Application of Derivatives

Short Answer Type Questions

Q. 1 A spherical ball of salt is dissolving in water in such a manner that the
rate of decrease of the volume at any instant is propotional to the
surface. Prove that the radius is decreasing at a constant rate.

@ Thinking Process
First, let V be the volume of the ball and S be the surface area of the ball and then by

o adv .
using o oc S, we can prove the required result.
t

Sol. We have, rate of decrease of the volume of spherical ball of salt at any instant is oc surface.
Let the radius of the spherical ball of the salt be r.

Volume of the ball (V) = g wr’

and surface area (S) = 4nr®
PR Y
at dt \3
2
= i7'5-3r2.goc471r2 - goc4m2
8 at dt  Anr
- % =k-1  [where, k is the proportionality constant]
ar
= a_,
at

Hence, the radius of ball is decreasing at a constant rate.

Q. 2 If the area of a circle increases at a uniform rate, then prove that
perimeter varies inversely as the radius.

Sol. Let the radius of circle = r And area of the circle, A = nr?
—A=—
at at
%=2nr‘g ()
at at



Since, the area of a circle increases at a uniform rate, then

dA .
— =k (il
p (i)
where, k is a constant.
From Egs. (i) and (ii), 2mr- % =K
ar k k (1
- 7:7:7( j .. (i)
at 2nr 2w \r
Let the perimeter, P=2nr
aP d o/ ar
— =2 = —=21n-—
at  adt at at
= ﬁ 1 = K [using Eq. (iii)]
2T r r
= P oc1 Hence proved.
at r

Q. 3 A kite is moving horizontally at a height of 151.5 m. If the speed of kite

is 10 m/s, how fast is the string being let out, when the kite is 250 m
away from the boy who is flying the kite, if the height of boy is 1.5 m?

Sol. We have, height (h) = 151.5m, speed of kite (v)=10 m/s F Cy
Let CD be the height of kite and AB be the height of boy.
Let DB=xm=EAand AC =250m
ax =10m/s
at
From the figure, we see that 151.5m
EC =151.5-1.5=150m A E
and AE = x G
Also, AC =250m 1.5m
In right angled ACEA, B - oY
AE? + EC? = AC?
= x? + (150 = y? .. (i)
= x? + (150)° = (250)°
= x? = (250)° - (150)?
= (250 + 150) (250 — 150)
= 400 %100
o x =20 x10=200
From Eq. (i), on differentiating w.r.t. t, we get
2x - dx +0= Zy%
at at
= ZyQ =2x d—x
at at
d_x ox
at y at
200 [ dx )
=—-10=8m/s w—=10m/s
250 | ar ]

So, the required rate at which the string is being let out is 8 m/s.



Q. 4 Two men A and B start with velocities v at the same time from the
junction of two roads inclined at 45° to each other. If they travel by
different roads, then find the rate at which they are being separated.

@ Thinking Process

By drawing figure such that men start moving at a point C, A and B are separating points,
then draw perpendicular from that point C to AB to get D. Now, get the value of ZACD in

terms of xand y, then by using%g@t desired result. [let AC=BC=x and AB=y]
Sol. Let two men start from the point C with velocity v each at the same
time.
Also, Z/BCA = 45°
Since, A and B are moving with same velocity v, so they will cover
same distance in same time.
Therefore, AABC is an isosceles triangle with AC = BC.
Now, draw CD 1 AB.
Let at any instantt, the distance between them is AB.
Let AC=BC=x and AB=y
In AACD and ADCB,

/CAD = / CBD [+ AC = BC]
Z/CDA = £ CDB = 90°
/ACD = «DCB
or LACD:%szCB
= ZACD = % 45
= ZACD =%
.t AD
sin==—
8 AC
- sinX_Y/2 [+ AD = y/2]
X
= y_ x sin I
2 8
. T
= =2x-sin—
y 8

Now, differentiating both sides w.r.t.t, we get
_ 2-sin=. dx

dt 8 dt
. T { dx}
=2-sin—.v ey =
8 at
2-\/5 I_ o 2—\/§—|
=2v osin— =
2 [ 8 2 J

=2 =2 vunit/s

which is the rate at which A and B are being separated.



Q. 5 Find an angle 6, where 0< 0 < % which increases twice as fast as its sine.

Sol. Let 6increases twice as fast as its sine.

