Chapter 4 Determinants

EXERCISE 4.1
Question 1:
2 4
Evaluate the determinant [~5 —!
2 4
-5
Let -5 -1
Hence,
2. %
-5
-5 -1
~2(-1)-4(-5)
=-2420
=18
Question 2:

Evaluate the determinants:

cosf@ —sinf

(i) Isinf cos®

X —x+1 x-1

(ii) x+1 x+1

(1)
cos® —sinf =(cos8)(cos)—(~sin@)(sin @)

sinf cosf
=cos’ @ +sin’ 0
=1

(i1)

Fri-sgpup] e

=(x2—x+])(x+l)—(x—l)(x+l)

=x -t +x+x —.chrl—(x2 —l)

x+1 x+1

=x*+1-x% +1

=x’—x*+2
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Question 3:

1 2
A=
If L 2} , then show that ‘2A| = 4|A|

1 2
el
The given matrix is 4 2

Therefore,
2,4:2[1 2J
4 2
2 4
:{8 4]
Hence,
LHS =24
2 4
]
=2x4-4x8
=8-32
=-24
Now,
|A\=:1 \=1x2—2x4
=2-8
=6
Therefore,
RHS = 4|4
=4(-6)
=-24

Thus, |2A‘ :4|A‘ proved.
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Question 4:

1 0 1
A=[{0 1 2
If 0 0 4) then show that [34/=27|4
1 0 1
A=|0 1 2
The given matrix is 0 0 4

It can be observed that in the first column, two entries are zero. Thus, we expand along the

first column (C]) for easier calculation.

12 o 1] o1
|4]=1 -0 +0
0 4 | 1 2
=1(4-0)-0+0
=4
Therefore,
27|4] =274
=108 (1)
Now,
1 0 1 30 3
34=3|0 1 2|=[0 3 6
0 0 4/ 10 0 12
Therefore,

012 o 12 ]3 6
~3(36-0)

=36(36)

108 (2)

|3A|:3‘3 6’_0‘0 3| 0‘0 3‘

From equations (1) and (2),
34| =27]4|

Thus, 34|=27|4] proved.
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Question 5:
Evaluate the determinants

3 -1 -2
0o 0 -1
@) 3 -5 0
3 4 5
1 1 -2
(ii) 2 3 1
o 1 2
-1 0 3
(i) 72 3 0
2 -1 =2
0 2 -1
(iv) 3 -5 0
3 -1 =2
A=10 0 -1

(i) Let P =5 0
It can be observed that in the second row, two entries are zero. Thus, we expand along
the second row for easier calculation.

Hence,
-1 =2 3 =2 3 -1
|4=-0 o ~(-1)
-5 0 3 0 3 -5
=(-15+3)
=—12
3 4 5
A=l 1 =2
(i) Let 2 3 1
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1 =2 |1 =2 _|1 1
4] =3 +4 +5
‘3 1 2 1 ‘2 3‘
=3(1+6)+4(1+4)+5(3-2)
=3(7)+4(5)+5(1)
=21+20+5
=46
0 1 2
A=|-1 0 -3
(iii) Let [2 3 0
Hence,
= L} o -1
|A|=00 3—] 3+2 9
300 |2 0 -2 3
=0-1(0-6)+2(-3-0)
=-1(-6) +2(-3)
=6-6=0
2 -1 -2
A=0 2 -1
(iv) Let 3 = 0
Hence,
e | Y S, -, g =
|A\=2‘ ‘- ‘ +3
-5 0 50 2
=2(0-5)=0+3(1+4)
=-10+15=5
Question 6:
1 1 =2
A=2 1 =3
it \5 4 -9) find 4
1 1 =2
A=[2 1 =3
Let 5 4 -9
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|4]=1 -1

1 -3 |2 -3 F I
=7

4 -9 5 -9 "|5 4

=1(-9+12)-1(~18+15)-2(8-5)

=1(3)-1(-3)-2(3)

=3+3-6
=0
Question 7:
Find the values of x, if
2 4] [2x
i 5 1| |6
2 X
(i) 4 5 |2x
2 4/ [2x 4
(i) ’5 1‘= 6 x
Therefore,
= 2x1-5x4=2xxx—-6x4
=2-20=2x"-24
=% =6
=x'=3
:>x=i\/§
2 3 |& 3
(ii) ’4 5‘=2x 5‘
Therefore,
= 2%x5-3x4=x%x5-3x2x
=10-12=5x—-6x
= -2=-x
=ax=2
Question 8:
x 2/ |6 2
If 18 x| [I8 6| the x is equal to
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(A) 6 (B) 16
x 20 [6 2

18 x| [18 6
Therefore,

=x'-36=36-36
=x'-36=0
= x’ =36

= x=+16

Thus, the correct option is B.

(€) -6

(D) 0
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EXERCISE 4.2

Question 1:
Using the property of determinants and without expanding, prove that:
X 4a x+a

y b y+b=0

2 ¢ 2te

X a x+da

A=y b y+b

Z ¢ Ehe

X a x| |x a a
=y b yl+ly b b

z e z [z & e

Here, two columns of each determinant are identical.

Hence,
A=0+0

Question 2:

Using the property of determinants and without expanding, prove that:
a=-b b—c c-a

b—c c¢c—a a-bl=0

c—a a—b b—e

a-b b-c c—a

A=lb—¢c c¢c—a a-b

c—a a-b b-c

a=c b-a c—=b

b-c c—a a-b Uﬁ—)&4d§]
~(ac) ~(b-a) ~(c-b)

a-c b—a c¢-b

I

=lb—c c¢c—a a-b
a-c¢ b—-a c¢-b
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Here, the two rows & and & are identical.

Hence, A=0
Question 3:
Using the property of determinants and without expanding, prove that:

2 7 65

3 8 75|=0
5 9 86
2 7 65
A=|3 8 75
5 9 86
2 7 63+2
=3 8 72+3
5 9 BI+5
2 7 63 2 7 2
=13 8 72|+3 8 3
5 9 81 |5 9 5
2 7 9(7)
=3 8 9(8) +0 [ Two columns are identical |
5 8 909)
2.7 7
=913 8 8
> 9 9
=0 [* Two columns are identical |
Question 4:
Using the property of determinants and without expanding, prove that:
I be a(b+c)
1 ca b (c + a) =0

I ab c(a+b)
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1 be a(b+c)

A=|l ca b(c+a)

1 ab c(a—+b)

1 be ab+bc+ca

=l eca ab+bc+ca K%—%C}+CJ

1 ab ab+bc+ca

Here, the two columns G and G are proportional.
Hence, A=0

Question 5:

Using the property of determinants and without expanding, prove that:

b+c qg+r y+:z a p x
cta r+p z+x|=2b g vy
a+b p+q x+y ¢ r oz

b+c qg+r y+:z
A=lc+ta r+p z+x
a+tb p+qg x+y
b+tc g+r y+z| |b+tec g+r y+z
=lc+a r+p z+x|+lcta r+p z+x
a P x b q y

Now,
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b+c q+r y+z
A =lc+a r+p z+x
a P x

b+c q+r yv+z

=| ¢ r z [RZH&MR_,,}
a P X
b g vy
=l¢c r z [R]—>RI—R2]
a p x

P X
z(-l)2 b q v
r oz

a p x
A=lb g y [R <R, and R, <> R,]
[ Z
b+c q+r y+z
A,=lc+a r+p z+x
b q vy
& r z
Ay=lc+ta r+p z+x [R1—>R1—R3]
b q y
¢ r g
A=la p «x [R, > R,—R]
b g y
a p x
AZ:(—I)Zb q y
C F Z
a p x
=b g y [R © R, and R, < R;]
c r z

From (1):(2) and (3), we have
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b+c g+r y+z a p x
c+a r+p z+x|=2b g vy

Hence, [4t0 ptq x+y |c 7 Z| proved.

Question 6:

Using the property of determinants and without expanding, prove that:

0 a -b
—a 0 —c|=0
b ¢ 0
0 a -b
A=|-a 0 -c
b ¢ 0
0 ac -bc
L I [R —c¢R]
< b ¢ 0
ab ac 0
a0 [R >R —bR,]
I 0
b ¢ 0
:E—a 0 —c
: b ¢ 0

Here, the two rows & and & are identical.

