Determinants

Short Answer Type Questions

Q.1 2

x"—-x+1 x-1
x+1 x+1

2 2
Sol. We have, X x+1 x-1 _|x 2x+2 x -1

x+ 1 x+ 1 0 x + 1
=@x2-2x+2)-(x+1) —(x-1-0
=x%—2x2 +2x + x2 —2x+2
=x3lx? 42

a+x v z
Q.2 x a+y =z
X y a+z
a+x y z a —-a 0
Sol.Wehave,| x a+y z |=|0 a -a

x y a+2z |x y a+z
a 0 0
=10 a -a
X x+y a+z
=a(@®+az+ax + ay)
=a’@+z+x+Y)

[-C, —»C, -C,]

w R, >R -R,
and R, >R, — R,

[+C, >Cy +C,]



0 xy2 Xz
Q. 3|x°y 0 yZf
x’z zy 0

0 w2 1 0 x «x
Sol. We have, x2y 0y |=x%y?ZPly 0 y
x°z zy* 0 z z 0

d

2

[taking %2, y* and z% common from C;, C, and C,, respectively]

0 0 «x

=x%y?Z% |y -y y [+ C, »C, —Cy]
z z O

=x?yP2° [x (yz + y2)]

=x?y?7 2xyz=2x3y7°

3x —x+y —x+z
Q.4 xX—-y 3y z—-y
xX—z y-z 3z
3 —x+y —x+2Z
Sol. We have, x—-y 3y zZ-y
x—z y-2 3z

Applying, C; =»C, + C, + Cy,

X+y+z —x+y —-x+2

=lx+y+2z 3y zZ-y

x+y+z y-2z 3z
1 x+y —x+2
=x+y+ 2|1 3y zZ-y
1 y-z 3z

[taking (x + y + z)common from column C,]

1 x+y —x+z
=x+y+2|0 2y+x x-Vy

0 x-z 2z+«x
[+ R, >R, -R;andR; —» R; —R,]
Now, expanding along first column, we get
x+y+2 1Ry +x)2z+x)—(x —y) (x — 2)]
=(x+ y+ 2)(dyz+2yx + 2x7+ x% — x° + xZ2+ yx — y2)
=(x+ y+ 2)(Byz+ 3yx + 3x2)
=3x+y+ 2)(yz+ yx + x2)



x+4 X X
Q.5 x x+4 «x

X X X +4
x+ 4 X x 2x+4 2x+ 4 2x
Sol. Wehave,| x x+4 «x |=| «x x4+ 4 X [~ R, >R, + R,]
X x x+ 4 x x x+ 4

2x 2x 2x 4 4 0
=lx x+4 x |[+|x x+4 «x
X x x+ 4 X X x+ 4

[here, given determinant is expressed in sum of two determinants]
1 1 1 1 1 0

=2x|x x+ 4 x |[+4|x x+4 X
X x x+ 4 x x x+ 4

[taking 2x common from first row of first determinant and 4 from first row of second
determinant]

ApplyingC; - C, - C5 andC, —»C, - C; in first and applying C; - C, - C, in second, we

get
0 O 1 0 1 0
=2x| 0 4 x |+4|-4 x+4 x
-4 -4 x+4 0 x x+ 4

Expanding both the along first column, we get
2x [-4(=4)]+ 4[4 (x + 4-0)]
=2x x16+ 16 (x + 4)
=32x + 16x + 64

=16 (3x + 4)
a-b-c 2a 2a
Q.6 2b b-c-a 2b
2c 2c c—a->b
Sol. Wehave, la—-b-c 2a 2a
2b b-c-a 2b
2c 2c c—-a-b
a+b+c a+b+c a+b+c
= 2b b-c-a 2b [“R, >R, +R,+ R4l
2c 2c c-a->b

1 1 1
=@+b+c)|2b b-c-a 2b
2c 2c c—-a-b
[taking (@ + b + ¢)common from the first row]
0 0 1
=@+b+c) 0 —-(@a+b+c) 2b
@+b+c) (@+b+c) (c-a-Db)
[-C,—»>C-CyandC, »C, -C,]



Expanding along R;,

=@+ b+c)[1{0+ (@+ b +c?}
=(@+b+c)l@+b+c)]

—@@+b+c)
y222 vz y+z
Q.72%% zx z+x|=0
xzyz xy x+y
Sol. We have to prove,
V222 vz y+z
%% zx z+x|=0
X2y xy x+y
V222 vz v+ z 1 xy?Z% xyz xy+xz
LHS = |Z°x® zx z+x|=—|x°yZ® xyz yz+xy
74
x%y? xy x+y w x%y?z xyz xz+yz
[“R, >x R, R, >yR, Ry > zR,]
yz 1 xy+xz
1 2
=—xy2)|xz 1 yz+xy
xyz
xy 1 xz+yz
[taking (xyz) common from C, and C,]
yz 1 xy+ yz+ zx
=ayz|\xaz 1 ay+ yz+ zx|[C;3 - Cy + Cy]
xy 1 xy+ yz+ zx
yz 1 1
=xyz(xy + yz+ zx)|az 1 1
ay 11
[taking (x y + yz + zx)common from C,]
=0 [since, C, and C, are identicals]
=RHS Hence proved.
y+z zZ y
Q.8 z z+x «x |=4ayz
y X xX+y

@ Thinking Process

First in LHS use C,— C1+ G, + G

and then by using C,— C,—C, and R,— R, —R;, we

can get two zeroes in column 1 and then by simplification we will get the desired result.

