Application Integrals

Short Answer Type Questions

Q. 1 Find the area of the region bounded by the curves y? = 9x and y = 3x.

@ Thinking Process

On solving both the equation of curves, get the values of x and then at those values, find
the area of the shaded region.

Sol. We have, y? =9x and y = 3x
= (3x)? = 9x
= 9x% - 9x =0
= x(x -1)=0
= x=10
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Q.2Find the area of the region bounded by the parabola y? =2px
2 =2py.
Sol. We have, y? =2px and x? =

R
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Required area = I J2px dx — I —po’
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Q. 3 Find the area of the region bounded by the curve y = x>, y =x + 6 and

x=0.
Sol. Wehave, y=x% y=x+ 6andx =0
Y“ _.3
y=x°_y=x+6
- % 0.0 @ 0)'X
Y
X=x+6
= x3-x=6
= x> -x-6=0
= x%(x —2)+2x (x —2)+ 3(x —2)=0
= (x-2)(x>+2x+3)=0
= x = 2, with two imaginary points

Required area of shaded region = Jj (x +6—x°)dx
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Q. 4 Find the area of the region bounded by the curve y? =4x and x° =4y.

@ Thinking Process

First, by using both the equation get the values of x and then find the shaded region by
using these value of xin the equation of curve in xonly.

Sol. Given equation of curves are

v = 4x 0)

and x? = 4y (ii)
2

: -+

= 4x—44 =4x

= 4 = B4x <

= x* —64x =0

= x(x® - 4% =0

= x=40




Area of shaded region, A= I; (m - x4j dx
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Q. 5 Find the area of the region included between y? =9x and y = x.

Sol. Wehave, y¥* =9xand y =«

x? = 9x
x2 -9 =0
x(x-9=0

x=09
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. Area of shaded region, A = Ij(@ - x)dx= Ij 3x"/%dlx — ,[j x dx
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Q. 6 Find the area of the region enclosed by the parabola x? = y and the line

y=x+2
Sol. Wehave, x® =yandy=x+2 Y
= x2=x+2 1
= ¥ —x-2=0 i
= x2 -2x+x-2=0 »;:W* i
= x(x —2)+ Mx -2)=0 X< - 5—>X
= (x+MN(x-2)=0
- x=-12 y=x+2
Y
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Q. 7 Find the area of the region bounded by line x = 2 and parabola y° = 8x.

Sol. Wehave, y?> =8xandx =2
Y
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x=2
Area of shaded region, A = 2'[02\/de = 2-2«@]02 xV2dx
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Q. 8 Sketch the region {(x, 0): y = +/4 — x°} and X-axis. Find the area of the
region using integration.
Sol. Given region is {(x,0):y = /4 — %} and X-axis.

We have, y= 4—x23y2:4_x2:>x2+y2:4

Y

Area of shaded region, A = fz 4 — x%dx = J‘7221/22 - x%dx
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Q. 9 Calculate the area under the curve y = 2v/x included between the lines
x=0and x =1.
Sol. We have, y=2+x,x =0and x =1
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Q. 10 Using integration, find the area of the region bounded by the line
2y =5x + 7, X-axis and the lines x =2 and x =8.

Sol. We have, 2y =5bx+7
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x=2 x=8

5 8
. Area of shaded region = 1'f8(53c +7)dx= 1 5.5 4 7x
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Q. 11 Draw a rough sketch of the curve y =.,/x —1 in the interval [1, 5].
Find the area under the curve and between the lines x =1 and x = 5.

Sol. Given equation of the curve is y = \/x — 1.
= Y2 =x —1

A
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.. Area of shaded region, A = Ls(x - 1) o = {2(’531)}
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Q. 12 Determine the area under the curve y =+/a® — x? included between
the lines x =0 and x =a.
Sol. Given equation of the curve is y = 1/a® — 2.

= yv=a’—-x° = Yy +x2=a°
Y
A A
) M, Ly
-a O a

Y Y
x=0 x=a

Required area of shaded region, A = J.:wlaz - x%dx
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Q. 13 Find the area of the region bounded by y = Jxand y =x.

Sol. Given equation of curves are y = Jx and y=x.