Hence, A=0
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Question 7:
Using the property of determinants and without expanding, prove that:

-

—-a ab ac
ba —b> bcl|=4a’b

ca ¢b -

A=|ba -b* bc

ca c¢b —c¢

-a b ¢
=abcla -b ¢ [Taking out factors a, b, ¢ from R, R, R, |
a b -
-1 1 1
=a’h* 1 -1 1 [Takjng out factors a. b,c from C|,C,, CS]
1 1 -1
1011
=a’h’c*|0 0 2 [R, >R, +R and R, > R, +R |
0 0
=a’b’c’ (—1) v 2
2 0

=—a’b’c* (0-4)

=4a’b’c?
Question 8:
By using properties of determinants show that:
I & &
1 b b :(amb)(b-c)(c—a)
G I e c*
1 1
a b c|=(a-b)(b—c)(c—a)(a+tb+c)
(ii) a b
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A=|0 b-c b*-¢° [R1—>R1—R3 andR2—>R2—R3]
1 c e’
0 -1 —-a-c
=(c—a)(b—c)0 1 b+c
1 ¢ c?
0 0 —a+b
=(b—c)(c—a)01 b+e [R1—>R1+R2]
1 ¢ c*
0 0 -1
=(a—b)(b—c)(c—a)0 1 b+c
1 ¢ ¢
~(a-b)(b-c)(e-a)|,
=(a-b)(b-c)(c—a)
1 a o
1 b b z(a—b)(b—c,)(c—a)
Hence, |! € ¢’ proved.
1 1 1
A=la b ¢
(i) Let & b0 ¢
0 0 1
A=|la-c¢ b-c ¢ [C_—a(]—(} and Cz—a-(‘ﬁ—C;]
a-¢ - 7
0 0 |
= a—c b-c ¢
(a—c)(az—kac—kcz) (b—c)(bljtchrcl) ¢’

0 0 1
=(c-a)(b-c) -1 | ¢
—(a3+ac+cz] (b3+bc+c3) o

Applying € = G +C;
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A=(c-a)(b-c)

=(b-c)(c—a)(a-b) 0 1 ¢

—(a+b+c) (b2+bc+cz) ¢l

0 0 |

=(a-b)(b-c)(c—a)(a+b+c) 0 1 c

1 1
a b

Question 9:
By using properties of determinants show that:

2

I

x° yz
2y

x x° yz
A=y y° zx

(a—b)(b—c)(c—a)(a+b+c)(—l)‘? ;

(a=b)(b—c)(c—a)(a+b+c)

-1 (b2 +bc+cg) ¢

1
03 =(a-b)(b—c)(c—a)(a+b+e)

3 3
Hence, |4 b ¢

proved.

zx| = (x-y)(y—z)(z-x)(xy+yz+zx)
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2
X X vz

A=ly-x ¥y -x* =zx—yz [R, >R,—R and R, > R,—R|]

2 2
Z—x z'-x xy—yz

2
X X yz

=-(x=y) —(x=y)x+y) z(x—y)

(Z—)C) (Z—)C)(Z+)C) —y(Z—)C)

x X yz
:(xfy)(zfx)fl —X—¥ z
1 (z+x) -y
x x vz
A=(x=-y)(z-x)|-1 —x—y = [R, >R+ R)]
0 z—y z—y
x Xt yz
=(x-y)z-x)z-y)F1 —=x-y =z
0 1 1
=[(xy>(zx>(zy)]{(1>xl A fy]

= (=) (e (=) (e 2)+ (o g )
=—(x—p)(z-x)(z—y)(xy+ yz + 2x)
=(x=y)(y—2)(z—x)(xy+ yz+ 2x)

2

X X yz
y ¥ o= =(x—y)(y—z)(z—x)(xy+_1fz+zx)
Hence, |7 # Y proved.
Question 10:

By using properties of determinants show that:
x+4 2x 2x
2x  x+4 2x =(53c+4)(4—,\r)2

) 2x 2x x+4

Vv yv+k y =,~’c2(3y+k)
Gi) | ¥ y y+k
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Solution:
x+4 2x 2x

A=|2x x+4 2x
(i) 2x 2x  x+4
5x+4 5x+4 Sx+4
A=| 2x x+4 2x [R, =R +R, +R,]
2x 2x x+4
1 1 1
= (5x +4) 2x x+4 2x
2x 2x «x+4
1 0 0
:(5x+4) 2x —x+4 0 [C2—>C2 -C,and C, =»C, —C]]
2% 0 -x+4

1 0 0

=(5x+4)(4-x)(4-x)2x 1 0

2x 0 1
1 U‘

=(5x+4)(4-x)’ e 1

=(5x+4)(4-x)’

x+4 2x 2x
2x  x+4  2x |=(5x+4)(4-x)
Hence, | 2  2x x+4 proved.
y+k y y
A=l v y+k y
(ii) y y y+k
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3v+k 3y+k 3y+k

A=| ¥y
Jx‘

=(3y+k)|y
y ¥y y+k
1

=(3y+k)

y+k y
y v+
1
y+k

[a—

0 0
0
0 %
1 0 0

b

=k’ (By+k)ly 1 0

y 01

Expanding along C;

k
1
y

s 1
A=k"(3 k
(3y+ )y ;
=k (3y+k)
y+k y y
Vv y+k ¥ :kz(
Hence, | Y y y+k

Question 11:
By using properties of determinants show that:

(ii)

(1)

[R >R +R,+R,]

[C,>C,-C and C, > C,-C]

3y+k)

proved.

2b :(a+b+c)3

a—-b-c 2a 2a
2b b—c—a
2¢ 2¢ c—a—>b
x+y+2z X y
z Pz 2% ¥
z % z+x+2y
a—-b-c 2a 2a
A=| 2b b—c—a 2b
2c 2¢ c—a—-b

=2().:+y+z)3
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a+b+c¢ a+b+c a+b+c
A=| 2b  b-c—a  2b [R, > R +R,+R]
2¢ 2¢ c—a-b
1 1 1
=(a+b+c)2b b-—c—a 2b
2¢ 2¢ c—a-b

1 0 0
=(a+b+c)2b —(a+b+c) 0 [C2—>C2—C1 andC3—>C3—C1]
2c 0 —(a+b+c)
1 0 0
=(a+b+c)2b -1 0
2¢ 0 -1
=(a+b+c) (-1)(-1)
=(a+b+c)3

Hence, proved.

x+y+2z X ¥
A= z y+z+2x h%
(ii) z X z+x+2y
2(x+y+z) x y
A=2(x+y+z) y+z+2x B% [C1—>C1+C2+C3]
2(x+y+z) x z+x+2y
1 X y
=2(x+y+z)l y+z4+2x y
1 x z4+x+2y
1 x y
=2(x+y+z)0 x+y+z 0 [R2 >R, -R andR3—>R3—R1]
0 0 x+y+z

Hence, proved.
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Question 12:

By using properties of determinants show that:

2

] x X
x 1 x=(]—x3)2
x x 1
1 x x°
A=lx¥* 1 «x
x xt 1
l+x+x l+x+x> l+x+x
=l x° ] x
X x’ 1
1 1 1
=(l+x+x2)x2 1 x
x x 1
1 0 0
Az(lererZ).\c1 l—xF At
x xP—x 1-x
1 0 0
A=(1+x+:xcz)(l—x)(1—3c)Jc2 l+x x
x —x 1
1 0 0
:(l—x:')(l—.ac)x2 l+x x
X -x 1
Expanding along &
. l+x x
A=(1-x")(1-x)(1
(=) a-x))|

Hence, proved.

[R, > R +R, +R,]

C,>C,-C, andC, »>C,-C
2 2 1 3 3 1
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Question 13:
By using properties of determinants show that:

lqh =5 2ab —2b
2ab i, 2a = (] Y, )J
2h B l—a*—5°
1+a*=b° 2ab -2b
A= 2ab l—a*+b° 2a
2h —2a |
1+a +h* 0 —b(1+a2+b2)
= o0 l+a*+b6*  a(l+d*+b%) [R,— R +BR, and R, — R, —aR,]
2h —2a |
1 0 -b
=(1+a2+b2) 0 1 a

2

2

={1+a* +4* 1+a2+b2)

et |
=(1+a*+8*) [1-a* ~b* +24° — b(~20)]
( )

I

( 1+a®+4?
Hence, proved.

Question 14:
By using properties of determinants show that:

a%+] ab ac
ab b +1 be |=1+a*+b* +¢?

ca ch el

at+1 ab ac
A=| ab b'+1 bc

ca ch e +1

Taking out common factors @.b.¢ from R Ry, Ry respectively,
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.c1f+l b c
a
1
A=abc| a b+ — c
b
a b c+—
c
af+l b ¢
a
1 1
=abc| —— B 0 [R, >R,—R and R, > R, - R |
a
1,1
a c

—abox—| -1 1 0 [C, = aC,.C, — BC, and C, — ¢C, |

abe
-1 0 1
a*+1 B ¢
=| -1 1 0
-1 0 1
pr ot a+1 b
=-—1 +1
1 0 -1 1

=—1(—cz)+(a2+1+ bz)
=l+a +b" +¢°

Hence, proved.

Let 4 be a square matrix of order 3x3, then |kA‘ is equal to:

A) k|4 B) ¥’ |4 ) |4 (D) 3k
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ka, kb, ke,
kA=|ka, kb, ke,
ka, kb, kc,
ka, kb ke,
|ch‘ =lka, kb, kc,

ka, kb, Ikc,

Taking out common factors £ from each row

a b ¢
|kA ‘ =Fl b g
a, b, ¢

P4

The correct option is C.

Question 16:

Which of the following is correct?

(A) Determinant is a square matrix.

(B) Determinant is a number associated to a matrix.

(C) Determinant is a number associated to a square matrix.
(D) None of the above.

We know that to every square matrix, A= [aff] of order n, we can associate a number called

. .yIh
the determinant of square matrix 4, where % = (i:7)" element of 4.
Thus, the determinant is a number associated to a square matrix.