Sol. We have to prove,
y+z

z
y

z

z y
+ x x |=4xyz
x x+y



y+z z y
LHS =| z z+x «x
y X x4y
y+z+z+y @z y
=|Z+Z+x+x Z+x X [+Cy »Cy+C, +C4]
y+x+x+y x x4y

y+2 z y

=2|(z+x) z+«x x [taking 2 common from C,]
x+y) x x+VY
y <z y

=2|0 z+x x [-C, >C, -C,]
y x  x+y
0 z-x -x

=2|0 z+x «x [~ Ry =R — R,

y X x+Yy

=2 [y(xz—x% + xz+ x°)]
=4xyz = RHS Hence proved.

a®+2a 2a+1 1
Q.9/2a+1 a+2 1| =(@-1)>3
3 3 1

@ Thinking Process
Here, by usingR;—> R;—R, and R, = R, —R, in LHS, we can easily get the desired result.
Sol. We have to prove,
a®+2a 2a+1 1
=|2a+1 a+2 1|=@-1°
3 3 1

a°+2a 2a+1 1
LHS=| 2a+1 a+2 1

3 3 1
a®+2a-2a-1 2a+1-a-2 0
= 2a+1-3 a+2-3 0
3 3 1
[+ R, = R,— Ryand R, - R, - R]

@-N@+1 @-1 0 @+1 1 0

=| 2@-1 (a-1 0=@-1| 2 10

3 3 1 3 3 1

[taking (@ — 1) common from R, and R, each]
=@-0M@+n-2]=@-1°
=RHS Hence proved.



1 cosC cosB

Q. 10 If A+ B +C =0, then prove that |cos C 1 cosA|=0.
cos B cos A 1

@ Thinking Process

We have, given A+ B+ C=0, so on solving the determinant by expansion, we can use
cos (A + B) =cos (—C) and similarly after simplification this expansion we will get the
desired result.

1 cosC cosB
Sol. We have to prove, |cos C 1 cos Al=0
cos B cos A 1
1 cosC cosB
LHS =|cos C 1 cos A
cos B cos A 1
=1(1-cos? A)—cos C (cosC — cosA-cosB) + cos B (cosC -cos A — cosB)
=sin? A - cos®C + cos A-cosB-cosC + cos A-cosB-cosC — cos® B
=sin? A—cos®? B+ 2 cosA-cosB-cosC —cos?C
= —cos (A + B)-cos (A—B) +2cosA-cosB-cosC —cos’C
[-cos? B —sin? A =cos (A + B)-cos (A - B)]
=—cos (- C)-cos (A—-B) + cosC (2cosA-cosB - cosC) [ cos (— 0) =cos0]
=—cosC (cosA-cosB + sinA-sinB -2 cosA-cosB + cosC)
=cosC (cosA-cosB —sinA-sinB —cosC)
=cosC [cos (A + B) = cosC]
=cosC (cosC —cosC) = 0=RHS Hence proved.

Q. 11 If the coordinates of the vertices of an equilateral triangle with sides
of length ‘a’ are (x,, y,).(x,, ¥,) and (x5, y;), then

x;, y; 1 ?
1 1
3a*
X, Yo 1] =——.
X3 Y3 1
Sol. Since, we know that area of a triangle with vertices (x;, y;), (x5, ¥,)and (x5, y3), is given by
’ x oy 1
A=—|x 1
PARE Y2
X3 Yg 1
2
] x Yy 1
= A? = |*2 Ve 1 .0
X3 Yg 1
We know that, area of an equilateral triangle with side a,
A=l 3 a’ = ﬁaz
21 2 4
= A2 =S gt ..(ii)

16



From Egs. (i) and (ii), % a’ =

Sol. We have,

U

—

XN

1
4 Z x2 y2 1
Xq Yy 1
2
X oy 1
X, Y, 1| = " at Hence proved.
X5 Yq 1
1 1 sin360
Q. 12 Find the value of 0 satisfying| -4 3 cos20 | =0
7 -7 -2
1 1 sin36
-4 3 cos20/=0
7 -7 -2
0 1 sin36
-7 3 cos260|=0 [-C, —»C, -C,]
14 -7 =2
0 1 sin36
71-1 3 cos26|=0 [taking 7 common from C,]
2 -7 =2

L O O

Hence,

7[0-1(2-2c0s26)+sin36(7-6)]=0
7[-2(1-cos20)+sin36]=0
—14+14c0s26 + 7sin36=0
14c0s20 + 7sin30 =14
14 (1-2sin°0) + 7 (3sin 0 — 4sin ) = 14
—28sin° 0 + 14 + 21sin 6 — 28sin° 0 = 14
—28sinH—28sin®0 + 21sin0 =0
28sin® 0 + 28sin” 0 — 21sinH = 0
4sin®6 + 4sin6 — 3sin0=0

sin® (4sin®0 + 4sin6 - 3)=0

Either sin0® =0,

O=nn or 4sin°6+ 4sin6—-3=0

-4+ 16+ 48 — 4+ /64

[expanding along R,]

SinO = =
8 8
_—4+£8 4 -12
-8 8 8
sinezl,_—S
2 2
sSinf = 1 =sin E, then
2 6
O=nm+ (-1
( )6

sin6 = _?3 [not possible because — 1<sin 6 <1]



b—-x 4b+x 4b+x

Q.131If|4+x 4—x 4+x|=0, then find the value of x.
b+x 4+x 4—x

4-x 4+x 4+x
Sol. Given, 4+x 4-x 4+x|=0
44+ x 4+x 4-x

12+x 12+x 12+ «x

= 4+x 4-x 4+x|=0 [ Ry =R+ R, + Rg]
4+x 4+x 4-x

1 1 1

= (2+x)|4+x 4-x 4+x|=0 [taking (12 + x) common from R,]
4+x 4+x 4-x
0O 0 1
= (12+x)]0 8 4+x|=0 [+C;—>C,-CyandC, »C, + C4]
2x 8 4-x
= 2+ x)[1-(-16x)]=0
= 12+ x)(-16x)=0

x=-—12,0

Q.141f a,,a,,a;,...,a, are in GP, then prove that the determinant

ar+1 ar+5 ar+9

a,,; Q,,1; Q,,5|isindependent of r.