= x=vJx = x°=x
= x2-x=0 = x(x-1=0
= x =01
YA
y=\x
< 0.0 Ly

N
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y=x

Required area of shaded region, A = I x)dx — j xdx
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Q. 14 Find the area enclosed by the curve y =—x? and the straight line

x+y+2=0.
Sol. Wehave,y=-x?andx+y+2=0
YA
< —1 2. > X

Y —x2:y
= x-2=-x°2x>-x-2=0
= X2+ x-2x-2=0=x(x+1N-2x+1)=0
= (x-2)x+N)=0= x =2 -1

Area of shaded region, A = Ij(—x —2+ x%)dx| =

3 2 2
= x——x——Zx =
3 2 r
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Q. 15 Find the area bounded by the curve y = Jx, x =2y +3 in the first

quadrant and X-axis.
Sol. Given equation of the curves are y = +/x and x =2y + 3in the first quadrant.

On solving both the equations for y, we get 2
y=42y+3 Y /5\7\
= y=2y+3 o b2 y =1
= y’*-2y-3=0 |
= Y2 —3y+y-3=0 : X
= yiy-3)+1(y-3)=0 —1&
= (y+Dy-3=0
= y=-13
. Required area of shaded region, ,
3 2 2y y’
A= ey+3-y )o’y:{2+ 3y—3}O

={12—8+ 9—9—O}=9sq units

Long Answer Type Questions

Q. 16 Find the area of the region bounded by the curve y? =2x and
x% +y? = 4x.
Sol. We have, y? =2x and x? + y° = 4x
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Required area=2- j; [ (22 —(x —2)? - \/ﬂ} dx
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Q. 17 Find the area bounded by the curve y =sin x between x = 0 and x = 2.

@ Thinking Process

We know that, sin x curve has positive region from [0, ] and negative region in [, 21T,

Sol. Required area = _[Oznsinx dx = J.;sinxdx +

2n
_[ sinxdx
T

= —[cosx]] +‘ [~cosx]2"

= —[cosm —cos0] + | - [cos2n — cosn]|
YA
y=sinx

2n

Y

=—[—1—1]+\—(1+1)\
=2+ 2 =4squnits

Q. 18 Find the area of region bounded by the triangle whose vertices are
(-1, 1), (0, 5) and (3, 2), using integration.
Sol. Letwe have the vertices of a AABC as A (- 1,1), B(0, 5)and C (3, 2).

Y
BA(015)
%c(w
A(1 1) |
() - [
X -+ 5 X
Y
YY
. . 5-1
Equationof ABis y —1=| —— |[(x + 1)
0+1
= y-1=4x+ 4
= y=4x+5 (1)

and equation of BCis y — 5= (i_g](x -0)



= 5=
y- 3( x)
= y=5-x (i)
Similarly, equation of AC is y—1—( ) (x+1)
= y—1= 1x+1
= 4y—x+5 (D)

Area of shaded region = J._O1(y1 — Yo )dx + J;()ﬁ = Yo )dx
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Q. 19 Draw a rough sketch of the region {(x, y):y? <6ax and
x% + y? <16a’}. Also, find the area of the region sketched using
method of integration.

Sol. We have, y? = 6ax and x° + y? =16a°
= x? + 6ax = 16a°
x? + 6ax —16a° = 0

=
= x% + 8ax —2ax —16a° =0
= x(x + 8a)—2a(x + 8a)=0
= (x —2a)(x+8a)=0
= x =2a, —8a
Ay
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y2 = 6ax




. . 2a 4a
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Q. 20 Compute the area bounded by the lines x +2y =2, y —x=1 and

2x +y=17.
Sol. We have, X+ 2y=2 (D)
y—x =1 (i)
and 2x +y=7 ... (ii)

On solving Egs. (i) and (i), we get
y-R-2y)=1=3y-2=1= y=1
Y
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2x+y=7
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On solving Egs. (i) and (iii), we get

= 2y -2+ y=7
= y=3
On solving Egs. (i) and (iii), we get

2@ -2y)+y=7
= 4—A4y+y=7
= -3y=3
= y=-1

Required area = _[11 @ —-2y)dy + _[i@ ay - LS()/ - 1ay

o7 > 73 > s
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Q. 21 Find the area bounded by the lines y=4x+5 y=5-x and
4y =x +5.
Sol.