Hence, the correct option is C.
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EXERCISE 4.3

Question 1:
Find area of the triangle with vertices at the point given in each of the following:

) (10),(6,0),(4.3)
Giy (2.7).(L1),(10.8)
i) (-2-3):(3.2),(-1.-8)

(1) The area of the triangle with vertices (1.0),(6.0).(4.3)
1 0 1

A=16 0 1
2
4 3 1

:%[1(0—3)—0(6—4)“(18—0)]

1
_5[—3+18]
:_1[15]

2
15
)

is given by the relation,

15
Hence, area of the triangle is 2 square units.

(i1) The area of the triangle with vertices (2,7),(1.1),(10,8) i given by the relation,
2 71
A= | 111
: 10 8 1

=%[2(1—8)—7(1—10)“(8"0)]

. %[2(_7)—7(—9)“(—2)]

:%[—14+63*2]

1
=§[47]
_4

2
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47
Hence, area of the triangle is 2 square units.

(ii1)) The area of the triangle with vertices (-2.-3),(3.2).(-1.-8) s given by the relation,

2
A=—[3 2 1
=] =% 1

g %[—2(2+8)+3(3+I)+1(—24+2)}

:%[~2(IO)+3(4)+1(—22)]
—~[-20+12-22]

1
=-——|30

1 [30]
=-15

Hence, area of the triangle is 15 square units.

Question 2:

Show that the points A(a,b+c),B(b.c+a).C(c,a+b) zre collinear.

The area of the triangle with vertices 4(@:7+¢),B(b.c+a),C(c,a+b) is oiven by the absolute
value of the relation:
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la b+c 1
A=lb c+a 1
2

¢ a+b 1
a b+c 1
:%b—a a-b 0O [R2—>R3—R1 alldR3—>H3—Rl]

c—a a—-c 0

bl
o~
4
L]
—

:%(ahb)(c—a) -1 1 0
1 -1 O

a b+c 1
=%(a—b)(c—a) -1 1 0 [R, >R, +R,]
0 0 0

Thus, the area of the triangle formed by points is zero.

Hence, the points are collinear.

Question 3:
Find values of £ if area of triangle is 4 square units and vertices are:

() (£0).(4,0).(0,2)
(i) (=2.0).(0.4).(0.k)

We know that the area of a triangle whose vertices are (x:21):(:23:) and (%5:33) is the

absolute value of the determinant (2) , Where
ALY 1
A=—|x, T
R Ya
X, oy 1

It is given that the area of triangle is 4 square units.
Hence, A=14

(i) The area of the triangle with vertices (£.0).(4,0).(0,2) jg given by the relation,
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1
1
1

= = =
| S e J e

1

2

k(0-2)-0(4-0)+1(8-0)]

1
=—[-2k+8

=—k+4

Therefore, —k +4 =+4

When —k+4=-4
Then &k =8

When —k+4=4
Then £=0

Hence, £=0.8

(i1) The area of the triangle with vertices (=2.0).(0.4).(0.k) i given by the relation,
-2 0 1

Azl 0 4 1
0 k l‘
|

=—[=h{4-

2(a-1)]
=k-4

Therefore, —k+4=+4

When k-4=4
Then £ =38

When k—4=-4
Then £=0

Hence, £=0.8
Question 4:

(i)  Find equation of line joining (1.2) and (3.6) using determinants.

(i)  Find equation of line joining (3.1) and (9:3) using determinants.
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(1) Let P(x.) be any point on the line joining points A(1.2) anq B(3.6).
Then, the points 4,8 and P are collinear.

Hence, the area of triangle 48P will be zero.
Therefore,

1 21
313 6 1=0
2

x y

:%[I(ﬁ—y)—Z(S—x)+l(3y—6x)]:0
=6-y—6+2x+3y—-6x=0
—2y—4x=0

= y=2

Thus, the equation of the line joining the given points is ¥ =2x .

(i) Let P(x.) be any point on the line joining points A(3,1) anq B(9:3).
Then, the points 4.B and P are collinear.

Hence, the area of triangle 4BP will be zero.
Therefore,

311

:>l9 3 11=0
2
x y 1

:>%(3(3—_1.s)—'|(9—x)+|(9y—3xﬂ=0

=9-3y-9%x+9y-3x=0
=6y-2x=0
=>x—3y=0

Thus, the equation of the line joining the given points is x =3y =0

Question 5:

If area of the triangle is 35 square units with vertices(2:76).(5.4).(k.4) Then £ is
(A) 12 (B) 2 (C) —12,-2 (D) 12,-2

The area of the triangle with vertices (2,-6),(5.4).(k.4) s given by the relation,
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3]

-6 1
1
1

A= 4
4

b | =

K
=%{2(4—4)+6(5—k}+ﬂ20—4kﬂ

:1[30—6k+20—4k]
2

1
._5[50—10;{]
=25-5k

It is given that the area of the triangle is 35 square units
Hence, A=135.

Therefore,
=25-5k =435
= 5(5-k)=1%35
=5-k=47

When, 5-k=-7
Then, k=12

When, 5-k=7
Then, k=-2

Hence, k=12,-2

Thus, the correct option is D.
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EXERCISE 4.4

Question 1:

Write Minors and Cofactors of the elements of following determinants:
2 4

(i) 0 3
a ¢

() b d

0 3

(1) The given determinant is

Minor of element % is M.
M, = minor of element % =3
M, =minor of element %> =0
M, =minor of element % =4

M., =minor of element % =2

Cofactor of % is 4 =(=1)"" M,

a c

b d

(i1)) The given determinant is

Minor of element % is M.

M, = minor of element % =9
M., =minor of element %2 =0
M, =minor of element % =¢

M 5, =minor of element %» =4

Cofactor of % is 4y :(‘])f "M i
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4, =(-1)" M, =(-1)’(d)=d
A, =(-1)" M, =(-1) (6)=-b
Ay =(-1Y" My, =(-1)' (¢)=—¢
Ay =(-1) :

Question 2:

Write Minors and Cofactors of the elements of following determinants:

1 0 0
01 0
@) 0 0 1
1 0 4
3 5 -1
(ii) 01 2
1 0
0 1
(i) The given determinant is 00
Minor of element % is M.
‘1
. a, =
M, = minor of element 0
0
. ap =
M, =minor of element 0
0
a; =
M 3 =minor of element 0
0
. a, =
M, =minor of element 0
B 1
M, =minor of element |0
‘1
a, =
M 5 = minor of element 0

- O

o O
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(i)

M = a3 =
31 =minor of element

dy = ‘
M, = minor of element

My =minor of element

The given determinant is
Minor of element % is M.
M|, = minor of element
M., =minor of element
M,; =minor of element
M, =minor of element

M, = minor of element
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M »; = minor of element 0
0
ay =
M, =minor of element 5
1
a3y =
M, = minor of element 3
‘1
o a3 =
M, =minor of element 3
i+f
Cofactor of % is 4y =(=1)"M

Question 3:

Using Cofactors of elements of second row, evaluate

The given determinant is

M, = minor of element
4, =(_])2+I M,, =(_1)3 (_

i

A

5
2
1

3
0
2

b = o0
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5 8
au:‘ ‘=15—8=7
M 5, =minor of element 1 3
242 4
Ay, :(_1) M,, :(_1) (7] =7
5 3
Aoy =‘ =7
M »; = minor of element 1 2

Ay :(—])2+3 M, = (_1)5 (7) =

We know that A is equal to the sum of the product of the elements of the second row with
their corresponding cofactors.

Therefore,
A= ay Ay + ay Ay +ay Ay
=2(7)+0(7)+1(-7)
=14-7
=7
Question 4:
1 x yz
A=l y =zx
Using Cofactors of elements of third column, evaluate 1z w

I x yz
1 y zx
The given determinant is 1z xp
Therefore,
1y
Mis = =z—y
1 z
1 x
AMB - ] =Z2—X
1 x
M33 - = )’ e
1y
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We know that A is equal to the sum of the product of the elements of the third column with
their corresponding cofactors.

Therefore,
A=apd, +aydy +apdy,

=yz(z—y)+zx(x-z)+xp(y-x)
=yt —ylz+xlz—xz +xpt —xy

(xzz ~yzz)+(y;:2 —-xzz)—lr(xyz -xzy)
=z(x'2—y2)+zz(y—x]+xy(y—x]
=z(x—y)(x+y)+z2*(y—x)+xy(y—x)
x—y)[zx+zy—zz—xy:[
x-y)[z(x»—z)-i-y(z—-x)]
)(z=x)[-z+y]

=
|
A

Hence,
A=(x=y)(y=2)(z5%)

Question 5:

ay 3

12

a
Azazl dy Oy
a

If 4
A. audy ta,dy, +a4;,

»  @3and “is the cofactor of % , then the value of Ais given by:

B. and, +andy, a4,
C. A, +and, +and;,
D. @A, +aydy, +ay 4,

We know that A is equal to the sum of the product of the elements of a column or row with
their corresponding cofactors.