Ar 11 Ay 7 Gryp

@ Thinking Process
We know that, nth term of a GP has value ar"~ where a = first term and r = common
ratio. So, by using this result, we can prove the given determinant as independent of r.
Sol. We know that, a,, = AR DT _ AR

r+17

wherer =r th term of a GP, A = First term of a GP and R = Common ratio of GP

ar+1 ar+5 ar+9
We have, .7 i Givs
Q11 17 G o

ARr ARr + 4 ARr +8
— ARf+6 ARI’+1O ARI+14
AR{ +10 AR[ +16 AR[ + 20

1 AR* AR®
=AR -AR"*6.AR"T10 |1 AR* AR®
1 AR® AR

[taking AR", AR"* ® and AR" * ' common from R;, R, and Rj, respectively]

= 0 [since, R, and R, are identicals]



Q. 15 Show that the points (a +5, a —4), (a — 2, a +3) and (a, a) do not lie on
a straight line for any value of a.
@ Thinking Process

We know that, if three points lie in a straight line, then area formed by these points will
be equal to zero. So, by showing area formed by these points other than zero, we can
prove the result.

Sol. Given, the points are (a + 5,a - 4), (a -2, a + 3)and (a, a).

a+5 a-4 1
A:1 a-2 a+3 1
2 a a 1
5 4 0
:% _2 3 0 [+ R, R, ~RsandR, —>R,—R,]
a a 1
~Ipas-g)
2
= =;¢0

Hence, given points form a triangle i.e., points do not lie in a straight line.

Q. 16 Show that AABC is an isosceles triangle, if the determinant
1 1 1

A= 1+cosAd 1+ cosB 1+cosC =0.
cos? A +cosA cos’B +cosB cos?C +cosC

1 1 1

Sol. Wehave, A=| 1+cos A 1+cos B 1+cosC |=0
cos® A+cosA cos?B+cosB cos’C +cosC
0 0 1
A= cosA —cosC cosB —-cosC 1+ cosC =0

cos® A + cosA —cos?C —cosC  cos® B+ cosB —cos®C —cosC cos®C + cosC
[~ C »C,-CsyandC, »C,-C4]
= (cosA —cosC)- (cosB -cosC)
0 0 1
1 1 1+ cosC =0
cosA +cosC + 1 cosB+cosC +1 cos?C + cosC

[taking (cos A — cosC) common from C; and (cos B — cosC) common from C,]
= (cosA —cosC)- (cosB—cosC)[(cosB + cosC + 1) —(cosA + cosC + 1)]=0
= (cos A —cosC)- (cosB -cosC) (cosB+ cosC +1-cosA—-cosC -1)=0

= (cos A —cosC)- (cosB —cosC) (cosB—-cosA)=0
ie., cosA=cos Corcos B=cos Corcos B=cos A
= A=CorB=CorB=A

Hence, ABC is an isosceles triangle.



011 22 3]
Q. 17Find A%, if A=|1 0 1|and show that A™' = 2‘ :
1 10

0 1
10

1
Sol. Wehave, A= 1
110

Aq=-1Ap=1Ag=1Ay=1Ap=-1Ag=1Ay=1A, =Tand Ay, = -1
Tt
1 -1 1

-1 1

adjA=| 1 -1 1 =
11 =1 11 =1
and |Al==1(=1)+11=2
_ -1 11
At @d ATy 0)
Al 2
11 =1
01 1][o 1 1] [2 1 1
and A2=[1 0 1]-[1 0 1|=|1 2 1 ...(ii)
11 0[[1 1 0] |1 12
2 _a 2 1 1] |3.00 -1 1 1
S | T I e e | G IR
2 2
112 lo0 3 1 =1
=A"" [using Eq. ()]
Hence proved.
Long Answer Type Questions
1 2 0
Q.181fA=|-2 -1 -2/, then find the value of A™.
0o -1 1

Using A™', solve the system of linear equations x —_2y =10,

2x —y—z=8and -2y +z =7.

1 2 0
Sol. We have, A=l-2 -1 =2 ()
0 -1 1

Al=1(-3)-2(-2)+ 0=1%0

NOW, Ay =—38 Ap =2 A =2 Ay = =2, Apy =1, Agg =1, Agy = — 4 Agp =2 and Ay, =3

32 2" |-3 -2 -4
adj(A)=|-2 1 1| = 2 1 2
4 2 3 2 1 3




A,1 adj A

| Al
-3 -2 -4
=-| 2 1 2
2 1 3
-3 -2 -4
= Al=l 2 1 2 (i)
2 1 3
Also, we have the system of linear equations as
x -2y =10,
2x —y—-z=8
and -2y+z=7
In the form of CX = D,
12 0]f«x] [10
2 -1 —1l|y|=| 8
0 -2 1]|z] |7
1 -2 0 X 10
where, C=|2 -1 -1 X=|ylandD =] 8
0 -2 1 z 7
We know that, ATy T = (AT
1 2 0
Cl=|-2 =1 -2|=A [using Eq. ()]
0 -1 1
X=Cc"'D
-3 2 2][10
= yl=l-2 1 1| 8
z| | -4 2 3|7
[-30+ 16+ 14 0
=| -20+8+7 |=| -5
|- 40+ 16+ 21 -3

x=0y=-5andz=-3

Q. 19 Using matrix method, solve the system of equations 3x +2y —2z =3,
X+2y+3z=6and2x -y +z=2.
@ Thinking Process

We know that, for given system of equations in the matrix form, we get AX = B=>X=A"'B

