Integrals

Short Answer Type Questions
Verify the following

Q.1

Sol. Let

dx=x—log|(2x+3)2| +C
2x + 3

7 J'2x 1 J‘2x+3—3—1
2x+3 2x + 3

:J.To’x—4jﬁdx:x—_[de

=)

dx

=x —2log + (x+ E) C':x—2|og‘(2x - 3)’+C’
2 2
=x —2log|@x + 3)| + 2log2 + C’ [ Iog% = Iogm—logn}
—log|@x + 3|+ C [ C =2log2 + C]

Q. 2.[ ex +3 dx = log|x® +3x| +C

x? +3x
2x + 3
Sol. Let I=
'[x + 3x
Put x% + 3x =t
= @x + 3)dx =dt

1
I:J?dtzlog|z‘|+c

=log|(x® + 3x)| + C



Q 3J(x +2)d

x+1

@ Thinking Process

First of all divided numerator by denominator, then use the formula J.fdx log |x| to
get the solution.

2
Sol. Let I:jx *2

! dx
+ 1

:%—X+3logl(x+1)|+c

pblogx _ ,5logx
Q. 4 J‘ 41 31
e 0gx —e ogx
6log x 5log x
€ -e
Sol. Let I Mde
log x® log x
€ -€
:-[ oo Leg s | [+ alogb =logb?]
e g x _eogx
6 _ .5
:j z _z ] ['.'e|ng:x]
2
:j o dx_jx (-
x—1 x - 1
%3
= jx2dx =
3
Q 5 J- (1 +cosx)
X +sin x
Sol. Consider that, _ Iw
(x + sinx)
Let x + sinx =t = (1+ cosx)dx =dt

;
I=jt—dt=|og|t|+c

=log|(x + sinx)| +C



QsJ‘d—x

1+cosx

@ Thinking Process

x .
cosx=2cos’=—1 and also use formula ie, jsec2x:tanx+C to solve the above
2

problem
Sol. Let —f1 o -
+cosx 1+ 2c0s®= — 1
=1f ! dle.[sec2fdx
2 cos? X 2 2
_anfoscotantic [ _[sechdx = tanx]
2 2 2

Q.7 jtanzx sec* x dx

@ Thinking Process

Use the formula sec’x =1+ tan’ xand put tanx =t to solve this problem

Sol. Let I:Itanzx sec* x dx
Put tanx =t = sec®xdx =dt
I=[t?(+t2)dt=[ (12 +t*)dt
3 5 5 3
L+L C:tanx+tanx+c
3 5 5 3

smx+cosx
Q.8 ————

J1 +sm2x

Sol. Let I= Is'nx + COSx (sinx + cosx)

: =
J1+sin2x \/sinz x + cos® x + 2sinxcosx

J‘ sinx + cosx

A smx + COSx

Q. 9j 1+sinx dx
Sol. Let 1= 1+ sinxdx
= .[\/sm +c0s2X 4 osincos X ax [ sin?X 4 cos? X = 1}
2 2 2 2

2
—.[ [sm— + COS— j dx = _[(sm— + COS— )dx
2 2

= —cos£2 + sin—~2 +C= —2cos£ + 2sin— +C
2 2 2 2

dx

dx:I1dx:x+C




Q.10 jﬁdx

X
. Let I=|———d
Sol J.\/;+1x
1
Put =t ——dx =dt
u Jx :Z\Ex
= dx =2xdt

I= 2][

:2It +1—1dt:2J'([+1)(l‘ _t+1)dl‘—2j.idt
t+1 t+1 t+1

]dt 2j—c/z 2j—dt

=2[(t? —t + o —2jﬁdt

t3 12
=2|——-—+t-loglt+N||+C
3 2

= {x\!—;+ x—log|(\/§+1)|}+c

Q. 11,[ a+x

@ Thinking Process
Here, put x=acos20 and also use the formula ie, cos2@=2cos’ ©—1=1-2sin"§ to
get the solution.

Sol. Let Izj Zt;co’x

Put X =acos20
= dx =—a-sin26-2-do

1=-2f a+ac0s20 _inoode
a—acos26

[ cos20=2=20=cos' X = 6= 1003’1 f}
a a 2 a

1+cos.26 o4 .[ 2cos’ 0

Sin20do =— sin2 6d6

ﬂ

= —2ajcot6-sin2 006 = —ZaI,—e-Zsine-cosedG
SN

= 4a.|‘cos2 006 = —Zaj (1+ cos26)de

—Za[e + sze} +C
2
2
=23 1cosq§+1,1—x—2 +C
2 a 2 a
1 X x2
:—acos’(—)+ 1-—|+C
a a




Alternate Method

Let I= jJZ*i j/ + 2

@+ x)
—J T _xzo’x
a
I:J‘\/az—x2 +I\/a2x—x2dx

I=1+1, 0

I = f\/i_asm ( )+C1
2_.[\/7

Put a® —x°=t?> = —2xdx=2tat
t
I, =—|-dte =—|1dt
=1 ]

=—Z+C2=—\/az—x2+c
I = asin” ( j - \a® - %% 4C, [ot2 =a° - x°

I:agw(g)—4¥—x2+c [- C=C,+C,]

and

1/2

X
Q.12 dx
1 +x3/4
Sol. Let ==
1+
Put x=t* = dxzm%t
2 t?
=4\t —— |dt
J 1+t3
I= 4jt2c# -
I-1,-1,
2 t° 4 34
L =4ft?dt =4-—+ C, = —x¥" + C,
3 3
Now, =4
L j1+t3
Again, put 1+t3=z = 3t%dt =dz
= t2t :1dz =ﬂjlo’z
3 3Y z