A=a, 4, +ayd, +a, 4,

Thus, the correct option is D.
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EXERCISE 4.5

Question 1:

1 2
Find the adjoint of the matrix (3 ‘J

4
A:
Let 3 4

Then,
4,=4 A4,=-3
A, =2 A,=1
Therefore,
. [ AI 1 Al’ ]
adjAd = -
A, Ay
(4 2
B
Question 2:

2. 3
Find the adjoint of the matrix =2 01

i -1 2
A=|2 3 5
Let -2 0 1
Then,
fls o
11 O 1 12
F __‘—1 2‘=] |t
21 0 1 22 _2
A —‘_1 21——11 A —-‘1
* 15 3 N

Therefore,
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3 1 =11
ad}'A: —12 5 _l
6 2 5

Question 3:
Verify Aadid)=(adjd) A=A go;

G

Then,
4| =—12-(-12)
=0
Also,
1 0
r=of 1)
0 1
=g o
Now,
A4,=-6 A, =
A, =-3 A, =2
Hence,
¥ 3
adjAd =
: 4 2
Now,

A(adjd) = (_24 _36](_46 _23]

- -12+12 -6+6
{24-24 12-12

5 8
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Also,

(adid) 4 - -6 -3)(2 3
WAL= s 24 -6
. -12+12 -18+18
A B8 1212
{00
Lo o
Hence, A(adjd)=(adjd) A=|A|I
Question 4:
Verify A(adjd) = (adjd) A =A|] gy
1 -1 2
3 0 2
1 0 3
1 -1 2
A=3 0 =2
Let 1 0 3
Then,
|4 =1(0-0)+1(9+2)+2(0-0)
=11
Also,
1 00
|[47=1110 1 0
0 0 1
11 0 0
=0 11 0
0 0 11
Now,
A =D A,=-11 4
4, =3 4, =1 A
A, =2 A, =8 A,

=

1]
La

G

=]

e}

(95}
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Hence,

0 3 2
adjiA=|-11 1 8
0 -1 3
Now,
1 -1 2 0 3 2
A(adjd)=|3 0 =2|-11 1 8
1 0 3 0 -1 3
0+11+0 3-1-2 2-8+6 11 0 0
= 0+0+0 9+0+2 6+0-6|=[0 11 0
0+0+0 3+0-3 2+0+9 0 0 11
Also,
(0 3 2\1 -1 2
(adjd)4=|-11 1 8|3 0 -2
0 -1 3/{1 0 3
0+9+2 0+0+0 0-6+6
= -114+34+8 114040 -22-2+24
0-3+3 0+40+0 2+0+9
11 0 0
=0 11 B
0 0 M
Hence, A(adjA) = (adjd) A :lA‘f.
Question 5:

2 =2
Find the inverse of each of the matrix [4 3 ] (if it exists).
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=14
Now,
4,=3 4,=-4
4, = A, =2
Therefore,
3 2
adjA =[ }
| -4 2
Hence,
A = i-ade
||
1 3 2
144 2
Question 6:

-1 5
Find the inverse of each of the matrix [_3 2} (if it exists)

5 3)
A —
Let -3 2

Then,

|[4|=—2+15=13
Now,

4,=2 4,=3

Ay =-5 4y =-1
Therefore,

Hence,
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Question 7:

Find the inverse of each of the matrix

Now,

Therefore,

Hence,

12
T 1313

N

(==
[T SO T o |
LU T S IS

=10
A4,=10  A4,=0 . A4,=0
A, =-10  A,=5 Ay =0
A:l = A’w =—4 An =2
10 -10 2
adid=| 0 5 -4
0 0 2
ST
A" =—adjA
||
10 =10 2
=% 0 5 —4
0 0 2

(if it exists)
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Question 8:

1 0 O
33 0
Find the inverse of each of the matrix \° 2 —1
1 0 0
A=|3 3 0
Let 5 2 -l
Then,
|4 =1(-3-0)-0+0=-3
Now,
4,=-3 4, =3 4;=-9
4, =0 Ay =-1 Ay =-2
4,=0 4, =0 A4,=3
Therefore,
-3 0 0
adjiA={ 3 -1 0
-9 -2 3
Hence,
A= iad‘A
4"
-3 0 0
=‘? 3 -1 0
-9 -2 3
Question 9:
2 1 3
4 -1 0
Find the inverse of each of the matrix \=/ 2 1

(if it exists)

(if it exists)
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|4|=2(-1-0)-1(4-0)+3(8-7)
=2(-1)-1(4)+3(1)

=3
Now,
A]I =-1 A|2:_4 Alszl
Ay =5 A, =23 Ay =-11
A, =3 A, =12 A, =—6
Therefore,
-1 5 3
adiA=(-4 23 12
1 -11 -6
Hence,
b o =~Lad;'A
4
-1 5 3
=—% -4 2312
1 =11 -6

Question 10:
I -1 2
0 2 -3

Find the inverse of each of the matrix \3 —2 4 (if it exists)

1 -1 2
A=|0 2 -3
Let 3 =2 4

Then, expanding along C,
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|4=1(8-6)-0+3(3-4)=2-3

=-1

Now,
4, = 2 A, = -9 Ay =—6
Ay =0 Ay =—2 A, ==
A, =-1 A5 =3 By =12
Therefore,
2 0 -1
adiA=[-9 -2 3
-6 -1 2
Hence,
A :l—;—|a¢gf,4
2 0 -l
=-1/-9 -2 3
-6 -1 2
-2 0 1
=9 2 -3
6 1 -2
Question 11:
1 0 0

0 cosa sina

Find the inverse of each of the matrix \0 SiN& —cosa J (if it exists)

1 0 0
A=10 cosa sina
Let 0 sina -cosa
Then,

|A|=l(—cosza —sin® cf)z—(cos2 o +sin’ a)

=

Now,
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Therefore,

Hence,

Question 12:

Let

Let

Then,

Now,

Then,

|
|

3.7
2 5

3 7

A4, ==cosfg-sinf@=-1 .4,=0 4;=0

A, =0 A, =—cosa A
A4,=0 A, =-sina A
-1 0 0
adjA=| 0 —cosa —sino
0 -—sina cosc
F =Laa§A
|4
-1 0 0
=-1| 0 -cosa -—sina
0 -sina cosa
1 0 0

=10 cosx sina

0 sina -—cosa

) s
)

|4|=15-14
=1

4,=5

A, =7

6 8
7 9]. Verify that (4B)" = B4
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Therefore,

Now,

(6

p: -

Let 7
Then,
Now,
Then,
Therefore,

Now,

|B|=54-56

=2
4,=9 A, =-7
4, =-8 A, =6

(9 -8
-7 6
Lcm"B
Tl
1/9 =8
2\ -7.6
2 4
7

7 3
2
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-= 4

B—IA—I = 2 5 =
1 -2 3
2

Also,

3 7\(6 8
AB =

16 s)
(18+49 24+63
12435 16+45

67 87
47 61

Then, we have
|AB|=67(61)—87(47)
=4087—-4089
=-2

Therefore,
4(48) = 61 -87
WA e e
Thus,

(4B)" =ﬁaajf(AB)

161 87
T 2l-47 67

From (1) and (2),
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(4B)" =B'4"

Hence, proved.

Question 13:

3 1
If (_1 2], show that 4> —54+77 =0. Hence find 4™,

2 o
A=
Let -1 2

Therefore,
Az—A.A—[S '][3 ‘]
-1 2/)-1 2
i 9-1 3+2
'[—3—2 —1+4]
& 5
’{—5 3]
Now,

AP —54+71

Il
I
U“:W
W Ln
N
|
h

Hence, 4> —-54+71=0.

Now,
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D AA-5A=-T71

=5 A.A(A 1)—SA.A ' =714 [posl—mulliplying by 4" as |4| ¢0J
= A(44")-51 =-74"!

= Al -5] =-74""

=>4 :—%(A —5I)

= A" =%(51—A)
o A5 0 (31
710 5) (=1 2
:A‘]—lz -
7\1 3

Thus,

Question 14:

3 2
For the matrix (1 1] , find the numbers a and b such that 4° +a4+bI =0.

H
Let 11

Therefore,

N
I

3 233 2
A2=A.A=[ }[ J
1111
9+2 6+2 11 8
“\mar 2er) g 3
Now, A’ +ad+bl=0.

Hence,
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= (4A) A" +ad A" +bI47 =0 I:post-multiplying by A" as |A|= 0]
= A(A4™)+al +b(147)=0

= Al +al +bA™ =0

= A+al =-bA™

:>A"=—%(A+a.f) (1)

Now,

1
A = —adid

|4
:{—II _32]
=(~11 _32] wi(2)

From (1) and (2), we have,

1 =2) 1/(3 2 a 0
= =— +
-1 3 b1 1 0 «
1 =2 1(3+a 2
= —_—
-1 3 bl 1 a
-3-a _E
1 =2
. - b b
-1 3 N -1-a
b b
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Also,

-3—-a _q

=-3—a=1
=a=-4

Thus, a=-4 and h=1.

Question 15:

For the matrix =1 3 ) show that 4°—64% +54+117 =0. Hence, find 4.