Y

yr

Given equations of lines are

y=4x+5 ()

y=5-x - (i)
and dy=x+5 (D)
On solving Egs. (i) and (i), we get

4x+ 5=5-x

= x=0

On solving Egs. (i) and (iii), we get
44x + B)=x+ 5

= 16x +20=x+ 5
= 15x =-15
= x=-1

On solving Egs. (i) and (iii), we get
4(5-x)=x+5
= 20-4x=x+5



= x=3
. 0 3 1¢3
. Required area = L(4x + 5dx + j0(5 —x)Xdx — ZL(x + 5Xx

2 0 278 2 3
= {4x:+-5x} +-{5x _x} _1{x7+ Sx}
2 o 2], 42 »
=[O—2+5]+[15—9—O}—1[9+15—1+5}
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Q. 22 Find the area bounded by the curve y =2cosx and the X-axis from
x =0 to x =2m.
Sol. Required area of shaded region = .fogn.Qcosm’x

/2 3n/2 2n
:.[ 2c0osx dx + “ ZCOSxdx‘ + J 2c0osx dx
0 2 3n/2
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y=CoS x
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= 2[sinx]¥? + \ 2(sinx)7y 2

=2+ 4+ 2 =8squnits
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Q. 23 Draw a rough sketch of the given curve y =1 + |x+1], x=-3, x=3,

y =0 and find the area of the region bounded by them, using
integration.

Sol. Wehave,y=1+|x+1,x=-3x=3and y=0




—-x, ifx<-1
Y= \x+2 ifxz-1

Area of shaded region, A = .fq —xdx + JS (x +2)dx

~[5] [5=]
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=—[-4]+[8+ 4]
12 4 =16sq units

Objective Type Questions

Q. 24 The area of the region bounded by the Y-axis y =cosx and y =sinx,
where 0 < x < % is
(@) +/2 sq units (b) (/2 + 1) sq units

(©) (\2 =1) sq units (d) 242 —1) sq units

Sol. (c) We have, Y-axisi.e., x =0, y =cosx and y = sinx, where 0<x <—.

N[ a

Y

y=C0Ss x
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. /4 .
Required area = _[ (cosx —sinx)dx
= [sinx]¥* + [cosx]¥*
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Q. 25 The area of the region bounded by the curve x? =4y and the straight
line x =4y —21is
(a) % sq unit (b) g sq unit
() g sq unit (d) % sq units

Sol. (d) Given equation of curve is x = 4y and the straight line x = 4y — 2.

Y
A
(=1, 1/4)
0 > X
Y
Yl
For intersection point, put x = 4y — 2 in equation of curve, we get
(4y —2)*.= 4y
= 16y° + 4 —16y = 4y
= 16y° —20y+ 4=0
= 4y? =5y +1=0
= 42 —4y—y+1=0
= 4y(y=-10-1y-1=0
= (4y-Dy-1=0
1
Y=y
Fory=1 x=+v4-1=2 [since, negative value does not satisfy the equation of line]
Fory = % X = ,f4-% =-1 [positive value does not satisfy the equation of line]

So, the intersection points are (2, 1) and (— 1 %)

x+2
4

. 2 2 x?
.. Area of shaded region = L( )dx - _1de

3 2
2
412 2 413 3

42 43 24




Q. 26 The area of the region bounded by the curve y =+/16 — x* and X-axis is

(@) 87 sq units (b) 20 sq units
() 167 sq units (d) 2567 sq units
Sol. (@) Given equation of curve is y = /16 — x? and the equation of line is X-axis i.e., y = 0.
Y

v
\J16-x2 =0 .. (i)

= 16-x2°=0

= x° =16

= x=14

So, the intersection points are (4, 0) and (-4, 0).

. Areaof curve, A= J‘_44(16 - xz)”zdx

4 2 _ 2
_j741/(4 x2) dx
_ 5 4
= %/42 Ex? + %sin‘1 ﬂ
-4

= _Zi/42 — 4% 4 8sin™' ﬂ - [—:1/42 —(—4)P+ 83in‘1(—iﬂ

=2.0+82-0+ 8-5}:8nsq units
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Q. 27 Area of the region in the first quadrant enclosed by the X-axis, the
line y = x and the circle x° + y? =32is