- dj (A o .
where A” ' = LG and then by getting inverse of A and determinant of A, we can get

A
the desired result.
Sol. Given system of equations is
3x +2y—-2z=3
x+2y+3z=6
and 2x —y+z=2



In the form of AX = B,

3 2 -2||«x 3
1 2 3|l y|=1]6
2 -1 1 z 2
For A", A =|3(5)-2(1-6)+ (-2)(- 5)]

=[15+10+10|=|35]|=0
Ay=5A,=5Ag=-5 Ay=0Ayp=7 Ay=7 Ay =10 Ay =—11and Ay =4

T

5 5 -5 5 0 10
adjA=| 0 7 71 = 5 7 -11
10 -11 4 -5 7 4
gA 0 10
Now, A=A 5 7 —11
| Al 35
-5 7 4
ForX=A"'B
¥ 5 0 10][3
V=3 5 7 -11||6
z -5 7 4|2
15 + 20 1 35 1
= 15+ 42-22 | =—| 35| =1
35
—-154+ 42 + 8 35 1

x=1y=1and z=1

2 2 —4 1 -1 0
Q.201fA=|-4 2 —4landB=|2 3 4|, then find BA and use this
2 -1 5 0o 1 2

to solve the system of equations y+2z=7 x-y=3 and
2x +3y +4z =17.
2 2 -4 1 -1
Sol. We have, A=|-4 2 —4landB=|2 3
2 -1 5 0 1
1 1012 2 -4 |6
BA=|2 3 4||-4 2 -4/=/0
o 1 2|2 -1 5 |0
2 2 -4
B'=Z=—A=—|-4 2 -4 ()
2 -1 5
Also, x—-y=32x+3y+4z=17andy+2z=7
0|« 3
= 2 3 4lly|=|17
1 2|z 7

0
4
2
00
6 0/=61
0 6



x 1 -10 3
yl=l2 3 4| |17
z 0o 12 7
2 41| 3
=% 2 -4 {17 [using Eqg. (i)]
7

1 6|=| -1
24 4

12 + 34-28
6-17+ 35

x=2,y=-land z=4

B
|

6+3428] 12 2

a b c
Q.21 fa+b+c#0and|b c a|=0, then prove thata =b =c.
c a b
a b c
Sol. Let A=|b ¢ a
c a b
a+b+c a+b+c a+b+c
=l b c a [+ R, =R, + Ry + Ry]
c a b
1 1
=@+b+c)|b a
0 0 1
=(@+b+c)lb-a c—-a a [+ C—>C-CzandC, »C, - C4]
c-b a-b b

Expanding along R;,
=@+b+c)[Ib-a)@a-b)-c—-a-b)]
=(@+b+c)ba-b>—-a’>+ab-c?+cb+ac —ab)

_! a+b+c)x(=2) (-a° —b®> —c® +ab + bc + ca
2

_! a+b+c)a® +b?+c?-2ab-2bc —2ca+a’+b%+c?
2

:—1a+b+c a® + b® —2ab + b® +c® —2bc + c? + a° - 2ac
2

=§(a+b+c)[(a—b)2+(b—c)2+(c—a)2]
Also, A=0
=§(a+b+c)[(a—b)2+(b—c)2+(c—a)2]:o

@-bF+®b-cl+c-a’=0 [ a+ b+c =0 given]

= a-b=b-c=c-a=0
a=b=c Hence proved.



bc —a® ca-b? ab-c?

Q. 22 Prove that |ca —b? ab—c? bc—a?|is divisible by (@ +b +c) and

2

ab —c® bc-a® ca-b?

find the quotient.

bc —a? ca-b? ab-c?
Sol. Let A=|ca-b? ab-c® bc-a°
ab-c® bc-a’ ca-b?
bc —a? -ca+b? ca-b?—-ab+c® ab-c?
=|ca—b®-ab+c® ab-c®-bc+a® bc-a’
ab-c?-bc+a® bc-a’-ca+b® ca-b?

[ C,C,~C,andC, —C, - Cs]

(b-a)@+b+c) c-b)@a+b+c) ab-c?
=|c-b)@a+b+c) (@-c)@a+b+c) bc-a’
(@-c)@a+b+c) (b-a)@+b+c) ca-b?

b-a c-b ab-c?
=@+b+cllc-b a-c bc=a°
a-c b-a ca-b®

[taking (a + b + ¢)common from C, and C, each]

0 0 ab+bc+ca-(a%+b?+c?)
=@+b+cllc-b a-c bc —a®
b-a ca-b?