1 1 1
A=1 2 -3
Let 2 -1 3
Therefore,
I 1 [ RRYES S| 1
AA=4A4=|1 2331 2 -3
2 -1 3 )12 -1 3
1+1+2¥ 1+2-1 1-3+3 4 2 1
=11+2-6 1+443 1-6-9|=[-3 8 -14
2-1+6 2-2-3 2+3+9 7 -3 14
And,

4 2 1 1 1 1
A=A44=(-3 8 -14|1 2 -3
7 -3 14 \2 -1 3
4+2+2 4+4-1 4-6+3 8 7 1
=|-3+8-28 -3+16+14 -3-24-42|=|-23 27 -69
7-3+28 7-6-14 7+9+42 32 -13 58
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Hence,

AP =647 +54+110 =

Thus, 4> —64°> +54+1171 =0

Now,

= A —6A*+54+111 =0
= (AA4) A -6(A4) A +544" +11U47 =0

—69
58

—69
58

84
84

4
—-6| -3

7
24
—{-18
42

24

- -18
42

2

8
-3

12
48
-18

12

48

-18

1 1
~14 |+5] 1
14 2
6 5
84 |+| 5
84 | L10
6
—84
84

= AA(AA")-6A(A4 ") +5(44 ") =-11(14")
= A —6A+5=-114"

1N
= A" =—ﬁ(A‘ —oA+51)

Now,

(1)

1
2
-1
5
10
-5

1
-3 |+11
3
5
-15 |+
15

[post-multiplymg by A as ‘A| # OJ
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If 1

Let 1

Therefore,

A>—6A+5] =

3 8 -14
7 -3 14
4 2 1
-3 8§ -l4
7 -3 14
9 2 1
-3 13 14
7 -3 19
3 —4 ~5
-9 1 4
5 3 1
~§ =5

1 4
301

4 5
-1 -4

1
-6/ 1

1
2

o o W

e e

wh oo —_ o o
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And

Now,

A —64>+94-41

2

A =44

A

I

2 -1 1}3)}2 -1 1
-1 2 -1f-1 2 -l
1 -1 2)Ll1 -1 2
44141 -2-2-1 24142
2-2-1 1+4+1 -1-2-2
2+1+2 -1-2-2 1+1+4
6 -5 5
-5 6 -5
S -5 6
A*. A4
6 -5 52 -1 1
-5 6 -5|-1 2 -1
5 -5 6) {1 -1 2
12+5+5 -6-10-5 6+5+10
-10-6-5 5+12+5 -5-6-10
10+5+6 —-5-10-6 5+5+12
22 21 21
-21 22 =21
21 =21 22
22 21 21 6 -5 5 2
21 22 =21(-6/-5 6 -5]|+9 -1
21 21 22 5 5 6 1
22 21 21 36 =30 30 18
21 22 -21(-|-30 36 -30|+|-9
21 21 22 30 30 36 9
40 =30 30 40 =30 30
-30 40 -30|-|-30 40 -30
30 =30 40 30 =30 40
0 0 0
=0 0 0
0 0 0

-1 1

2 -1|-4

-1 2
-5 9
18 -9
-5 18

oo R~ o o ==

S kO O = O

b & O = O O
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Thus,
A —64*+94-4I=0

Now,
= A —64>+94-41=0
:(AAA)A 1—6(AA)A 1419447 -4I47" =0 [post-multiplying by A" as ‘A‘ ;&0]
= AA(A4")-64(447)+9(A4 ") =4(14")
= AAI —6Al +91 =44’
= A*-64+91=44"

oo
:>A'=Z(A‘—6A+91) (1)
Now,

A’ —6A+91

1l
[
v
(@)}
[
v

0 0
—o/-1 2 -1|+9/0 I O
5 —5 6 I =1 2 0 0 1
6: 5 D 12 -6 6 9 0 0
=-5 6 =5|-|-6 12 -6|+/0 9 O
5 ~> B 6 0712 0 0 9

=|1 3 1 (2)

From equations (1) and (2)
3

1
1 3 1
-1 1

i el
4

Question 17:
Let 4 be a non-singular square matrix of order 3x3. Then ‘ade ‘ is equal to:

A) 14 ®) 14’ ©) 14 D) 34|

Since 4 be a non-singular square matrix of order 3x3
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(adjd)Ad=|A|I

4 0 0
=0 |4 o0
0 0 |4
Therefore,
4 0 0
(adia)4=|0 |4 o0
0 0 |4
1 00
ladjd||4|=|4]0 1 0
0 0 1
=|4f 1
adid = 4F

Thus, the correct option is B.

Question 18:

If A is an invertible matrix of order 2, the dCt(A_]) is equal to:
1
(A) det(4) (B) det(4) ©) 1 (D) 0
_I l -
A" =—adjA
Since 4 is an invertible matrix, 4~ exists and || .

- (a b]
As matrix 4 is of order 2, let c d
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Then,

And

Now,

Hence,

Hence,

A'I—Mad}%
i —b
(4|4
= &
4] |4
‘>
g
< a
4] |4
|A_[=Ld b
‘A‘l - a
1
_W(Gd—b{,)
1
”W-W
-1
|4]
1
A7) =
det(4")=

Thus, the correct option is B.
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EXERCISE 4.6

Question 1:
Examine the consistency of the system of equations:

x+2y=2
2x+3y=3

x+2y=2

The given system of equations is: 2X+3y =3

The given system of equations can be written in the form of AX = B, where

A[; i]”(u and Bzm

Hence,
[41=1(3)-2(2)
=3-4
=-1
%)

So, 4 is non-singular.
Therefore, 4 exists.
Thus, the given system of equations is consistent.

Question 2:
Examine the consistency of the system of equations:

2x-y=5
x+y=4

2x—y=5

The given system of equations is: ¥+ =4

The given system of equations can be written in the form of AX = B, where

S N
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Hence,
A =2(1)-1(-1)
=2+1
=3
=0

So, 4 is non-singular.
Therefore, A~ exists.
Hence, the given system of equations is consistent.

Question 3:
Examine the consistency of the system of equations:

x+3y=5
2x+6y=8

x+3y=5

The given system of equations is: 2x+6y =38

The given system of equations can be written in the form of AX = B, where

eSS

Hence,

[4]=1(6)-3(2)
~6-6
~0

So, 4 is a singular matrix.

Now,

Therefore,
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Thus, the solution of the given system of equations does not exist.

Hence, the system of equations is inconsistent.

Question 4:

Examine the consistency of the system of equations:
x+y+z=1

2x+3y+2z=2

ax+ayv+2az=4

x+y+z=1
2x+3yL2Azp=2
The given system of equations is; ax +ay +2az =4

The given system of equations can be written in the form of AX = B, where

1 1 1 X 1
A=|2 3 2 |, X=|y B=|(2

a a 2a z | and 4
Hence,

|4|=1(6a-2a)-1(4a-2a)+1(2a-3a)
=4a-2a-a
=4a-3a

=gqg#0
So, 4 is non-singular.
Therefore, A~ exists.

Thus, the given system of equations is consistent.
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Question 5:
Examine the consistency of the system of equations:

3x—-y—-2z=2
2y—z=-1
3x—-5y=3

3x—-y—-2z=2
2y—z=-1
The given system of equations is: 3x—5y =3

The given system of equations can be written in the form of 4X = B, where

|
i

|
2
=
o

|
wh
]
t

Hence,
|4|=3(0-5)-0+3(1+4)
=—15+15
=0

So, A4 is a singular matrix.

Now,
-5 10 5
(adjd)=| -3 6 3
-6 12 6

Therefore,
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-5 10 5} 2
= 0 3 [| =l
-6 12 6) 3
[-10-10+15
= —6-6+9
-12-12+18

(adj4) B

Thus, the solution of the given system of equations does not exist.

Hence, the system of equations is inconsistent.

Question 6:

Examine the consistency of the system of equations:
S5x—y+4z=5

2x+3y+5z=2

S5x-2y+6z=-1

S5x—y+4z=5
2x+3y+5z=2

The given system of equations is: 5x -2y +6z = —1

The given system of equations can be written in the form of AX = B, where

5 -1 4 X 5
A=|2 3 5| X=|y|and B=| 2

5 -2 6 z -1
Hence,

| 4| =5(18+10)+1(12-25)+4(—4-15)
=5(28)+1(-13)+4(-19)
=140-13-76
=510

So, A4 is nonsingular.


https://www.cuemath.com/?utm_source=website&utm_medium=pdf&utm_campaign=ncert-solutions
https://www.cuemath.com/?utm_source=website&utm_medium=pdf&utm_campaign=ncert-solutions
https://www.cuemath.com/?utm_source=website&utm_medium=pdf&utm_campaign=ncert-solutions

Therefore, A~ exists.

Hence, the given system of equations is consistent.

Question 7:

Solve system of linear equations, using matrix method.
S5x+2y=4

Tx+3y=5

Sx+2y=4

The given system of equations is: 7X+3y =5

The given system of equations can be written in the form of AX = B, where

o el

Hence,
|4]=15-14

#0
So, 4 is non-singular.
Therefore, 4~ exists.