= 0=2sin0O
Now, on differentiating both sides w.r.t. t, we get
do ado

—=2-c080-— = 1=2cos 6
at at
1 T
—=Cc0S0 = cos0O=cos—
2 3
o=~

3
So, the required angle is %

Q. 6 Find the approximate value of (1.999)°.

and Ax =—- 0001
Let y=x°
On differentiating both sides w.r.t. x, we get
¥ = 5x?
dx
Now, ay=Y Av=5xt xAx
ax

=5x2% x[-0.001]

=—80 x 0.001=- 0080
1999° =y + Ay

=2% 4+ (- 0.080)

=32 - 0080 = 31.920

[+~ 2-0.001=1.999

Q. 7 Find the approximate volume of metal in a hollow spherical shell whose
internal and external radii are 3 cm and 3.0005 cm, respectively.

Sol. Letinternal radius =r and external radius =R

~.Volume of hollow spherical shell, V = %n (R® —r®)

4
= V= 37 [(30005)° —(3)°]
Now, we shall use differentiation to get approximate value of (3.0005)°.
Let (30005)° = y+ Ay
and x =3 Ax = 0.0005
Also, let y=x°
On differentiating both sides w.r.t. x, we get
¥ = 3x?
dx

Ay:% x Ax = 3x2 x 00005
dx

=3 x 3% x 00005
=27 x 00005 = 00135



Also, (30005)° = y + Ay

=3 + 00135=27.0135

V= %n [27.0135 — 27.000] [using Eq. (i)]

- % 7 [00135] = 47 x(0.0045)
=00180% cm®

Q. 8 A man, 2 m tall, walks at the rate of 1% m/s towards a street light

which is 5 1 m above the ground. At what rate is the tip of his shadow

movjng ando’ at what rate is the length of the shadow changing when he
is 3§ m from the base of the light?

Sol. Let AB be the street light post and CD be the height of mani.e., CD =2 m.
A

D

2m

B E

x> C «—)—>
Let BC = xm,CE = ymandd—xz_—sm/s
at 3

From AABE and ADCE, we see that

AABE ~ ADCE [by AAA similarity]
16
AB_BE_ 3 _x+y
DC CE 2 y

N 16 _x+y
6 y
= 16y = 6x + 6y= 10y = 6x
3
= =—Xx
/ 5

On differentiating both sides w.r.t.t, we get
%_E.dﬁ_é(_&j
dt 5 dt 5 3
[since, man is moving towards the light post]

:g-(j]:—1m/s
5 3

Let Z=x+Yy
Now, differentiating both sides w.r.t.t, we get

dz dx dy (5 j
—=—+ —=—|—+1
at dt  dt 3
:—§:—2gm/s
3 3

Hence, the tip of shadow is moving at the rate of 2% m/s towards the light source and

length of the shadow is decreasing at the rate of 1 m/s.



Q. 9 A swimming pool is to be drained for cleaning. If L represents the
number of litres of water in the pool t seconds after the pool has been
plugged off to drain and L =200 (10 — t)?. How fast is the water running

out at the end of 5 s and what is the average rate at which the water
flows out during the first 5 s?

Sol. Let L represents the number of litres of water in the poolt seconds after the pool has been
plugged off to drain, then
L =200(10-t)

.. Rate at which the water is running out = — dt

o at
i 200-2 (10 —t)- (-1)
=400(10-1)
Rate at which the water is running out at the end of 5 s
=400 (10 - 5)
=2000L/s =Final rate
dL

Since, initial rate = — (—) =4000 L/s
dt )i _o

Initial rate + Final rate
2

4000 + 2000

4 2

= 3000L/s

Average rate during 5 s =

Q. 10 The volume of a cube increases at a constant rate. Prove that the
increase in its surface area varies inversely as the length of the side.

Sol. Let the side of a cube be x unit.
Volume of cube (V) = x
On differentiating both side w.r.t. t, we get

3

WV _ 529 _ [constant]
at at
at  3x? :
Also, surface area of cube, S = 6x°
On differentiating w.r.t. t, we get
as dx
— =12x-—
at at
as k ) .
—=12x — using Eq. (i
= pm ¥ooa [using Eq. (7)]
as 12k (kj
= e gl
at 3x x
as 1
= — o —
a x

Hence, the surface area of the cube varies inversely as the length of the side.



