~

PQ=(-3u-6-3Ni+(9+2u—7+Nj+C+4n-4-2k
i

=(-3u-6-3Ni+@u+r-16)j+ (4p - L-2)k

If Pa is perpendicular to the first line, then
3-3u-6-3)-QRu+r-16)+(4p-1-2)=0

= - 9u—18-9A-2u —A+16+4u-21-2=0

= —7u—-11A-4=0 .. (iii)

If P_é is perpendicular to the second line, then
-3-3p-6-3N)+2Qu+A-16)+4(4p-1r-2)=0
= 9u + 18+ A+ 4p + 20— 32 +16pn —41-8=0
= 29u+710-22=0 ..(iv)
On solving Egs. (iii) and (iv), we get
- Qu-77r-28=0

= 319u + 77 A—-242=0
= 270pu -270=0
= =1
Using u in Eq. (iii), we get

—7(-1-4=0

= -7-11v-4=0
= -11-11A=0
= A=-1

PQ=[-3(1)- 6-3(N]i+RM+(1)-16]]+ [40) - (- 1) - 2]k
=-6i —15] + 3k



Q. 27 Show that the straight lines whose direction cosines are given by
2l +2m —n =0 and mn +nl +Im =0 are at right angles.

Sol. We have, 2l+2m-n=0 (i)
and mn+ nl+ Im=0 (i)
Eliminating m from the both equations, we get

m= ”‘22[ [from Eq. (i)]
= [n_zljn+nl+l(n_2/j:0
2 2
n?-=2nl+ 2nl+ nl -2
= =0
2
= n’ +nl-21° =0
= n®+2nl-nl-2 =0
= n+2)(n-0=0
= n=-2land n=1
o =21-21  1-21
2 2
= m=-2lm=—
2

Thus, the direction ratios of two lines are proportionalto [, — 27, —2 and [, _?l L

= 1,—2,—2and1,_?1,1
= 1,-2,-2and2,-12
Also, the vectors parallel to these lines are ;:E—ZE—ZIZ and E:Zf—]+2l2,
respectively.

a b (i-2j-2k-i-]+2k

cos 0 = i' —~= J 33 J
lal|b '
:2+2—4:O
9
9="= [-.-cosﬁzo}
2 2

Q. 28 1f [,, my, ny, ,, my, nyand [5, m,, n, are the direction cosines of three

mutually perpendicular lines, then prove that the line whose direction
cosines are proportional to [, + /, + I3, m; +m, + m; and n; +n, +n,4
makes equal angles with them.

Sol. Let a=Li+mj+nk

>

g 2 s
b=Li+m,j+n,
=Li+myj+ngk

=(L+L+L)i+(m+m+ mz)i+ (n, + ny, +n3)l2
- - - - > -
Also, let o, Band y are the angles betweena and d, b and d, ¢ and d.
cosa =L@+ L+ 1)+ m (m +my, +mg)+n (N +n, +ny)
=P+ 4L+ L L+ m?+momy+m mgt e+ n, + 0 ng



=B +m? )+ (L L+ L L+ mmy+mmg+ N, + 0 ng)
=1+0=1
[« P+m?+n?=1andl LL, 4 LL,m Lm, mLmyn Lnyn Lngl
Similarly, cosB =1, (l; + I, + I3)+ m, (M; + My + M3) + n, (N, + Ny + Ny)
=1+ 0andcosy=1+0
= COS a0 =COS 3 =COS y
= a=p=y
So, the line whose direction cosines are proportional tol + L + & my+m, + my,
n, + n, + n; makes equal angles with the three mutually perpendicular lines whose direction
cosines are &, m, n,, I,, m,, n, and I, my,n, respectively.

Objective Type Questions

Q. 29 Distance of the point (o, B, y) from Y-axis is

(@B (b) | B
@B +]vl (d)\/azﬂz
Sol. (d) Required distance = \/(a —0°% + B -P)> \/oc +79°

Q. 30 If the direction cosines of a line are k, k and k, then

@k>0 (b)0 <k<1
1 1
k=1 d) k= —
© @ V3 N3

Sol. (d) Since, direction cosines of a line are k, k and k.
l=k m=k and n=k

We know that, P+m?+n®=1
= K + Kk + k® =1
= K? = 1

3

1
k=+ ﬁ
. 2>(22 3~ 6~ C e
Q. 31 The distance of the plane r ; i+ ; i— ;k =1 from the origin is