Now,

b
Zm(“d}f“)

15 5)

A—]
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Then,

Hence, x=2 and y=-3

Question 8:
Solve system of linear equations, using matrix method.

2x—y=-2
3x+4y=3

-y==-2

The given system of equations is: 3¥+4y =3

The given system of equations can be written in the form of AX = B, where
2 L)
A = L X = B =
3 4 Y1 and 3

Hence,
|4|=8+3
=11
0

So, 4 is non-singular.
Therefore, A~ exists.

Now,
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Therefore,

= X=A4"'B
x] 1(4 1\[-2
= =—
| v| 11{-3 2)|3
[x] 1[-8+43
= = —
| ¥ |l_6+6
[x] 1[-5
3 — —
Ly 11]12
I )
e X o 11
y] |12
11
-5 12

X =— [_J—
Hence, 11 and ¥ " 11

Question 9:
Solve system of linear equations, using matrix method.

4x-3y=3
Ix-5y=7

4x-3y=3

The given system of equations is: 3% =5y =7

The given system of equations can be written in the form of AX = B, where

o Pl

Hence,
|4|=-20+9
=-11
0

So, A4 is nonsingular.
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Therefore, A~ exists.

Now,
A =L (adja)
|
1(-5 3 1{5 -3
:_ﬁ(—3 4]:ﬁ{3 —4J
Therefore,
=X=4"8

x] 1(5 -3\[3
= ==
y| 113 -4)|7

— =
|y | 111 9-28
[x] 1] -6
=5 =—
|y | 11]-19
I
5 X i 11
vl |19
11
-6 19

Hence, x:ﬁ and Y 11

Question 10:
Solve system of linear equations, using matrix method.

Sx+2y=3
3x+2y=5

Sx+2y=3

The given system of equations is: 3X+2y =5

The given system of equations can be written in the form of AX = B, where


https://www.cuemath.com/?utm_source=website&utm_medium=pdf&utm_campaign=ncert-solutions
https://www.cuemath.com/?utm_source=website&utm_medium=pdf&utm_campaign=ncert-solutions
https://www.cuemath.com/?utm_source=website&utm_medium=pdf&utm_campaign=ncert-solutions

=3 50 e

Hence,
|[4|=10-6
=4
#0

So, 4 is non-singular.

Therefore, 4 exists.

Now,
1
A" =—(adjA)
||
12 =2
“4(-3 5
Therefore,
= X=A4"B

"ﬁ: H
I
=

1
(o)}
|
ot
<
=

Ba

S
—_— =

vl L4
Hence, x=—1 and ¥ =4

Question 11:
Solve system of linear equations, using matrix method.
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2x+y+z=1

(NSRS

x—2y—z=
3y-5z=9

x+y+z=1
3
x—2y—-z=—
T

The given system of equations is: 3y =3z =9

The given system of equations can be written in the form of AX = B, where

B =

(V8]
|
n
ty
O W =

and

|4 =2(10+3)-1(-5-3)+0

=2(13)-1(-8)
=26+8

=34

=0

So, 4 is non-singular.

Therefore, 4™ exists.

Now,
4, =13 A, =5 4;=3
Ay, =8 A,=-10 A,=-6
&= Ay =3 A,=-5
Hence,
A =ﬁ(ac{;}4)
13 8 1
=314 5 -10 3
3 -6 -5

Therefore,
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[x] 3 08 1)
Sy leceln < 3|2
34 3 6 5 2
R B h9_
] (o8 1!
= :i—S 10 3 é
34 2
| Z | 3 6 =8 9
[ x| [13+12+9
=y :L 5-15+27
34
z] T 3-9-45
(x| 1 [ 34
= =— 17
¥ 34
B4 _—51
o e |
X
Syl 2
Y 2
i )
2
1 -3
x=1ly=— z=—
Hence, 2 and 2

Question 12:
Solve system of linear equations, using matrix method.

x—y+z=4
2x+y-3z=0
x+y+z=2

x—y+z=4
2x+y-3z=0

The given system of equations is; X+y+z=2

The given system of equations can be written in the form of AX = B, where
I -1 1 X 4

A=|2 1 3|, x=|y B=0
11 zland 12


https://www.cuemath.com/?utm_source=website&utm_medium=pdf&utm_campaign=ncert-solutions
https://www.cuemath.com/?utm_source=website&utm_medium=pdf&utm_campaign=ncert-solutions
https://www.cuemath.com/?utm_source=website&utm_medium=pdf&utm_campaign=ncert-solutions

Hence,

|4]=1(1+3)+1(2+3)+1(2-1)

=4+5+1

=10
=)

So, 4 is nonsingular.

Therefore, 4™ exists.

Now,
Ali =4 Al? =-5
A, =2 Ay =0
a4y =2 A,=5
Hence,
A —‘ ‘(ac{iA)
2 2
=—|-5 0 5
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Therefore,

= X=A"B

x| | 4 2 2\[4]
=|y|l=—|-5 0 5|0

T

|z 1 -2 3)[2]

[x | 4 2 2\[4]
=|lyl=—|-5 0 5|0

Y1770

| z | 1 -2 3)[2]

[ x| [ 164+0+4 |
=y :% 22040410

| Z | i 44+0+6 |

[ | ] 20
=|y|=—|-10

T

Ed _10

[x] 2
=|y|=|-1

Ed 1

Hence, x=2,y=-1 and z=1

Question 13:
Solve system of linear equations, using matrix method.

2x+3y+3z=35
x-2y+z=-4
Ix—y-2z=3

2x+3y+3z=35
x—2y+z=-4

The given system of equations is: 3x—y—2z=3

The given system of equations can be written in the form of AX = B, where

2 3 3 x 5
A=l -2 1 | M= B=|-4
3 -1 -2 z | and 3
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|4|=2(4+1)-3(-2-3)+3(-1+6)
=10+15+15
=40
20

So, 4 is non-singular.

Therefore, 4™ exists.

Now,
A, =5 A, =5 A.=5
4, =3 A,=-13 A,=11
A, =9 A, =1 A, =-7
Hence,
Al=‘%(aaﬂifl)
> 2 B8
.l -13 1
e 1 =7
Therefore,
= X=A"'B
[x] 1 5 3 93 5]
=r|# =] 8 N1 (|4
E2 5.1 -7) 3
[x] 5 3 9Y5]
=|y Lls 13 1|4
40
E4 5 11 =7 3 ]
[x] [25-12+27
=|y =L| 2545243
‘ 40
2] T[25-44-21
[x] | [ 40
=|y =E 80
| Z | | —40
-
=|y|=] 2
1z | |1
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Hence, *=1,y=2 and z=-1

Question 14:

Solve system of linear equations, using matrix method.
Xx—y+2z=T

Ix+4y—-5z=-5

2x—y+3z=12

x—y+2z="T
3x+4y—-5z=-5
The given system of equations is: 2x—y+3z =12

The given system of equations can be written in the form of 4X = B, where

1 -1 2 X 7
A= 4 -5|,X=|y|and B=|-5
-1 3 z 12

Hence,

|4|=1(12-5)+1(9+10)+2(~3-8)
=7+19-22
=4
=0

So, 4 is non-singular.

Therefore, A~ exists.

Now,
A, =7 A, =-19 A, =-11
A, = oy =] Ay =-1
a, =3 A, =11 A, =7

Hence,
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A"zﬁ(aaﬁA}
7 1 -3
=l -19 -1 11
3 -11 -1 7
Therefore,
= X=A"B
[ x| 7 1 -3Y 7]
=|p =l -19 -1 11|/-5
| Z | . =11 =1 7} 12
[ x| 7 1 3)7
|39 21 11| -s
| Z | 4 -11 -1 7 j|12]
[x] [ 49-5-36
=|y :l -133+5+132
| Z | 47 ~77+5+84
x| [ 49-5-36
=y =l —133+5+132
| Z | 4_ —77+5+84
[x E:
1
=y =Z 4
Ed 12
[x] [2
=|y|=|1
1z | |3

Hence, x=2,y=1 and z=3

Question 15:
2 -3 5
A=|3 2 4
If I 1 =2) find 4. Using 4" solve the system of equations
2x-3y+5z=11
Ix+2y—4z=-5
X+ y—=2z=1:=3
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2 -3 5

A=3 2 -4

It is given that 11 -2
Therefore,

|4|=2(-4+4)+3(-6+4)+5(3-2)

=0-6+5
=-1
=0
Now,
A4,=0 A, =2 45 =1
A4, =-1 A, =-9 Ay =-5
]:2 A}2:23 A};:]B
Hence,
1
A" =—(adjA
ZAa
0 -1 2 0o 1 -2
=2 -9 23|=[-2 9¢-23
1 =5 13 =106/ -13

The given system of equations can be written in the form of 4AX = B, where

2 -3 5 X 11
A=|3 2 -4l x=|y B=|-5
11 -2 Zland |3

The solution of the system of equations is given by X =4 'B.