:ﬂlog|z| +C, =ﬂ|09|(1+t3)| +Cy
3 3
:%Iog|(1+ x¥4| + G
1=%x3/4 el —%'Ogl(w + x| -C,

:gﬁ“—mmm+ﬁm+c - C=C, —C,]



1+x
Q.13 j dx
x4
1 1
Sol. Let 1_j\/+4xd j\/ﬂc L™
x x x
T+ 2% 1 1 1
= c—dx = + 1. —dx
2 0 2 3
Put 1+ —=t"= _fdxzztdt
x X
1
= —-— =tdt
%3
3/2
I——jtzdtz—t—+C=—1(1+i2j +C
3 X
dx
Q.14 j
16 — 9x°
@ Thinking Process
First of all concert the expression in form of \/21738 then use the formula,
& —

‘[17 dx= sin(xj +C.
N a

1 .1 ij
. Let =—sin'| — |+ C
Sol 3 ( 4

dx dx
I= - d
'[\/16 - 0x? I\/(4)2 @

1 at
:72-[ 32 32
_ —_ t_f
(3 -(-3)
;.3
:%Sin1 4 +C:%Sin’1(4tf;3j C



Q.16 [ XL ax

\/xz +9

@ Thinking Process

First of all convert to the given integral into two parts, then by using formula ie,

——— —log|lx++/d’ + 22|+ C get the desired result.
R AR

Sol. Let ]\/ﬂ
x“+9
1
= dx — d
J‘q/x2+9 * '[Jx2+9 *
I=1I-1,
Now, J‘\/x7+
Put x>+ 9=t>= 2xdx =2tdt = xdx =tdt
L:sj?m
=3[at =3t + C, =3 + 9 + C,
1 1
d I = dx = d
o ? J-\/x2+9x J.\/x2+(3)2 )

=log|x + yx? + 9] + C,
I=3x?+9+C, —log|x + x® + 9| -
=3/x® + 9 -log|x + x®+ 9]+ C [+ C=C,

Q.17 jW/E’ —2x + x°dx

@ Thinking Process
First of all convert the given expression into 2 + a’ form, then use the formula ie,

.[1/38 + azdng

Sol. Let 1=

xm+§|og|x+m|+c

[ 5=ans Pan= [ 7 —2r 17 405

[ Jie = + @P = (&P + & o
x2_1m+2log|x—1+m\ +C
x2—1 5-2x + x° + 2log|x — 1+ m| +C

—C,l



Sol. Let

Put x° =t => 2xdx=dt = xdx = %dl‘

t-1
t+1

X+ a

: 2 —82 28

11
4 “17 22

:Z[Iog|x2 —1]—log|x? + 1|1+ C

@ Thinking Process

1 _1 1 x ,
Here, use dx=tan x+C and | ——dx=—Ilog——|+C to solve this
I1+93 J‘az—xz 2a gT—x
problem
Sol. Let I= ﬂx
- X
1 %2 1 %
2 2 2 2 5 5
= . T [-a® - b =(a+ b)a-b)
1-x7)(1+ x%)
1(1+x2)—1(1—x2)
-[2 3 5 dx
(1-x9)(1+ x°)
2
J‘ 5(1+x) _1 (1_x2)
1-x3)(1+ x?) 271 - 231 + x?)
1 12 1 12d:1-1log1+x+C— tan” x+C
2°1-x 271+ x 2 2
1 1+ x| 1
=log— - —tan'x +C [-C=C,+C,]

Q. 20 HZax — x%dx
Sol. Let I=[\2ax - x%dx = [~ (x* - 2axpx
=I\/— (x2 - 2ax + a° —aZ)dxzj\/mdx

= [Ja® - (x - afox

p— 2 p—
P82 (x—ap +a—sin’1[x aj+C
2 2 a

- 2 -
- 222 a2 + Sain (1224 c
a




QZIJ' sin™ x

(1 x )3/4
-
sin'x sin”'x
Sol. Let = dx
3/4 Iu N
Put sin'x =t = dx =dt
1- x2
and x =sint = 1-x% =cos’t
= cost =41 - x°

I-= ICOS dt = [t-sec? tdt

d
=t-|sec®tdt - || —t- seozto’t)dt
Joeotiar - [(G.f
=t tant - [1-tantd
=ttant + log|cost| + C [ ftanxdx = —log|cosx| + C]

\/13672+|og|1/1—x2|+c
- X

=sin'x-

Q.22 J- (cos5x + cos4x) dx
1-2cos3x

2008 ¥ cos®
cosb5x + Ccos 4x COS—5-C085

Sol. Let 1= x = dx
1-2cos3x 1_2(200823&_@
D -D
[ cosC +cosD = 2COSC h . cosC and cos2x =2cos’ x — 1}
Ox x 9x X
2003?-0085 2003?0035
3 - 4cos” — 4cos ?—3

Ox x 3x
2C0S— -COS—-COS—
2 2

- _j 2 gy {multiply and divide by cose’z—x}

4cos® 32—x - 3coss—x

2
Ox X 3x
2C0S— -COS—-COS— 3y X
= —I 2 %x 2 dx=— I2cos—~ cos—dadx
cos3- > 2 2

- —j{cos(?’; + g) + 003(32—36 - Q}dx

= —I(cost + COSx)dx
_[sian

+ sinx} +C

= —%sin2x —sinx + C



sin® x + cos® x
Q. 23[ dx
sin® xcos® x

@ Thinking Process
Use @ +b° =(a+b)(a* —ab+b*) and sec® x=1+ tan’ x cosec’x=1+ cot’ %, to solve
the above problem.