[+ Ry =R+ R, + R4]
Now, expanding along R;,
=(@+b+cllab+bc+ca- (@ +b%+c?)]c-b)(b-a)-(a-c)]

=(@+b+cy (@ +bc+ca-a®-b?-c?
cb —ac — b® + ab —a® —c? + 2ac)

=@+ b+c) @ +b%>+c?—ab-bc —ca)

@ + b? +c? —ac —ab - bc)
:%(a+b+c)[(a+b+c)(32+b2+cz—ab—bc—ca)]

[@-bY + (b-c)f + ( -a)]
=1(a+b+c)(a3+b3+c3—3abc)[(a—b)2+(b—c)2+(c—a)2]

2

Hence, given determinant is divisible by (a + b + ¢)and quotient is
@ + b® +c® -3abc)[(@a-b) + (b-c)’ + (¢ —a)]



xa yb zc a b c
Q.23Ifx+y+z:0,thenprovethat yc za xb|=xyz|c a b|

zb xc ya b ¢ a

@ Thinking Process

We have, given x+ y+z=0=> X+ y’ + 2> =3xyz So, by using this in solving the given

determinant from both the sides, we can equate the obtained result from both the sides
to desired result.

Sol. Since, x + y+ z=0, also we have to prove

xa yb zc a b c
yc za xb|=xyz|c a b
zb xc ya b c a
xa yb zc

LHS=|yc za «xb

zb xc ya

=xa(za-ya—xb-xc)-yb(yc-ya—xb-zb)+ zc (yc-xc — za- zb)
=xa (a’yz — x°bc) — yb (y’ac — b2xz) + zc (c2xy — Z%ab)

=xyza® — x%abc - ylabc + bix yz + cx yz — Zabc

=xyz@ + b®+c®)-abec (x° + y® + 2°)

=xyz(@ + b® +c¥ —abc (3xyz)

[ox+y+2z=0= 2%+ y® + 2% - 3wy7]

=xyz(@® + b¥+c® - 3abc) ()
a b c a+b+c b c
Now, RHS=xyz|c a bl|=xyzla+b+c a b| [-C,—>Ci+C,+C4]
b c a a+b+c c a
1 b c
=xyz(@+b+c)|1 a b [taking (a + b + ¢)common from C,]
1 c¢c a
0 b-c c-a
=xyz@+b+c)|0 a-c b-a
1 ¢ a

["R,—>R,—Rzand R, »> R, - R,]
Expanding along C;,

=xyz@+b+c)[1b-c)lb-a)-(a—-c)c —-a)l
=xyz(@+ b+c)(b>-ab-bc + ac + a° + c? —2ac)
( (

=xyz(@a+b+c)@ +b%>+c?—ab-bc -ca)

=xyz (@ + b3 +c® - 3abc) ...(ii)
From Egs. (i) and (ii),
LHS = RHS
xa yb zc a b c
= yc za xb|=xyz|c a b Hence proved.
zb xc ya b c a



Objective Type Questions

2x 5 6 .
Q. 241f = , then the value of xis
8 «x 7
(@3 (b) +3 (©+6 d 6
2x 5 6 -2
Sol. (¢) s =17 3
= 2x° —40=18+ 14
= 2x° =32 + 40
= x? :E:%
2
x=*6

a-b b+c a
Q. 25 The value of (b —a c+a blis
c—a a+b ¢

@a+b+¢ (b) 3bc

(©a+ b+ —3abc (d) None of these
Sol. (d) We have,
a-b b+c a
b-a c+a b
c—-a a+b c

a+c b+c+a
b+c c+a+b

[-C, >C,+C,andC, —C, + Cy]

a+c 1
=@+b+c)|lb+c 1

a
b

c+b a+b+c c
a

b

c+b 1 c

[taking (a + b + ¢)common from C,]
a-b 0

a-c
=@+b+c)| O 0 b-c
c+b 1 ¢

[ R, =R, —Rs andR, — R, — Ry]

=@+b+c)[-(b-c) (a-b)] [expanding along R, ]
=@+b+c)lc-b)a->b)

Q. 26 If the area of a triangle with vertices (-3, 0), (3,0) and (0, k) is
9 sq units. Then, the value of k will be

(@9 (b) 3 (©-9 (d)6
Sol. (b) We know that, area of a triangle with vertices (x;, y;), (x5, ¥») and (x5, y5)is given by

’ Xy 1

A= > Xy Yo 1

Xg Yy 1
-3 0 1
A= 1 3 01
2 0 k 1




Expanding along R;,
9= % [-3(=k) = 0+ 1(3k)]

= 18 =3k + 3k = 6k
k:E:B
6

Q. 27 The determinant
b® —ab b-c bc-ac
ab-a® a-b b?—ab|equals to
bc—ac c—-a ab-a®

(@) abc(b — d(c - a(a—b) (b) (b —0(c—a)(a-b)

(©a+ b+ db-0d(c—al(a-b) (d) None of these
Sol. (d) We have,

b2 —-ab b-c bc-ac| |b(b-a) b-c c(b-a)
ab-a> a-b b®-abl=|lab-a) a-b b(b-a)
bc-ac c-a ab-a°| |c(b-a) c-a a(b-a)

b b-c c

=(b-aFla a-b b

cC c—a a

[on taking (b — a) common from C, and C, each]

b-c b-c c
=(b-aPFla-b a-b b
c-a c—-a a

[+C =G -Gyl

=0
[since, two columns C; and C,, are identical, so the value of determinant is zero]

sin x
Q. 28 The number of distinct real roots of |cosx

Cosx
interval -~ < x < T s
4 4
@0 (b) 2 (©1
Sol. (c) We have,
sinx cosx cosx
cosx sinx cosx|=0
COsSx COSx Sinx
ApplyingC; -»C, + C, + Cy,
2C0Sx + Sinx COSx COSx
2cosx + sinx  sinx  cosx|=0
2C0Sx + Sinx cosx  sinx

COSX COSX
sinx cosx|=0 in the
cosx sSinx



On taking (2cosx + sinx) common from C,, we get
1 cosx cosx

= (2cosx + sinx)|1 sinx cosx|=0
1 cosx sinx
1 Ccosx CcoSx
= (2cosx + sinx) |0 sinx —cosx 0 =0
0 0 (sinx — cosx)
[+R,—>R,-R,and R; > Ry — Ry]
Expanding along C;,
(2cosx + sinx) [1- (sinx —cosx)?] = 0
= (2cosx + sinx) (sinx —cosx)? = 0
Either 2cosx = —sinx
= cosx = —%sinx
= tanx = -2 .. ()

But here for —% <x s% , we get —1 <tanx <1s0, no solution possible

and for (sinx — cosx)? = 0, sinx = cosx
= tanx =1= tanE
4
T
X =—
4

So, only one distinct real root exist.