Therefore,
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X 0 1 =2)11
=>|y|=|-2 9 -23||-5
gl \~=1 3 =13)|~3
[x] (0 1 =2)\[11]
=>|yl=l-2 9 -23||-5
2] \-1 5 -13)]-3]
[x] 0-5+6
=>|y|=|-22-45+69
| 2| | ~11~25+39 ]
[x] [1
=y |=

Hence, x=Ly=2 and z=3

Question 16:

The cost of 4 kg onion, 3 kg wheat and 2 kg rice is R60. The cost of 2 kg onion, 4 kg wheat

and 6 kg rice 1s ¥90. The cost of 6 kg onion 2 kg wheat and 3 kg rice is ¥70. Find cost of each
item per kg by matrix method.

Let the cost of onions, wheat, and rice per kg in X be X,» and z respectively.
Then, the given situation can be represented by a system of equations as:

4x+3y+2z=60
2x+4v+62=90
6x+2y+3z=70
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The given system of equations can be written in the form of 4AX = B, where

4 3 2 x 60
A=12 4 6, X=|y B=|90
6 2 3 Z | and 70

Therefore,
|4|=4(12-12)-3(6-36)+2(4-24)
=0+90—40
=50
=0

So, 4 is non-singular.

Therefore, 4™ exists.

Now,
A4,=0 A4, =30 A4;=-20
Ay =9 A, =0 Ay =10
4, =10 A, =-20 A;=10
Therefore,
1
A" =——(adj4
|A‘( ljA)
0 -5 10
=i 30 0 =20
50
=20 10 10

Hence,
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x 0 -5 10)\[60]
=y =% 30 0 -20]l%0
z -20 10 10 )| 70

0 -5 10)[60]
=—| 30 0 -20(90
-20 10 10 )| 70

4
|

=—/| 1800+0-1400
| —1200+900+ 700
[250
=—1 400
| 400

Thus, x=5,y=8 and z=38

Hence, the cost of onions is X 5 per kg the cost of wheat is X 8 per kg, and the cost of rice is
8 per kg.
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MISCELLANEOUS EXERCISE

Question 1:
X sinf cos6
—sinf  —x 1
Prove that the determinant | €050 1 * | is independent of 6.

X sinf cosf
A=|-sinf -x 1
cosf 1 x
— x(—xz o l)—sinﬁ'(—xsin@ —c0s6)+cosO(—sin6 +xcosb )
=—x" —x+xsin’ @ +sinf cosd —sin 6 cosh + xcos’ O
=—x3—x+x(sinzﬂ+c0329)
=—x'—Xx+X

= —x“

Hence, A is independent of 6.

Question 2:

a a’ he 1l a

b b* cal=11 b

. 2 2
Without expanding the determinant, prove that|¢ ¢ ab| |l ¢
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¢ & ab

, a® & abc
=sz b akc [R = aR\.R, > bR,.R, —> cR,]
abe

=——-abc|t® b 1 [Taking out factor abe from C;]

[
—
o

¥
=

[C, ¢ and C, & (]

= RHS

Hence, proved.

Question 3:
cosacosf cosasinf  —sina
—sin B cos f§ 0

Evaluate|Sin@ cos i sinasin . cosa

cosacosf cosasinfi —sina

A=| —sinf cos f3 0
Let sinacosfB sinasinf3 cosa
Expanding along G ,

A= —sina(fsina sin’ B — cos® ﬁsina)+cosa(cosoc cos” B +cosasin’ ,8)
=sin® ¢ (sin’ B + cos’ ﬁ)+0052a(0052 B +sin’ B)
=sin’ a (1)+cos” a (1)
=1
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Question 4:
b+c c+a a+b
A=|cta a+b b+c|=0

a+b b+c c+a

If a.b.c are real numbers and , show that either a+b+c=0 or

a=b=c.

b+c¢c c+a a+b
A=|lc+a a+b b+c
a+b b+c c+a
2(a+b+c) 2(a+b+c) 2(a+b+c)

=| c+a a+b b+c [R >R +R,+R,]
a+b b+c c+a

1 1 1
=2(a+b+c)c+a a+b b+c

a+b b+c c+a

=2(a+b+c)lc+a b-c b-a [C, >C,-C, and C; > C, -C, ]

a+b c—a c-b

Expanding R ,

A

(a+b+c)[l)[(b—c)(c—b)—(b—a)(c—a)]

2
2(a+b+1ﬂ[—b2—02+2bc—bc+ba+ac—a2]
2

Il

(a+b+cﬂhb+bc+ca—az—by—fw
It is given that A=0.

Hence,
2(a+b+c) ab+be+ca-a’ -b ¢’ |=0

Either (a +b+ c):0 or [aub+bc+car—a2 —bz—c2]=0

Now,
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=ab+bctca—a’—b*-c* =0
= -2ab-2ac—2ca+2a* +2b° +2¢* =0
— (a—b)2 +(b—c)2 +(C—ﬂ)2 =0

= (a—b)2 :(EJ—(:)2 :(c—a)2 =0 [(ax—b)2 ,(b—(:)l,(c—a)2 are non-negative]
é(a—b):(b—c):(c—a):(}
>Sa=h=r

Hence, if A =0, then either (a+b+c)=0 o yop=c.

Question 5:
X+a x x
x xt+ta x [=0,a#0
Solve the equations | ¥ X xra
x+a p o X

= X x+a x |=0

x x x+a

3x+a 3x+a 3x+a

=i ® x+a X =0 [R]—)R|+R2+R3]

X X x+a

1 1 1
2(3x+a)x x+a x |[=0

X x x+a

o O
1
]

:>(3x+a)x [C2—>C2 -C, a.ndCS—)»CS—C[]

o & O

2

=

Expanding along "1,
:>(3x+a)[1><a2} =0

=a’*(3x+a)=0
Since a #0

Therefore,
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Sx=-2
3
a be
a* +ab b*
Prove that | @ b°+be
a’ be ac+c’
A=|a*+ab b* ac
ab b+ be &
a ¢ a+c
=abcla+b b a
b b+c ¢
a ¢ a+c
=abc| b b—c —c¢
b—a b —a
a ¢ a+c
=abcla+b b a
b-a b -a
a ¢ a+c
=abcla+b b a
26 26 0
a ¢ a+c
=2ab’cla+b b a
1 1 0
a c¢—a a+c
A=2ab’cla+b -a a
1 0 0
Expanding along Rs,

=3x+a=0

ac+ 1’.’2

ac

= 4a*h?c?

[ Taking out common factors a,b and ¢ from C,.C, and C, |

[R, >R,~R andR, > R,—R|]

[R, >R, +R|]

|[R; >R+ R

|C, = C,-C]
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A =2ab’c [a(c‘ - a) +a (a +c)]
=2ab’c [ac —at+a’+ ac}
=2ab’c (2510)
=4a*h*c?

Hence, proved.

Question 7:

3 =1 1 1 2 -2
A'=[-15 6 -5 B=|-1 3 0

If 5 -2 2lgnd |0 -2 1] find (4B)"

1 2 =2
B=|-1 3 0
It is given that U
Therefore,
1B=1(3)-2(-1)-2(-2)
=3+2-4
=5-4
=1
Now,
B;=3 B, =1
By, =2 By =1
B,=6 B, =2
Hence,
3 2 6
adjiB=1 1 2
2 2 5
Now,
B ‘—‘—;Iam
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Therefore,

(4B) ' = B4
3 2 6 3 -1 1
=1 1 2|-15 6 -5
2 2 5 5 =2 2
9-30+30 -3+12-12 3-10+12
= 3-15+10 -1+6-4 1-5+4
(6-30+25 -2+12-10 2-10+10
9 -3 5
=-2 1 0
1 0 2
9 -3 5
(4B)'=|2 1 0
Thus, 10 2)
Question 8:
1 -2 1
A=|1-2 3 1
Let L1 s verify that
(i) [adid]” =adj(4)”
iyl
iy (47) =4
1 -2 1
A={-2 3 1
1 5

It is given that
Therefore,

|4 =1(15-1)+2(-10-1)+1(-2-3)
=14-22-5

=-13
Now,
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4, =11 4, =4 4,=-3
4, =5 A, =3 Ay =-1
Hence,
14 11 -5
adiA=[11 4 -3
=5 =3 -l
Now,
A':I]jl(aajiA)
14 11 -5
-l 4 3
13
-5 -3 -l
-14 -11 5
:% -11 -4 3
5 3 1
(i)
|adjd| =14(—4-9)—11(~11-15)-5(=33+20)
=14(-13)-11(-26)-5(-13)
=—182+286+65
=169
We have,
-13 26 -13
adj(adjd)=| 26 -39 -13
-13 -13 -65

Therefore,
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Now,

-14
13
-11
13

-

13
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Therefore,
-13 26 -13

169 169 169
aajr'(A)_I: 26 =39 -13

169 169 169
8 <18 -6
169 169 169
=
13 13 13
2 3 -1
13 13 13
-1 -1 -5
13 13 13

Hence, [“‘{"A]HI =adf(A)_l proved.