2.\3
sin® x + cos® x sin? x)® + (cos®x
Sol. Let 1= —j ) ( " e
sin® xcos? x sin? x -cos? x
J~(Sin x + cos? x)(sin® x — sin® xcos x+cos4x)d
= X
sin? x -cos® x
4 P2 2
sin® x cos* x sin® xcos?® x
I dx +J. 2 7% _.[ 2 5 _dx
sin® xcos? x sin® x -cos? x sin? x-cos®x

= jtan xdx + jcot2xdx - .[1dx
= I(seozx —1)dx + I(coseczx —1)dx —I1dx
= Iseczxdx + Icoseczxdx - SIdx

I=tanx —cotx —3x +C

a3 - x3
Sol. Let 1= ACI | Jx
aS _ x3 (83/2)2 (x3/2)2
Put P =t = Zx"dx =0t
f sm t ——+C
3/2

_2 ._1x3/2 _2 P x3

_Esm aSWJrC_ES'n a—3+C

COSX —CO0S2x
Q.25 j PR dx

@ Thinking Process

C+D
Apply the formula, cosC — cosD =2sin

-sin and cosx =1 —2sin2§ to solve
it.
23ir13—x-sinf
Sol. Let I:J-COSx—COSZxdx: 2 2 dx

1-cosx 1-142sin? ¥
2

C3x . x . 3x

sin—-sin— sin—

:2.[ 2 2C/x=J 2 dx
2 X X

2sin“ — sin—
2 2



3sin — 4sin® X~
= j2—xdx [+ sin3x = 3sinx — 4sin® x]
sin—
p)
= 3o - 4jsm 2 e = 3 dlx - 4jﬂdx
= SJ.dx - 2Idx + ZICOS x dx

:.[dx+2J.Cosxdx:x+2$inx+C:28inx+x+C

Q.26 =

x\/x‘* -1
d
Sol. Let I:J.x\/ﬁ

Put x% =sec 0= 0 =sec! x?
= 2x dx =sec0-tan 6 do
1 1
Jsece tane =fjde:fe+c
sec Otan 6 2 2

;
= Esec’1(x2) +C

Q. 27 jj (% +3)dx

@ Thinking Process
Jb f(x)dx:)]imoh[f(a)+ fla+h)+ ...+ fla+ (n=1)h}], where h:b;a—>0 as
a 3 n

n— oo -
Sol. Let I=[?+ 30
Here, a=0b=2 and h:b_a:2_0
n n
= h=2= nh=2 = f(x)=(x? + 3)
n
Now, I02 (x® + 3)dx = [ImA1f(0) + /(0 + )+ f(0+2h) + ...+ F{O+ (n = )}] i
—
f(0)=3
= fO+ h)=h? + 3 f(0+2h) = 4h® + 3=2°h° + 3
fFIO+(n—"Nhl=(>-2n+1Hh+3=(n-1°h+3
From Eq. (i),

joz (x® + 3)dx = lim h[3 + h? + 3+2°h° + 3+ 32h? + 3+ ...+ (n—1°h* + 3]
= limh[Bn+ A {1? + 22 + ...+ (n - 1?}]
h—0

= lim h{3n+ h? ((”_1)(2”‘2+1)(”‘1+)ﬂ [-.-ZnZZW
h—0 6 6

=limh [Bn + hz((nz—n)@n—ﬂﬂ
h—0 6

}



2
= lim h{Sn + %(QHS -n?-2n°+ n)}

h—0
. 2n%h® - 3n°h?-h + nh-h?
= |lim| 3nh+
h—0 6
— . 2. . 2 —_— 2
_ Iim|:3~2+2 8-322.h+2.h }: ”m[6+16 12h + 2h }
h—0 6 h—0 6
—6+E:6+§ %
6 3 3
2 X
Q. 28 jo e*dx
Sol. Let I:.[;ex dx
Here, a=0 and b=2
h:b—a
n
= nh=2 and f(x)=e"
Now, j e’dx = im Alf(0) + O+ h) + f(O+2h) + ...+ F{O+ (0~ 1) A}]

I= lim At + el +e? 4 . +elm
hyn nh
= lim hr(e”)q: lim h[eh 1]
o | et | o (ef — 1
2 —
= lim h[ 1]
h—0 —1

5 h . h . h
=e“ lim - — lim - = lim =1
h-0e"” =1 hrs0e —1 h—0e" —1

—e®-1=¢%-1

Evaluate the following questions.

Q29‘[e +e*

X

1 dx 1 e
. Let I= = dx
SO]. 0 ex +e—x ,[0 1+62x
Put e’ =t
= e’ dx =at
—j = [tan "t]§

=tan"'e — tan™"1

—tanle - =
4



/2 tanx
. 30 — == dx
Q IO 1+m?tan® x

2 tanx dx
SOL I—et I:J ﬁdx
0 1+ mtan“x
sinx
/2
:j cosx. —
0 5 Sin“x
T+ m*- 5
Ccos“ x
sinx
w2 Ccosx
:.[0 2 55 dx
cos“ x + m-sin“ x
cos?® x
2 sinxcosx dx
:I 5 75 dx
0 1-sinx +m sin“x
w2 sinxcosx
_-[ —2 dx
sin“x(1—m°%)
Put sin’x =t
= 2sinxcosx dx = dt

jo1—t1—

|
log|1—t(1—m )| 1m}

[
er-n
[

2 logm
log‘m| m2 T2 m -

Iog

Q.31 ax

Pl -1)2-x)
@ Thinking Process

. . . 1 .
First of all convert the given function into ﬁform then apply the formula ie,
a—x

j\/idx—5|n *ic
dx 2 ax
Sol. Let 1=f; NG cErl Jox—x? 2+ x

:J‘Z dx
V- (x?-3x+2)