Q. 29 If A, B and C are angles of a triangle, then the determinant
-1 cosC cosB

cosC -1 cosA|isequalto
cosB cosA -1
(@ 0 (b) -1 (© 1 (d) None of these

-1 cosC cosB
Sol. (a) We have,|cosC -1 cosA
cosB cosA -1
ApplyingC; »aC; + bC, + ¢ Cg,
—a + bcosC + ccosB cosC cosB
acosC — b + ccosA -1 cosA
acosB+ bcosA-c cosA -1
Also, by projection rule in a triangle, we know that
a=>bcosC + ccosB,b=ccosA+ acosC andc =acosB + bcosA
Using above equation in column first, we get
—-a+a cosC cosB| |0 cosC cosB
b-b -1 cosA|=|0 -1 cosA|=0
c—-c CcosA -1 0 cosA -1

[since, determinant having all elements of any column or row gives value of
determinant as zero]



cost t 1
Q. 301f f(t)=|2sint t 2t| then lim 0] is equal to

. t—>0 t2
sint t t
@0 (b) -1 (02 (d) 3
Sol. (@) We have,
cost t 1
ft)=|2sint t 2t
sint t t

Expanding along C;,
=cost (t? —2t%)—2sint (% —t) + sint (2t2 —t)
=—t%cost — (t? —t)2sint + (2t —t)sint
= —t?cost —t%-2sint +t-2sint + 2t°sint
=—t°cost + 2tsint

im 1O _ (—tzcost)Jr i 2LSint

t[;ﬂO[T t >0 t2 t >0 t2
=— limcost +2- Iimﬂ
t >0 t—>0 t
=—1+1 [ Iimsmt=1andcosO:1}
t—>0 t
=0
Q. 31 The maximum value of
1 1 1
A= 1 1+sin® 1|is (where, 0 is real number)
1+cosO 1 1
1 3 2+/3
@ (b) g (©~2 (d) Tf
Sol. (@) Since,
1 1 1
A= 1 1+sind 1
1+ cos0 1 1
0 0 1
=| 0 sin® 1 [+C,—>C;-CyandC, »C, - C4]
cos6 O 1

=1(sin 6-cos 6)

:1-2sin ecosezlsin26
2 2

Since, the maximum value of sin20is 1. So, for maximum value of 0 should be 45°.
A= 1 sin2-45°
2

=1sin90°: 1:1
2 2

1
5



Q.321f f(x) =|x +a

x—-a x-b
0 x —c |, then

x+b x+c 0

(a) f(a) =0
Sol. (¢c) We have,

2 A
Q.331fA={0 2
1 1

(@r=2

(ST

Sol. (d) We have,

(b) f(b) =0 (c) f(0) =0
0 x—a
x+a 0
x+b x+cC 0
0 0
fla)=| 2a 0 -C
a+b a+c 0
=[@a-b){2a-(@+c)}] #0
0 b-a 0
fb)y=b+a 0 b-c
2b b+c 0
=—(b-a)[2b(b -c)]
=-2bb-a)(b-c)=0
0 —-a -b
fO)=la 0 -c
b ¢ 0
=a(bc)- b (ac)
=abc —abc =0

-3

5, then A7! exists, if
3

(b)y A =2
(d) None of these

>

Il
o o N
- N >
|
w O W

Expanding along R;,

|A=2(6-5)-A(-5)-3(-2)=2 + 5L+ 6

We know that, A™" exists, if A is non-singular matrix i.e., |A] # 0.

2+50+6=#0

S5L#-8

li_—a
5

So, A" exists if and only if A # _?8 .



Q. 34 If A and B are invertible matrices, then which of the following is not

correct?
@adjA=|A|-A™ (b) det (A" = [det (A)]"
() (AB)" =B~ A”! DA+B) =B +A"
Sol. (d) Since, A and B are invertible matrices. So, we can say that
(ABy ' =B A 0
1
Also, AT = — (adj A)
| A
= adj A=|Al- A ..(ii)
Also, det (A)™" = [det (A)]
= det (A)"' = !
[det (A)]
= det (A)-det (A)" =1 ...(ii)
which is true.
1
Again, A+B'=———adj(A+ B
g ( ) A+ B i ( )
= (A+B)y'#B" + A (V)
So, only option (d) is incorrect.
1+x 1 1
Q. 35 If x, y and z are all different from zero and 1 1+y 1 |=0,
1 1 1+2z
then the value of x> + y ™ +z 1 is
@) xyz (b) x7y 'z © —x—-y-z (d) -1
1+x 1 1
Sol. (d) We have, 1 1+y 1 |=0
1 1 1+ 2z
ApplyingC; »C, -C;andC, -»C, - C,,
x 0 1
= 0 vy 11=0