: -14 -11 5
A=—]-11 4 3
13
(ii) 5 3 1
Hence,
-2 -
13 13 13
g |8 B i
B =& == o
YA =" T e
ot . N\ 24
13 <13 13

Now,

‘A—I‘:[%)1[-14(—4—9)”1(—1 1-26)+5(-33+20)]

- [%] [-169]

1

13

Therefore,
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gl
13 13 13
yooadd 1 2 3 -l
(") = A _[_I]x 3 13 13
3) -1 -1
13 13 13
1 =2 1
=(-2 3 1|=4
] 1 5
Z1y!
Hence, (A ) =4 proved.
Question 9:
X y  x+y
y x+y x
Evaluate ¥ T ¥ ¥
x y o ox+y
A=l vy x+yv x
X+y X v
2(x+y) 2(x+y) 2(x+y)
=l ¥ x+y X [R1—>R1+R2+R3]
xX+y X y
1 1 1
=2(x+y) yV  xX+y X
xX+y x y
1 0 0
=2(x+y)| ¥ X x-y [C,—>C,-C and C; > C;-C ]
xX+y -y X
=2 (x + y)[—x2 + y(x —y)} [Expanding along Rl]

= —2(x+y)(x2 +y2 —yx)
= —2(x3 +y3)
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Question 10:
I x ¥y
1 x+y ¥y

Evaluate I ¥ X+y|

Solution:
1 x ¥
A=l x+y vy
1 x x+y
I x y
=0 y 0 [R, > R,—R and R, - R, — R,
0 0 x
=1(xy-0) [Expanding along €' |

Question 11:

Using properties of determinants prove that:

a o B+y
B B y+a|=(B-y)(r—a)(a-B)(a+B+y)
y v? a+p
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a a® B+y
A=\ B* y+a
y 7 a+p

o o B+y
=|p-a p*-a’ a-

y—a yi-a’ a-y

oL o B+y

=(B-a)(r-a))l B+a -1

Hence, proved.

Using properties of determinants prove that:

1+ px’

= (l + pxyz)(x— y)(y— z)(: —x)

X JC‘1

2 3
).' ‘};" l -+ py‘
& z k

1+ pz3

[R, > R,—R and R, > R, — R ]

[ R, >R, —R,]

[Expanding along RS]
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x X 1+ px

A=ly ¥y 1+ py’
z 2 1+ pr

X x* 1+ px’

A=ly-x y —x p(y37x3) [R, >R, -R andR, >R, - R|

I—X zz—xz p(za—x3)

x x 1+ px’

A=(y-x)(z-x)|l y+x p(y2+x2+xy)

1 z+x p(z2 +x +xz)

x X 1+ px’

A=(y-x)(z-x)1 y+x  p(y'+x'+ay) [R,—R,-R]
0 z-y plz-y)x+y+z)

x 1+ p’

yrx p(y2+x2+xy)
1 plx+y+z)
xy2 +X 4+ xzy)+1+ pe’+ plx+y+ z)(xy)} [ Expanding along R, |
—pxyt - px — pxya e pd - pt vy poyt pxyz}
+ peyz)

T
T
\L
N
\:
N
H
G'ﬁ#‘oHa

Hence, proved.

Using properties of determinants prove that:

3a —a+b -—-a+c
—b+a 3b  —b+c :3(&+b+c)(ab+bc+ca)
-c+a -—-c+b 3c
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3a —a+bh —a+c

A=|-b+a 3b —b+c

—c+a —-c+b 3

a+b+c —a+b -—-a+c

=la+b+c 3b -b+c [C, > C+C,+C,]
a+b+e —c+b 3¢

1 —a+b —a+c
=(a+b+c)l 3 —-b+c
1 —+F 3¢
1 —a+b —a+c
=(a+b+c)l0 2b+a a-b [R, > R,—R and R, - R,— R, |
0 a-c 2c+a
(a+.b+c)[( b+a 20+a)—(a—b)(a—c)] [Expandz’ng along C'l]
(a+b+c)[4bc+2ab+2ac+a —a*+ac+ba— bc]
(cz+b+c)(3ab+3bc+3ac)
3(a+b+ )(ab+bc+ca)

Hence, proved.

Using properties of determinants prove that:
1 1+p l+p+gqg

2 34+2p 4+3p+2g|=1

3 64+3p 10+6p+3g
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1+p

6+3p
I+ p
1
3
I+p
1
0

1 2+p‘

I

S D = D D e

=1
0 1

=1(1-0)=1

I+p+q

3+2p 4+43p+2q

10+6p+3q

1+p+gq
2+p
7+3p
1+p+q
2+p
1

Hence, proved.

Question 15:

[R, >R, 2R andR, >R, 3R]

[R, >R, -3R,]

[Expanding along C, |

Using properties of determinants prove that:

sin  cos«
sinf8 cosf
siny  cosy

cos(a+6)

cos(B+6) =

cos(y +8)

sina  cosa  cos(a+8)
A=[sinf cosf cos(B+6)
siny cosy cos(y+d)

1
N sind cosd

|
~ sindcosd

sine sin d

cosc Coso

cosa cosd —sina sind

sin 3sinéd cosfBcosd cospfBcosd —sin Bsind

siny sind

cosa coSo

COSy Cosd

cosSo COSO

COsy coso —siny sind

cosa cosd —sinasind

cosBcosé cosPBcosé cosPcosd —sinBsind

CcoSy cosd

cosycosd

COSy cosd —siny sind

Here, two columns C and G are identical.

Therefore, A =

0

Hence, proved.

<

-G+
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Question 16:
Solve the system of the following equations:

2 3 10
+

21242 =4
X y z
i_£+§=1
X y z
&2 2
X y Z
1 1 1
pa_:q =r

Letx_ y and z

Then the given system of equations is as follows:
2p+3g+10r=4

4p—-6g+5r=1

6p+9g-20r=2

This system can be written in the form of AX =8, where

2 3 10 P 4
A=[4 -6 5 |,X=|q B=|1

6 9 -20 P land 12
Therefore,

| 4| =2(120-45)—3(-80—-30)+10(36+36)
=150+330+720
=1200

Thus, 4 is non-singular.

Therefore, 4™ exists.

Now,
A, =175 4,=110 4,=72
A =150 4,, =-100 A,=0
A, =75 A,, =30 A, =24

Hence,
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4" =i(aagf,4)

4]
| 75 150 75
720 24
Now,
= X=A4A"'B
p] 75 150 75 )[4
= L 110 —100 30 |1
1200
| 720 -24)2
p] (300+150+150
=g ~ 1 | 440-100+60
1200
| | 288+0-48
[ p] ; 600
=| q |=——| 400
1200
r| 240
£
3
p
3| al=|d
4 3
L
5
Therefore,

Hence, x=2,y=3 and z=5.

Question 17:

x+2 x+3 x+2a
x+3 x+4 x+2b

If a,b,¢ are in A.P, then the determinant ¥ T4 X+35 X+2c| g

(A) 0 (B) 1 (C) x (D) 2x
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x4+2
A=|x+3
x+4
x+2
=[x+3
x+4

=|x+3

=|x+3
1

x+3
x+4
x+5
x+3
x+4
x+5

x+4

0

x+4
1

x+2a

x+2b

x+2¢
x+2a
x+(a+c) (2b=a+c asa,b,c areinA,P)
x+2c
a-—c
x+(a+c) [R, >R -R, andR, > R, —R,]
c—a

0
xta+tc [Rl—>R1+R3]

c—da

Here, all the elements of the first row are zero.

Hence, we have A=0

Thus, the correct option is A.

Question 18:

If X,¥,z are non-zero real numbers, then the inverse of matrix

-1
x

0
a0

1

Xyz
(©)

0

-1

y

0

x 0 0
—J0 y 0
0 0

A

It is given that

Hence,

%
=0
0

A=

x' 0 0
xwz| 0y o0
(B) 0 0o z'
100
Llo 1o
@ o 01

(T
e )

L&}

o o o=

S e

L]

1S
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|4 =x(yz-0)

= X)Z
#0
Now,
A, =yz 4,=0
A4,,=0 A, =xz
A= A =1
Therefore,
1
A" =—(adj4
yz 0 0)
£ ] 0 xz 0
wE 0 0 «xy
=0 0
Xyz
o X
xyz
o o X
xyz )
l 0 0
;
<1 2 B
Yy
0 O l
x' 0 0
f—i y_l 0
0 z°
Thus, the correct option is A.
Question 19:
1 sinf |
A=|—sinf 1 sin@
Let -1 —-sinf 1

(A) De{(A)=0

a3 s
T ('_'_)
= O
=

, where 0<0 <2r, then:

(B) DGI(A)E (2,00)
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(C) DeI(A)E(2,4) (D) Det(A)E[2,4]

1 sinf 1
A=| —sinf | sin @
It is given that -1 —sinf 1
Hence,

|4|=1(1+sin6)sin@ (~sin@ +sin0) +1(sin> 0 +1)
=1+sin*0+sin’ 0 +1
=2+2sin’0
=2(1+sin’8)

Now,
=0<0<2n
= -1<sinf <1
=0<sin*0 <1
=1<1+s5in*0<2
=2<2(1+sin’0)<4
Therefore,
Dex(A‘) 6[2,4]

Thus, the correct option is D.
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