_ LZ dx2 :
He-2-())
_ Lz dx _sint * —§

=[sin"'@x - 3)F =sin""1 —sin"'(-1)

_r.r [ sin” = 1and sin (- 0)=-sin 6}
2 2 2
=7
1 X
Q. 32 jo dx
1+x°
1 X
Sol. Let I=| ——adx
J.OJT + x°
Put T+ 2% =t?
= 2x dx = 2tdt
= x dx =tdt
1=jﬁ@
Tt
— 3% =2 -1

Q. 33 j: x sin xcos® x dx

@ Thinking Process
Here, use the property ie, I:f(x)dx: j; (a —x)dxand

sin (T — x) = sinX, cos(T — X) = cos x.

Sol. Let I= I:x sinxcos® x dx ()
and I= jg(n — x)sin(n — x)cos?(n — x)dx
= I= j:(n — x)sinxcos® x dx ()

On adding Egs. (i) and (i), we get
2l = f:nsinxcosz x dx

Put cosx =t
= —sinx dx =dt



As x — 0 thent —>1
and x — «, thent — -1

1 £3 -
zz—nj t2dt = I=—n|—
1 31

= o= T[4 1 = 21=2"
3 3
="
3
Q 34 J-1/2 dx
° 1+ x%)/1 - x?
1/2 dx
Sol. Let =t
J (14 221 - x?
Put x =sin0
= dx =cos0do

As x—0 then6—->0
and x—)l, then § — =~
2 6
/6 cos0 /6 1
I:Jo a2 de:J.o 12
(1+ sin e)cose 1+ sin“6
JT[/G
~Jo

_JH/B sec® 0
0 sec?0+ tan’0

de

cos? 0 (sec? 0 + tan’ 0)

_ J~rv6 sec® 0
0 1+ tan’0 + tan’@
_In/e sec? 9
0 1+2tan’0
Again, put tan 6 =t
= sec®0do =at

As 06— 0, thent -0
e 1
and® —-— thent - —
6 V3
B r/ﬁ at _1J-1/ﬁ at

0 1422 27 2
+ (ij +f2

N2
1/+/3

_i -1 1/+/3
—\E[tan ~2i)1y

=\%{tan1 %— 0}=\1Etan1( iJ



Long Answer Type Questions

Q.35 L
. — X
Ix4 —x2

-12

@ Thinking Process
. px+tq  _ A N
(x—a)(x—b) (x—a) x-b
get the value of A and B.

, where a#b , then compare the coefficient of x to

52
= _[ dx
—4x% + 3x° - 12
J- x%dx
x2(x® — 4)+ 3(x° - 4)

x2d
_I — 4)(x? +3)
2

X 2
Now, —_— letx” =t
(x? — 4)(x? +3) [ :
t A B
= = —+
t-4¢t+3) t-4 t+3
= t=At+3)+B({-4
On comparing the coefficient of t on both sides, we get
A+ B=1 ()
= 3A-4B=0 ... (i)
= 31-B)-4B=0
= 3-3B-4B=0
= 7B=3
3
= - =
7
IfBzg,thenA+§:1
7 7
= A=1—§:ﬂ
7 7
x? B 4 3
(x? = 4)(x®+3) 7(x®-4) 7(x*+3)
4 1 3 1
== dx + = o}
7j 2-27 x+7'[x2+(\/§)2 *
4 1 x -2 3 1 40X
=——o +--—=tan" —=+C
72294277 73 J3
_4 x_2+ﬁtan’1i+c
7 Clx+2l 7 J3




Q. 36] x” dx

(x? +a®)(x* +b?)

Sol. Let I= o dx
I(x2 +a%)(x? + b?)
2
Now, ud 5 5
(x? + a%)(x% + b?)
t __A , B
Tt+ad)t+bd) (+a) (+bd)
t=At+b%+ B(t +a°)
On comparing the coefficient of t, we get
A+B=1
b2A+a’B=0
= b?(1-B)+a°B=0
= b? - b?B+a°B=0
= b% + (@> -b%)B=0
-b? b?
- B:aZ—bzzbz—a2
b2
From Eq. (i), A+ PR =1
A b2 _aZ _ b2 _82
= = b2 _ 42 _b2—a2
2 2
—-a b 1
1= dx + dx
(b® —a®)(x® + &°) Ib2 a® x*+b?
2
-a 1 b? 1
= o’x dx
(b2—a2)'[x +a? b? '[x 24+ b2
K 2
= & e, — an' X
b —a“ a a b -a b

-a°
1
b
:%[—atan —+btan1x}
b —a b

2

_ 2[atan”——btan’1ﬂ
a“-b a b

Q.37 =
0 1+sinx

T X

Sol. Let I-= —dx
0 1+ sinx

and L
On adding Egs. (i) and (i), we get
n 1

2l=nf ———dx
01 +sinx

= —— . ax
0 1+ sin(t — x)

T T X
:j o
0 1+ sinx

3 TE.[T[ (1-sinx)dx
~ Yo (14 sinx)(1 - sinx)

llet x% =t]

(i)



= (1—sinx)dx
_ g {I=sinz)ox
0 cos“x
= n.[;[(sec2 x — tanx -sec x)dx
T[ 2 T[
= n_[osec xdx — n_[o sec x x-tanx dx
= nftanx]f — n[sec x