-z -z 1+ 2z
Expanding along R;,
x[y(d+ 2+ 2z]-0+1(y2)=0

= x(y+yz+2)+yz=0
= xy+xyz+xz+ yz=0
= x—y+x—yz+x—z+£:0 [on dividing (xy2) from both sides]
xXyz xyz xyz xyzZ
= l+1+1+1:O
x y z
11 1
= —F -+ —=-1
x y z



X xX+y x+2y
Q. 36 The value of | x + 2y X xX+Yy|is
X+y x+2y X

X xX+Yy x+2y
Sol. (b) We have, x+2y «x x+y
xX+y x+2y x
x+y) x+y vy
=|3x+y x y [+C,—>Ci+C,+CzandC; »C; -C5]
x+2y -2y

=

3x+vy

=

x+y) vy

=3x+y) x y [taking 3 (x + y)common from first column]

=3(x+y) x y [+ R =R —R,]

Expanding along R;,

=3+ y) [~y =2y -]
=3y"-3(x+y) =9y (x+)

Q. 37 If there are two values of a which makes determinant,

1 -2 5
A=|2 a —1|=86, then the sum of these number is
0 4 2a
(a) 4 (b) 5 (c)—4 (d)9
Sol. (¢) We have,
1 -2 5
A=|2 a -1/=286
0 4 2a
1(2a% + 4)—2 (- 4a—20)+ 0 =86 [expanding along first column]

2a’+ 4+ 8a+ 40=286
2a° + 8a+ 44-86=0
a®+4a-21=0
a®+7a-3a-21=0
(@+7)@-3)=0
a=-7and3
Required sum =-7 + 3=-4

R



Fillers

Q. 38 If A is a matrix of order 3 x 3, then |34] is equal to ......... .
Sol. If Ais amatrix of order 3 x 3, then| 3A| = 3 x 3 x 3| A| =27 | A|

Q. 39 If A is invertible matrix of order 3 x 3, then |A!| is equal to ......... .

Sol. IfAis invertible matrix of order 3 x 3, then|A™| = ﬁ _[since, | A|-| A7 = 1]

(@ +27%)2 (@F -27%)? 1
Q. 40 If x, y, z € R, then the value of | (3* +37%)? (3* —=37%)? 1is
G5 +47%) 4T -4 1

X

Sol. We have,

@* + 272 (2% 27?2 1
(Sx + 3736)2 (3x _ 3736)2 1
(45 + 4752 (4% — 47772 1
@-2%)@2-27%) ¥ -27%)? A , ,

— (2 . 3x) (2 . 3—36) (Sx _ 3—36)2 1 [ (a + b) - (a — b) = 4ab]
@-4")@-47) (@ 4P [+C =G =G,
4 (¥ -2772 A

=4 (3*-3%)P 1/=0 [since, C, and C, are proportional to each other]
4 (45 —472

0 cosO sin@f
Q. 41 Ifcos20 =0, then|cos® sin® 0 | isequalto ......... .
sim@ 0  cos6

Sol. Since,cos20=0

= cos2ezcosE = 2(9:E
2 2
= 0="
4
sin— = iandcosﬁ——
V2 4 2
o L 1f
V2 2
11y,
V2 2
1 9 1
V2 V2

Expanding along R;, 5 5 2
(8T



Q. 42 If A is a matrix of order 3 x 3, then (4%)! is equal to ......... :
Sol. If Ais a matrix of order 3 x 3, then (A?)™" = (A7")2.

Q. 43 1If A is a matrix of order 3x3 , then the number of minors in

determinant of A are ......... .

Sol. [fAisamatrix of order 3 x 3, then the number of minors in determinant of A are 9. [since, in
a 3 x 3matrix, there are 9 elements]

Q. 44 The sum of products of elements of any row with the cofactors of
corresponding elements is equal to ......... .
Sol. The sum of products of elements of any row with the cofactors of corresponding elements
is equal to value of the determinant.
&1 &
LetA =|ay, ay, ayx
A3y 83 dgg
Expanding along R;,
A =ap Ay + apAp + aghg
= Sum of products of elements of R, with their
corresponding cofactors

x 3 7
Q.451fx=-9isaroot of |2 x 2|=0, then other two roots are ......... .
7.6 x
x 3 7
Sol. Since, 2 x 2(=0
7 6 x

Expanding along R;,
x(x2—-12)-3@Rx -14)+7(12-7x)=0

= x3 —12x —6x + 42 + 84— 49x = 0
= x% - 67x +126=0 .0
Here, 126 x1=9x%x2 x7

Forx =2, 2% - 67 x2 + 126=134-134=0

Hence, x =2 is a root.
Forx =7,7% — 67 x7 + 126= 469 — 469 = 0
Hence, x =7 is also a root.



0 xXyz x-2
Q.46 ly-x 0 y-z| isequalto........ .
zZ—x z-Y 0

0 XYz x-2z| |z-x xZ x-2
Sol. Wehavwe, |y-x 0 y-z|=lz-x 0 y-2z [+ C, >C, -C4]
z-x z-y O z-x z-y O
1 xyz x-2
=(z-x)|1 0 y—-2z
1 z-y O

[taking (z — x) common from column 1]
Expanding along R;,

=@z-x)1{-(y-2z-y}r-wz@z-y+(x-2)(z-Yy)]
=(z-x)(z-Y) (~y+z-ayz2+ x - 2)
=(z-x)(z-Yy)(x -y -2

=(Z-x)(y-2)(y-x + xy2)

1+ x)17 1+ x)19 1+ x)23
Q.47 fx)=|1+x? Q+x% Q+x)*
1+ x)41 1+ x)43 1+ x)47

=A+Bx +Cx® +..., then A is equal to ......... .