(@)1 (b) 7
(¢ ; (d) None of these

Sol. (@) The distance of the plane r (%? + g] - gﬁj = 1from the origin is 1.
[since, ? H =d is the form of above equation, where d represents the distance of

plane from the origini.e., d =1]



Q. 32 The sine of the angle between the straight line X ; 2 = =

and the plane 2x —2y +z =5is
10 4 243
@ Q) —

_— b) ——
65 ()5ﬁ ( 5

Sol. (d) We have, the equation of line as
x-2 y-38 z-4
3 4 5
Now, the line passes through point (2, 3, 4) and having direction ratios (3, 4, 5).
Since, the line passes through point (2, 3, 4) and parallel to the vector (Sf + 4] +5 R).
g =3i + 4} + 5k
Also, the cartesian form of the given plane is2x —2y + z= 5.
= (xi+y]+zl§)(2i—2}+l2):5

—> A A ~
n=@i-2j+k)
b \(3i+4j+5|2).(2€—2]+|2)\
|B|,\H|_ 3P+ 42457 A+ 4+
|6-8+5] 3 A
JB0-3 152 52
V2

sSin®=—
10

We know that, sin 0=

Q. 33 The reflection of the point (a, B, y) in the XY-plane is
Sol. (d) In Xy-plane, the reflection of the point (a,B, y)is (o, B, — 7).

Q.34 The area of the quadrilateral ABCD where A (0,4,1),
B (2,3, -1),C (4,5 0), and D (2, 6, 2) is equal to

(@) 9 sq units (b) 18 sq units
(c) 27 sq units (d) 81 sq units
Sol. (@) Wehave, AB=@-0)i+(B-4)]+(1-1)k=2i-]-2k
BC=(4-2)i + (5-3)j + (0+ Nk=2i + 2] + k

4
3
CD-@—4)i+(6-5

)i+ @-0k=-2i+]+2k

j
j
i
DA = (0-2)i + (4- 6)]

-5j+
—B)j+(1-2)k=-2i -2j -k
i Kk

—> —>
. Area of quadrilateral ABCD=|AB xBC|=12 -1 -2
2 2 1

=\i(—1+4)-](2+ &)+ Kk (4+2)
=[3i - 6] + 6k|

=,/9+ 36 + 36 = 9 sq units



Q. 35 The locus represented by xy + yz =01is

(a) a pair of perpendicular lines
(b) a pair of parallel lines
(c) a pair of parallel planes

)

(d) a pair of perpendicular planes
Sol. (d) We have, xay+ yz=0
= xy=-—yz

So, a pair of perpendicular planes.

Q. 36 If the plane 2x — 3y + 6z — 11 =0 makes an angle sin ' o with X-axis,
then the value of a is

G 2
s b) Y£
@ o)
©2 E
7 7

Sol. (c) Since, 2x — 3y + 6z —11=0 makes an anglesin™' o with X-axis.
b —(1i + 0j + 0k) and n=2i - 3] + 6k
We know that, sin=-—"

|(1i)- @i =3j + 6K)]|

J1.J4+9+ 36

_2
7

Fillers

Q. 37 If a plane passes through the points (2, 0,0) (0, 3, 0) and (0, 0, 4) the
equation of plane is ......... .
Sol. We know that, equation of a the plane that cut the coordinate axes at (a, 0, 0) (0, b, 0) and

000 ist+ Y421
a b

C

Hence, the equation of plane passes through the points (2, 0, 0), (0, 3, 0) and (0, O, 4) is
x y z

—+ =+ —=1

2 3 4

Q. 38 The direction cosines of the vector (2i +2j — k) are ......... .
2 2 1 .22
Ja+4+1 A+ 4+1 4+ 44177733

-1

Sol. Direction cosines of (2? + 2] - Iz)are 3




Q. 39 The vector equation of the line X ; > = 1T .

Sol. Wehave,Z:Sf—4]+ 6Rand3:3i+7i+2|2
So, the vector equation will be
?:(Sf—4i+6|2)+x(3f+7j+2|2
= (xi+y]+ zK)= (51 — 4] + 6K)= L (3i + 7] + 2K)
= (x - 5)i + (y+ 4)j + (z- 6)k=A(3i + 7] + 2k)

Q. 40 The vector equation of the line through the points (3, 4, —7) and (1, -1,

6) is ......... .
Sol. We know that vector equation of a line passes through two points is represented by
r = a + x(b a)