= qn[tanx — sec xi[
0
= n[tannt — sec n — tan0 — sec O]
= 2l =n[0+1-0+1]
21 =2n
I=mn

Q.38] 2x —1

dx
(x—(x +2)(x —3)

@ Thinking Process
px+q A B

= + + , then get the values of A, B and
(x-a)(x-b)(x—c) (x—a) (x-b) (x-0)

Apply

1
Cand useJ‘fdx:Iog|x| +C.
x

Sol. | ¢ [=[— @2l g
(x =1 x+2 -3)
2x — 1 A B C
Now, = + +
x-Nx+2)x-3) (-1 (x+2) (x-3)
= 2x —1=Ax +2)(x — 3)+ Blx —1)(x — 3)+ C(x — N)(x + 2)
Put x = 3, then
6-1=C(3-1)(B8+2)
= 5=10C = ng

Again, put x =1, then
2-1=A01+2)(1-13)

= 1=-6A = A:—1
6

Now, put x = -2, then
-4 -1=B(-2-1)(-2-3

= -5=15B = B=-
I:—lj ! O’x—l.[;dx+l_|. ! dx
6°x -1 3 x+2 2°x -3

:—%Iog|(x—1)| —%Iog|(x+2)|+%log|(x—3)|+c

Nl

W] =

—log| (x = 1)|"® —log| (x + 2)|"® + log]| (x - 3)|"? + C
Jx =3
=|Og ﬁ +C
(x=10)"x+2)




N 2
Q. 39 J‘eta“ e LA AT
1+ x°
1+x+xz)dx

1
I — etan x
J. [ 1+ x2

Sol. Let
X ]dx

tan~' x
=\e +
J. [1 +x? 1+«
tan~" x
-1 e
= .[etan “dx + fxizdx
1+ «x

(1)

I=1+1,
tan’1 x
NOW, 12 = J.xe42dx
T+ x
Put tan'x =t = x = tant
! dx =dt

=
1+ x°

I=[tant-e dt
I 1I
=tant el — J.sec2 t-eldt +C
[ sec®0 =1+ tan” 0]

=tant-¢e' —j(1 + tan’t)eldt + C
tan~'x

2o’x+C

I, =tant €' —_[(1 + x2)
1+ x
I, =tant €' - _[e‘&"r1 *dx + C
I= Je‘a”_1 *dx + tant-e' — .feta”f1 *dx + C

=tant-e' + C
1
=xe@ *4C

Q. 40 [sin™! [ dx
a+x

@ Thinking Process
First of all put x=tan’ © and convert the given expression into two parts, then use the

formulae for integration by part i, II- Idx= II Ildx— I (; II de) dx
x

dx

- X
I:j3|n1
a+x

Sol. Let
Put
x=atan’ 0

dx =2atan 6 sec® 0d 0

=
2
I={sin” Lﬂi@atan 0-sec20)d0
a+a tan“o

= 2a_|‘sin‘1 (tane}an 0-sec®0do
sec 0

= 2<’;1_"sin‘1 (sinB)tan -sec?6 do



= 2aj6- tan 0sec?0d 0
I I

= Za{e-jtan 0-sec’0do — J((%&Itan 0-sec’0 dej o’e}

Put tan 0 =t
= sec 0-tan 6-d6 =dt

:>_ftan 6 sec?6de :_[tdt

2
=abtan’ 6 — aj (sec?0 —1)do

=a0-tan°0—atan 0+ ad + C

= a{xtan‘1 \/g + tan™ \/;} +C
a a a
b 1+
Q.a1 [7 NI COS* gx

/3 (1 - cos x)°/2

2 2
:Za{e.tan G_J-tan eo’e}
2

w2 J1+cos x e

w8 (1-cos x)%/2

In/z J1+cosx d
= X
©3 (1=cos x)°,/1+ cosx

= ﬁ;dx— @] dx

M1 -cos?x) W sin’x

©
= , cosec’ x dx = [~cotx]3
T

=— [cotg—cot%}=—[o_%} :+%

Sol. Let

Alternate Method

12
2 X
I:In/z J1+ cos x g = [72 (2008 Ej ”

Let x =
W3 (] 5/2 o3 5/2
(1 - cos x) (2sin2f)
cos| * cos| ~
V2 fni2 2 12 )
- 4J§Jn/3 % ~ 2w "
sin5(—) sin5(—)
2 2
Put sin =t
2
= cos . 1dx =dt
2 2

= cosgdx =2dt



As «x —>£,thent —>1
3 2

and x—>g,thent —>i

N

2 3 dt T*“Tﬁ

= -
4%z (5 2| -5+ 1)
S D B
&) )
N2 2
1123
8 g 2

Note If we integrate the trigonometric function in different ways [using different identities]
then, we can get different answers.