Sol. Since,
1 (1+x)? (1+x)°

fe)y=(1+2)7 1+ 2?2 1+ 21 (1+x° (1+2)'"=0
1T (+xf (+x)f

[since, R, and R4 are identical]



True/False

Q. 48 (4% =(4™")3, where A is a square matrix and |4 #0.

Sol. True
Since, (A") = (A"Y’, where n e .

Q.49 (@A) = lA_1 , where a is any real number and A is a square matrix.
a

Sol. False
Since, we know that, if A is a non-singular square matrix, then for any scalar a (non-zero), aA

is invertible such that
(@A) (1A’1j: [a-lj (A-AT)
a a

=1
i.e., (@A) is inverse of [1 A~ j or(@A) ' = 1A’1, where a is any non-zero scalar.
a a

In the above statement a is any real number. So, we can conclude that above statement is
false.

Q. 504" #|A™", where A is a non-singular matrix.
Sol. Fuise

| A7 =| A", where A is a non-singular matrix.

Q.51 If A and B are matrices of order 3 and |A|=5 |B|=3, then
|3AB| =27 x 5 x 3 =405.

Sol. True
We know that, |AB| =| Al-|B|
|3AB| =27 | AB|
=27[A|-|B]
=27 x5 x3 =405

Q. 52 If the value of a third order determinant is 12, then the value of the
determinant formed by replacing each element by its cofactor will be
144,

Sol. True
Let A is the determinant.
|A] =12
Also, we know that, if A is a square matrix of order n, then|adj A| =| A|" "
For n=3|adj A| =|A]I*~ ' =|A|?
=(12)" =144



x+1 x+2 x+a
Q.53 |x+2 x+3 x+b|=0, wherea, b and c are in AP.

x+3 x+4 x+c

Sol. True
Since, a, b andc are in AP, then2b=a + ¢
x+1 x+2 x+a

x+2 x+3 x+bl=0
x+3 x+4 x+cC

2x+4 2x+6 2x+a+cC
= x+2 x+3 x+b |=0 [+ Ry =Ry + Rsl
x+3 x+4 x+C
2(x+2) 2(x+3) 2(x+b)
= X+ 2 x+ 3 x+b |=0 [-2b=a+c]
x+ 3 x+ 4 x+C
= 0=0 [since, R, and R, are in proportional to each other]

Hence, statement is true.

Q. 54 |adj A| =| A|% where A is a square matrix of order two.

Sol. False
If A is a square matrix of order n, then
|ladj Al =| A"
= ladj Al =|A1? 7" =|A| [-n=2]

sinA cosA sinA +cosB

Q. 55 The determinant |sinB cosA sinB +cosB|is equal to zero.
sinC cosA sinC +cosB

Sol. True
SinA cosA sinA + cosB SinA cosA sinA sinA cosA cosB

Since, |sinB cosA sinB+cosB|=|sinB cosA sinB|+ |sinB cosA cosB
sinC cosA sinC +cosB| [sinC cosA sinC sinC cosA cosB

sinA cosA cosB

=0+ |sinB cosA cosB

sinC cosA cosB

[since, in first determinant C, and C, are identicals]
sinA 1 1

=CcosA-cosB|sinB 1 1
sinC 1 1

[taking cos Acommon from C, and cos B common from C,]
=0 [since, C, and C, are identicals]



x+a p+u l+f
Q. 56 If the determinant |y+b qg+v m+g| splits into exactly k
z+c r+w n+h
determinants of order 3, each element of which contains only one
term, then the value of k is 8.

Sol. True

x+a p+u I+f
Since, y+b g+v m+g
Z+C r+w n+h

X o} l a u f
=ly+b g+v m+g|+|y+b g+v m+g [splitting first row]
Z+C r+w n+h Z+C r+w n+h
x p l X p l

= vy q m |+| b v g
zZ+C r+m n+h Z+C r+w n+h
a u f a u f
+| y q m |+| b % g [splitting second row]
Z+C r+w n+h Z+C r+w n+h

Similarly, we can split these 4 determinants in 8 determinants by splitting each one in two
determinants further. So, given statement is true.

a p x p+x a+x a+p
Q.571fA=b q y|=16thenA, =|qg+y b+y b+q|=32
c r z r+z c+z c+r
Sol. True
a p x
We have, A=|b g y|l=16
c r z

p+x a+x a+p

andwe havetoprove, A;=|g+y b+y b+q|=32

r+z c+z c+r

2p+2x+2a a+x a+p

Ay=12g+2y+2b b+y b+q [+C »C,+C, +C4]
2r+2z+2c c+z cH+r

p x-p a+p

=2|g y-q b+g

r z—r c+r

[taking 2 common from C, and thenC, - C, - C,, C, -»C, —C;]
‘P x a+p| [p p a+p

=2|q y b+qg|-|g g b+gq
|1z c+r] |r r cHr




p x a+p
=2|9 y b+q|-0
Z CH+Tr

-

[since, two columns C; and C, are identicals]

p x a p x p
=2|g y bl+2|g y q

r z c r oz r

a p «x
=2|/b g y|+0

c r z

[since, C, and C, are identical in second determinant and in first determinant, C, <> C,
and thenC; < C;]

=2 x16 [+ A =16]
=32 Hence proved.
1 1 1
Q. 58 The maximum value of | 1 1+sin6 1 is 1

1 1 1+cosO

Sol. True
1 1 1

Since, 0 sin6 0O [~ R, >R, —Ryand Ry = R, - Ry]
0O O cos6
On expanding along third row, we get the value of the determinant

=cos9-sin6=13ir126=1
2 2

[when 6 is 45°which gives maximum value]