Herer_x|+yj ﬁ;:3?+4]—7k
and k_;:f—]+6lz

— g ~ ~ A
= (b-—a)=-2i-5j+13k

So, the required equation is A o A
xi + yj + 7k = 3| + 4] 7k + A (=2i — 5] + 13k)

= (x-3)i+(y—4)j+@+7)k=2n(-2i -5] +13K)

Q. 41 The cartesian equation of the plane r (i +j-Kk)=2is ......... .

Sol. We have, ? ( +j— ):2
= (xl+yj+Zk)(+j— ):2
= xX+y—-z=2

which is the required form

True/False

Q. 42 The unit vector normal to the plane x + 2y +3z —6=0is

L S S S
N7 VANV

Sol. True
We have, ﬁ):i +2]+3I2
o Geojesk i 2] sk
JFioteg i id



Q. 43 The intercepts made by the plane 2x -3y +5z+4 =0 on the

coordinate axis are — 2, % and —% .

Sol. True
We have, 2x —3y+5z+4=0
= 2x —3y+5z=-4
2x 3y b5z
= - 2 4+ — =1
-4 -4 -4
x y z_
= _—2+E—E_1
3 5
x oy z
= _2+4+( 4)—1
3 5

So, the intercepts are -2, g and - g

Q. 44 The angle between the line r= (5i — j —4K) + A (2i — j + k) and the

22 A .. 5
plane r (3i —4j - Kk)+5=0issin™" (—J
291
Sol. False
- A A ~ - A AoA
Wehave, b=2i-j+k and n=3i -4j-k
Let 0 is the angle between line and plane.
b-nl @i -j+k)-@ -4 k)|

Then, sSin @ =
6/ -|n| V626
|6+4-1 9
156 2439
. 9
0=sin"! ——
2/39

- ~ ~ A N ~
Q. 45 The angle between the planes r (2i —3j+Kk)=1and r (i—j) =4 is

cos™? [_—SJ
/58
Sol. False
[

We know that, the angle between two planes is given by cos 6 = = _>|
n,||n,

Here, n, = @i -3j+k) and n,=(i - )
i —3j + k) (i —j)]

cos 0 =
JA+9+1 J1+1
= cos 0 = 2+ 9 _°
32

27
5
0=cos | ——
(2ﬁ j



4’ A A A A A A
Q. 46 The line r =2i —3j—k +A (i —j + 2Kk) lies in the plane
9 ~ A A
r@Bi+j-k)+2=0.

Sol. False
We have, r=2i —3j-k+a(i-j+2k
= (xi+yi+zl%)=i(2+x)+](-3-x)+|2(—1+2k)
Since, x =2+ A), y=(-3-24) and z= (- 1+ 2A) are coordinates of general point which

should satisfy the equation of the given plane.
[@+N)i+(=3-2]+@r-NK]-[i +]-k]=2

= @+M-3-r-2r+1=2
= —-2r=2
= A=-—1
N R . R
r=C-Ni +-3+Nj+(-2-17k
=i-2j-3k
Again, from the equation of the plane
r@Bi+j-k+2=0
= (i-2]-3k) (38i+]-K+2=0
= B3-2+3)+2=0
= 6+0

which is not true.
So, the line r=2i- 3] —K+ A (f - ] + 2I2)does not lie in a plane.

. . -5 4 —-6.
Q. 47 The vector equation of the line X ;" 4 ;r -2 , is

_) ~ A A ~ A A
r =51 -4j+6k +A (3i +7j +2Kk)

Sol. True
We have, x=5y=-427z=6
and a=3b=7c=2

F = (51 — 4]+ 6K)+ A (31 + 7] + 2K)

Q. 48 The equation of a line, which is parallel to 2i + ] +3k and which

. . x=5 +2 z-4
passes through the point (5, -2, 4) is X =Y N = 3
Sol. False
Here, x;=5Yy,=-2 2=>4
and a=2,b=1c¢=3
N x-5 y+2 z-4

2 1 3



Q. 49 If the foot of perpendicular drawn from the origin to a plane is
(5, — 3, — 2), then the equation of plane is r (5i —3j —2k) =38.
Sol. True
Since, the required plane passes through the point P (5, — 3, —2) and is perpendicular to O_I>D

a=>5i-3]-2k

and ﬁ:OT’:Sf—3]—2I2
Now, the equation of the plane is

> o >

(r-a)-n=0

> > o o

= r-n=a-n
- r-(5i - 3] -2K)=(5i - 3] -2K)- (5i — 3] — 2k)
= r.(5i-3j-2k)=25+9+4
= r-(5i - 3j-2k)=38