Q. 42 Ie‘“ cos® xdx

Sol. Let I= _[e‘sx cos® x dx
II I

=cos® x_[e‘3x dx — j(j—xcoss xje‘“ dxjo’x

-3x —3x

- _[(— 3cos? x) sinx - ——dx

e
=cos® x-

-3
1 _ . _
= —50033 xe ¥ — Icoszxsmxe 3%l

1 _ . . _
=——cos’xe™® - j(1 ~ sin? x)sinx e *dx

1 _ . _ . N
= —50033 xeF - jsm x e %dx + J3|n3x e ¥dx
I II
—3x -3x

. e
3x - j3$|n2x003x~

dx

. B . e
- jsm x e 3%dx + sindx-

1 3
=——cos’xe
3
1 _ . _ 1. _ _
= —gcos3xe Sx _ _[smxe Sxdx — gsmsxe 8 4 _[(1 - cos? x)cosx e **dx

1 _ ) , 1 . _ _ _
I= —gcossxe Sx —fsmxe 8x —gsmaxe Sx 4 fcos x e %dx —fcos3xe ¥l
I II

—3x ) . e—Sx e—3x

2 = [cos® x + sin®x] — | sinx- - fcos x-——dx |+ Icos x e 3%y
3 -3 -3
a 1 1

2l = [cos®x + sin®x] + —sinx - — gfcos x-e %dx + 'fcos x e 3%
3 1 2

2 = [cos®x + sin®x] + gsinx e 4 gfcos x e 3%y



Now, let I, = [cos x e *dx
I 11

-3x e—Sx
— | (=sinx)- d
3 I( inx) 3 x

e
I, =cos x-

I - eosx-e%r -1 [ sinx-e
3 3

1 1 -3x e—Sx
=——cosx-e ¥ — —|sinx- —Icosx- dx
3 3 - -
1 1. 1
=-—cosx-e % + —sinx -e™3* — f_[cos x -6 %dx
3 9 9
1 1 .
I+ 91 =-—e %% .cosx + —sinx-e>*

(EJL = e cosx + Lsinx-e
9 3 9

- 1 .
I =—e % .cosx+—e *sinx
10 10

1 . 1
21 = —ge’s”“[sm3 x +cos’x]+ —sinx-e™¥ = %e’“ -COS x

+ ie’Sx -sinx + C
10

-3x

I= —1e‘3x[sin3x + cos® x] + 18 gor giny - 263 cosx + C
6 30 0

sin 3x = 3sinx — 4sin’ x

and cos3x = 4cos® x — 3cosx
e—Sx —3x
= [sin3x —cos3x] +
24

[sinx — 3cosx]+ C

Q.43 I tan x dx
Sol. Let 1= J‘Jtan x dx

Put tanx =t° = sec® xdx =2t at
2t
I=|t- at=2
I sec?x J.1+z‘4

-1
_I 1+t o




Put —t—;:du—( 1]

and v:t+1:>dv—[ 12)
t
adu av
I=
IUZ+(«@)2 IVz (V2)?
Ly g Vo2 +C
N2 NEE-NP) V+ A2
—itan" tanx — 1 . 1 o tanx — \/Ztanx+1|
V2 Jtanx o2 9 tanx+\/2tanx+1|
/2 dx
Q' 44I 2 .2 2 52 N2
0 (a“cos® x +b°sin” x)
Sol. Let Izzﬁiz dx

(@®cos®x + b?sin® x)?

Divide numerator and denominator by cos” x, we get

- In/z sec’x dx

S0 @ + bPtantx)
sz (1+ tan®x)sec’x dx

- (@ + b?tan® x)?

Put tanx =t
= sec’x dx =at
As x -0, thent -0
and x—)E,thent—mo I= f 1+t2 2
0@ +b
1+ ¢t2
Now, ——
(82 + b2 1‘2)2
1+u B A N B
@ + by (@ +b%) (@ + by
= 1+u=A@%>+b%u)+B
On comparing the coefficient of x and constant term on both sides, we get
a’A+ B=1
and b2A =1
’
A = biz
2
Now, Z—Z + B=1
B a® b’-a
- Top2 B
e (1+t7)
0 (@ + b%?)
1 [ dt bz-—azjw dt
2l pa? T T g2 do @24 22y

[let t2

=U]



— +
b2 70 bZ[ZZHQJ b? a® + b%?)
_ 1{@”1[%}}”  br-a EE.L)
ab® all, b? 4 &%
b? - a2

= %[tan’1 o —tan ' 0]+ —
a

_m +E.b2—az
2ab® 4 (a°h®)

. 2a° +b*-a’| n[a’+b”
- 43%p° IANEEE

Q. 45 I:xlog(l + 2x) dx

@ Thinking Process
Use formula for integration by part ie, [T-Tldx=1J de—_[(dd ] Idx} dx and also
x

useI =log|x|+C

Sol. Let I= .[; xlog(1+ 2x)d

Iog1+2x —j ! 2.5 gy
o 1+ 2x 2

X2
1+ 2x

1

— dx
2

[x?log(1 + 22)Ty - |

x
X 2 x
2 142x

7[1Iog3 0] - jo

1 1 ¢1 1 x
= 5log3— [(xdx + -
%9 Jox o 2I01+2xx

; 2x+1—1)
= log3--| | + 2
29 { } f Ty

’
ZEIOQS—E[E—O} fd .[01+2xdx

1 1 1
:§|0g3—z+Z[x]g—§[|09|(1+2x)|]2)
1 1 1 1
=—log3—-—+ — - —Jlog3 - log1
51093 -+ 8[ g g1l

1 1
=—log3 - —log3
2 d 8 g

3
=—log3
8 g



Q. 46 J: xlogsin x dx

@ Thinking Process

First of all use property of definite integral ie, I:f(x) dxzj.;f(a—x) dx, then use

jj flyde =2 f2) .
Sol. et I= jgxlogsinx dx
I= j;‘(n — x)logsin(r — x)dx
- j;‘(n — x)logsinx dx