(@) 167 sq units (b) 471 sq units (c) 327 sq units (d) 24 7 sq units
Sol. (b) We have, area enclosed by X-axis i.e., y = 0, y = x and the circle x2 + y* = 32 in first
quadrant.
Since, x? + (x)° =32 [y =x]
= 2x% =32
= x=x4
So, the intersection point of circle x% + y* = 32 and line y = x are (4, 4) or (— 4, 4).
and X% + Y7 = (42)
Since, y=0
: x? + (0f =32

= x=1 42



So, the circle intersects the X-axis at (+4 v/2, 0).
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Area of shaded region = jxdx + _[ (42)? —x2dx
0 4
o4 5 42
x x 4R2yY . «x
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16 |42 L 1(4V2) 4 2 _1n qpanl 4
5 J{ > 0+ 16'sin B 24 (442)7 =16 —16sin 4\5}
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=8+ [8n — 8 — 4n]= 4n sq units

Q. 28 Area of the region bounded by the curve y =cosx between x =0 and

x=mis
(@) 2 sq units (b) 4 sq units
(c) 3 sq units (d) 1 sq unit

Sol. (@) Required area enclosed by the curve y =cosx, x = 0and x = mis

y=C0S x

/2 T
A= I CoSx dx + f cosxdx
0 2

[ | Tc | } | | TE | |
=|sin— —sin0 |+ {sin— —sin®
2 |72 |

=1+ 1=2sq units



Q. 29 The area of the region bounded by parabola y? = x and the straight
line 2y = xis

(a) % sq units (b) 1 sq unit () % sq unit (d) % sq unit
Sol. (@) We have to find the area enclosed by parabola y? = x and the straight line 2y = x.
Y A
4. 2) 2y =x
. (0, 0) N X
< @ >
y?=x
Y
2
X
il I
)
= x2=4x:>x(x—4)=0
= x=4=y=2andx=0 = y=0

So, the intersection points are (0, 0) and (4, 2).
Area enclosed by shaded region,

A= j;[\/i - ﬂdx
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Q. 30 The area of the region bounded by the curve y =sinx between the
ordinates x =0, x = g and the X-axis is

(@) 2 sq units (b) 4 sq units (€) 3 sq units (d) 1 sq unit

Sol. (d) Area of the region bounded by the curve y = sinx between the ordinates x = 0, x = I
and the X-axis is 2
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A= I:zsinxdx
= —[cosx]¥? = —|cos X —cos0
[ lo 5

=—[0-1]=1sq unit

2 2
Q. 31 The area of the region bounded by the ellipse % + % =1is

(@) 207 sq units (b) 20m% sq units ~ (0) 16w sq units  (d) 257 sq units
2 2

Sol. (a) We have, 956—2 + % =1

Here, a=xbandb=+4

and y—i =1- é

- ¥ = 16(1 - ’2‘5]
(0, 4)

)/

(0,-4) L+%,1

= = o5 - %)

= y= 25" - %)

. Area enclosed by ellipse, A=2 - gfs\/ﬁdx

:2-7J.5 52 — x°dx
590

5
2.8 x P % gt X
512 2 5 0

:2.§{275.E}
512 2
16 25

5 4

=20m sqg units



Q. 32 The area of the region bounded by the circle x° + y? =11is

(@) 27 sq units (b) 7 sq units
(c) 3w sq units (d) 47 sq units

Sol. (b) We have, xZ+ 2 =12 [or=+1]
= y=1-x2 = y=y1-42

)
. Area enclosed by circle =2[' \[1? — x?dx =2 2] [ — x%ax

2
=2 -2{;/12 —x? 4 %Sin’1 ﬂ
0

=4[1-0+1-E—o—1-0}
2 "2’ 2 2

=4.— =msqunits
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Q. 33 The area of the region bounded by the curve y =x + 1 and the lines
x=2, x=318
7 . 9 . 11 . 13 .
(a) 5 sq units (b) 5 sg units () > sq units (d) 5 sq units

> 3
Sol. (@) Required area, A= J;(x + 1)dx = {xz + x}
2

:[g+ 3_ﬂ_2}:{§+1—|:zsqunits
5 o 72
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Q. 34 The area of the region bounded by the curve x =2y + 3 and the lines
y=1 y=-1is
(@) 4 sq units (b) % sq units
(€) 6 sq units (d) 8 sq units
Sol. (¢) Required area, A = E1(2y + 3)dy

y=1

22 '
2 -1

=[y* + 3yl
=1+ 3-1+ 3] =6sqgunits