21 = rc_[g logsinx dx

of = 2nj;”2 logsina dx [ joza fle) e =2 F(x) dx}
I= njg/z logsinx dx . (iv)
Now, I=n=n jg/zlogsin(n/Z —x)dx (V)
On adding Egs. (iv) and (v), we get
2l =n J.;r/z (logsinx + logcosx)dx
2l=n j;/Q logsinxcosx dx
n/22 -~ 28iNXCOSxX
=n fo Iogﬁdx
ol=n j;/z(logsin2x _log2) dx
oI=n j;‘/2|ogsin2x dx — j;‘/2|og2 dx
Put2x =t = dx =%O’t
As x — 0, thent -0
and x —>g ,thent > &
2
T (n . I
21 = — | logsint dt — —Ilog2
2 -[0 g 2 9
2
T [ . T
= 21 = > IologS|nx dx — ?|092
2
- °oI=1- %IogZ [from Eq. (iii)]

2 2
T s 1
I=-"log2=""log|~
2 99775 g(zj



Q. 47 j log(sin x + cosx) dx

Sol. Let I= j log(sinx + cosx)dx ()

I= I Iog {sm (— - % - x) + COS(% - % - xj}dx

= _[ log{sin(-x) + cos(—x)} dx

and 1= _[ log(cosx — sinx) dx (i)

From Egs. (i) and (ii),
4
21 = J:n/4|ogcos2x dx

21 = [" logcos2x dx (i)
[ f(x)dx = zjf if f(—x) = f(x)J
Put 2x =t = dx:%

As x — 0, thent -0

and x —>£,thent —>E
4 2

1 (w2 .
:5.[0 logcost dt .. (iv)
1 2 T
21=§j0 |ogoos(§—t)dt [ j f(x) dc j fla - x)dx}
1 (w2 )
= 217]0 logsint dx (V)

On adding Egs. (iv) and (v), we get
4 = 1 fﬁzlogsintcost at
2 Jo

N 1 jﬂ2|ogSi”2t ot

- 4 = % [ togsin2x oix - % [ 1og2

= 4] = % J:zlogsin(g - 2x) dx —1og2 . %

= 4] = % jjzlogcos2x dx — %IogZ

= 41 = [} logeos2x ox - Zlog2 [ [ ) ox=2 j:f(x)dx}
- 4I:21—glog2 [from Eq. (iii)]

i e 1
I=-—log2 =—log|—
Fo02 = 5o



Objective Type Questions

Q. 48 ICOS 2x —cos20 dx is equal to

cosx —cosO
(@) 2(sinx + xcos0) + C (b) 2(sinx —x cos 6 + C
(c)2(sinx + 2x cos0) + C (d)2(sinx —2x cos®) + C

@ Thinking Process
Use formula cos2©=2 cos’ 8 —1to get simplest form, then apply jcos xdx=sinx+C.
I Icos2x cos26 e
COsSx —COos0O

Sol. (@) Let

@cos?x —1-2cos?0 + 1)
:j dx
COSx —C0S0
_2J- (cosx + cos0) (cosx —cos0) o
(cosx — cos0)

= 2_[ (cosx + cos0)dx

=2(sinx + xcos0) + C

dx

.49 — - is equal to
sin(x — a)sin(x — b)
. sin(x — b) sin(x — a
(@) sin(b — a) Iogi +C (b) cosec(b — a)log—| + C
sin(x — a) sin(x — b)
(c) cosec(b — a) logM +C (d) sin(b — a) logM +C
sin(x — a) sin(x — b)
Sol. (c) Let N\ -[sm (x — a)sin(x — b)
1 sin(b — a)

_smw—aﬂgmx—@gmx—m
_ 1 jsin(x—a—x+b)
sin(b — a)” sin(x — a)sin(x — b)
_ 1 jsin{(x—a)—(x—b)}d
sin(b —a)’ sin(x — a)sin(x — b)
1 Isin(x —a)cos(x — b) —cos(x — a)sin(x — b)dx
sin(b — a) sin(x — a)sin(x — b)

X

X

[lcot(x - b) - cot(x - a)]dx

~sink - a)

)[Iog|sin(x - b)| —log|sin(x —a)|]+ C

“sinb -
sin(x - b)
sin(x — a)

+C

= cosec(b — a)log



Q. 50 tan™ Jx dx is equal to
@ (x+Ntan ' Vx —vx + C (b) xtan ' Vx —Jx + C
©+x —xtan'Jx + C d)Vx —(x+Ntan'Jx + C

@ Thinking Process
Use formula for integration by part i.e, [1-Tdx=1J IIdx—J(j /11 dx) dx.
x
Sol. (a) Let I=[1-tan"Vx dx

1 1 2
=1 _11/ . R —d
an Nwex 2'[(1+x)&x

1 2
= xtan‘1 X ——|——dx
zjﬁm x)

Put x =t°=dx=2tdt
I=xtaﬂ_1\/§—jt72dt
t(1+1t2)

2
:xtan’K/E—j ! 2 at

1+

1+
=xtan'Vx —Jx +tan't + C
=xtan 'Vx —+/x + tan 'Vx + C
=(x+ Dtan'"Vx —Jx + C

:xtan_1\/§—j(1— TIZJO’I

9
Q. 51 jx— dx is equal to

(4362+1)6
1 17 1 1\
a)—|4+—]| +C bf(4+—) +C
()Sx[ x2j O x’
1 5 11 -
©—0+47+C d)—|—5+4| +C
10x 10 \x
Sol. (@) L P P N S S
o et =|— =
° (4x% + 1)° * 12( e
X 4-"1‘72
X
B dx
_.[ 6
-2
Put 4+—2:t = —de:dt
X X
= isdxz—ldt
X

-5
=i[i}+C=i(4+ L] +C
10[t° 10 x°



Q. 52 If_[ dx :alog|1+x2|+btan*1x+110g|x+2|+c, then
(x +2) (x* +1) 5

(a)a:j,b:_—z (b)a:i, __2
10 5 10 5

(c)a:i,b:g (d)a:i,b:g
10 5 10 5

@ Thinking Process
1 A Bx+C

Use method of partial fraction ie., = +
fpartialf (x—a) (& +bx+c¢) (x—a) (&+bx+c)

to solve the above problem.

dx 1
. (c) Giventhat, | ——————=alog[1+ x| + btan 'x + —log|x + 2| + C
Sol. () J(x+2)(x2+1) g+« x+ Zlog|x +2
o [
(x+2)(x°+1)
1 A Bx +C

= +
x+2)x%+1) x+2  x%+1

= 1= A2+ 1)+ (Bx + C)(x + 2)
= 1= Ax® + A+ Bx® + 2Bx + Cx + 2C
= 1=(A+ Bx® + 2B+ C)x+ A+ 2C
= A+B=0A+2C=12B+C=0
Wehave,A:l,Bz—landC=g
5 5 5
1.’JC+
1p 1 5t T
J dxz :*J‘ x f52 2 dx
(x+2)(x=+1) 5 x+2 +1
17 1 10 «x 1¢ 2
== dx — — dx + — d
5J‘x+2x 5'[1+x2x 5'[1+x2x
= 1|og|x +2| - iIog|1 + %% + 2tanx + C
5 10 5
b:ganda:_—1
5 10
x3
Q.53 j 1s equal to
x+1
2 3 2 3
X X X X
@x+—+"——logll-x|+C b)yx+——-"—-log—x|+C
-+ ~logl—x| S~ ~logli—x|
2 3 2 3
X X X X
() ———-"— log|t+ x|+ C (dyx—"—+"=——log[l+ x| +C
73 sl =l S+ ~logli+ x|
Sol. (@) Let I={-*—ox
x+ 1
= (@x?—x+1)- LI PN
(x+1)
xS 2

:——x—+x—log|x+1|+c
3 2



Q54j

x+sinx , .
dx is equal to

1+cosx
(@ log[1+ cosx|+ C (b) log| x + sinx| + C
(c)x—tan£+C (d)x~tan§+C
Sol. (@) Let J-x+smx
1+cosx
:J' J sinx »
+cosx 1+ cosx
:I 3; i 4 J-2S|nx/2zoosx/2 die
2c0s°x /2 2cos“x /2
:%_[xseczx/de+ Itanx/2dx
:1[x-tanx/2-2—_[tan£~2dx}+jtanfo’
2 2 2
:x~tan£+c
2
x>dx 213/2 2
Q.551f === —q(1+x%)%2+by1+x% +C, then
1/1+x2
1 -1
(@a=—b=1 (bya=—,b=1
3 3
(c)a—_—1 =-1 (d)a—lb——1
3’ 3’
3

Q56j

1= X dx:J xr X dx
1+ x° 1+ x°
Put 1+ x2 =t
= 2x dx =2t dt
3
—-t+C
t
:%(1+x2)3/2—\l1+x2 +C
=1andb:—1
3
n/4
is equal to
n/4 1+ cos2x
(@1 (b) 2 (©3 (d) 4
(4 dx _J-n/4 dx
-n/41+ cos2x -7/42¢0s? x

Sol. (a) Let

1¢n/a

n/4
sec?x dx :f sec?x dx = [tan x
2J-n/4 0

X

]ﬂ’/4

1



Q.57 j;/21/1 —sin2x dx is equal to

(@242

(b)2 (2 +1)
(€2 d2K2 -1
Sol. (d) Let I= jg“[m ~sin2x dx

- L:M,/(cosac —sinx)? dx + J.://f\/(sinx —cosx)? dx

= [sinx + cosx]i'* + [-cosx — sinx]™/?
1 1 1 1

L A R U
NN ! ( NN j

=22 -2 =2(/2 - 1)

n/4 ; .
Q.58 IO cos xe®" *dx is equal to

@e+1 (b) e -1 (c) e (d)—e

Sol. (b) Let

Put sinx =t = cosx dx =dt
As x —>0thent -0

andx - n/2,then t —>1

1= j;efdr — ')

2 -
I= .[0 cosx e*"*dx

=e' —e’=e -1

Q.59 j X3 e“dx is equal to
(o +4)?

(a)ex( ! J+C (b)ex[ ! ]+C
x+ 4 x+4
x 1 2 1
() e [ ]+C d)e [ ]+C
x—4 x—4

Sol. (a) Let Izj erSe"d

= ex[ ! - ! de
(x+4) (x+ 47

=e’“[ 1 J +C [ Je™{fx) + ')} o =e*f(x) + C]
x+4




Fillers

60 If de=" thena=......... .
Q.601f [ ——
1+ 4x° 8

CletI=[——dx=
Sol I01+4x2 8

Now, e
4[7+x2j
4
1
=—tan"'2a-0=n/8
2
1 1 T
—tan”" 2a=—
8
= tan"'2a=mn/4

2a=1
a=—

U
N

sin x
Q. 61 j dx = ceverene. .
3+4cos’ x
Sol. Let I:J-Side
3+ 4cos®x
Put cosx =t = —smxdx dt
I= =__
'[3+ 41‘2 I( j ,
+t
2
1 2 o
=-—.—tan +C
4 43 J3
1 _1[2cosx
=-——=tan +C
243 [ J3 ]
T . .
Q. 62 The value ofJ. sin® xcos® x dx is ......... .
—T

Sol. We have, x) = E{sins xcos® x dx
—x) = ["sin®(-2) - cos?(~x) dix
= —f(x)

Since, f(x)is an odd function.
f sin® xcos® x dx = 0