Q. 11 If x and y are the sides of two squares such that y = x — x?, then find
the rate of change of the area of second square with respect to the
area of first square.

@ Thinking Process

First, let A and A, be the areas of two squares and get their values in one variable and
then by using dA,/ dt and dA, | dt get the value of dA, | dA,

Sol. Since, x and y are the sides of two squares such that y = x — x°.

Area of the first square (A,) = x*

and area of the second square (A,) = y* = (x — x°)?

%zi(x—xz)z:2(x—x2)(d—x—2x-d—xJ
at  dt dt dt
dx 2
==~ (1-2x)2(x -
dt( x)2(x —x%)
and %:ix2:2x~d—x
dt  dt dt

dx 2
dA, dA, dt g (1 2xX)ex —2x7)

A, OAJdt oy, 0%

(1-2x)2x(1—x)
2x

=(1-2x)(1-x)

=1-x-2x + 2x°

=2x% — 3x + 1

Q. 12 Find the condition that curves 2x=y? and 2xy =k intersect
orthogonally.

@ Thinking Process

First, get the intersection point of the curve and then get the slopes of both the curves at
that point. Then, by using m,- m,=—1, get the required condition.

Sol. Given, equation of curves are 2x = y° ()
and 2xy =K .. (i)
= y = LS [from Eq. (ii)]

2x
PRY:
From Eq. (i), 2x = (—j
2x
= 8x% = k?
= RN
8
= X 1 K!8
2
2x 2. 1 k2/3
2

Thus, we get point of intersection of curves which is G K23, k”sj.



From Egs. (i) and (ii),

dy
2=2y—
y dx
and Z{x-dd—y+y~1}:0
X
- dy_1
dx vy
and (%) _Ty_ Yy
dx 2x x
dy o
= (dxj[uzxq Wf*] =73 [saym,]
2
/3
and (ﬂ) il SUPRTE [say m,]
dx (1;(2/3’ Kw/aj 1218
2 2
Since, the curves intersect orthogonally.
ie., my-my =—1
1 ~1/3
= W . (— 2/( ) = - 1
= —2 k28 =1
2
= k2/3 =92
k? =8

which is the required condition.

Q. 13 Prove that the curves xy = 4 and x? + y® =8 touch each other.

@ Thinking Process

First, find the intersection points of curves and then equate the slopes of both the curves
at the obtained point.

Sol. Given equation of curves are

xy =4 ()
and x>+ y*=8 ...(ii)
= X - ¥ +y=0
dx
and 2x + Zy% =0
dx
- dy _ -y
dx «x
and % - _2736
dx 2y
= Yo, [say]
dx x
and Y _-x_ ms, [say]
dx y
Since, both the curves should have same slope.
—y_-x 2_ _,2
= = -y =-x
X

= x? = y? .(iii)



Using the value of x2 in Eq. (ii), we get
Y +y =8
= y=d=y=122
4

Fory=2x=—=2
y 2

andfory:—2,x:i2:—2

Thus, the required points of intersection are (2, 2) and (- 2, — 2).

For (2, 2), m1:1:£:—1
x 2

and m22j2£:_1
y 2

m, =m,

For (-2,-2), m-=Y_—C2_
x -2

and mgzj:ﬂ=—1
y -2

Thus, for both the intersection points, we see that slope of both the curves are same.
Hence, the curves touch each other.

Q. 14 Find the coordinates of the point on the curve NO \/; =4 at which
tangent is equally inclined to the axes.

Sol. We have, Vx4 yfy=4 ()
- 22 N2 g
1 1 11 ay
= 2 W2 g =0
%:_1.,(1/2 WL
dx 2

Since, tangent is equally inclined to the axes.
dy

=+1
dx
= —\ﬁzi1
X
= Xz1:>y:x
X
From Eq. (i), Jy+4y=4
= 2y=4
= 4y =16

y=4andx =4
When y=4, then x =4
So, the required coordinates are (4, 4).



Q. 15 Find the angle of intersection of the curves y =4 — x? and y = x°.

Sol. We have, y=4-x°
and y=x°
= ¥ =—-2x
dx
and Wi =2x
dx
= my =-2x
and m, =2x
From Egs. (i) and (ii), x% =4 —x?
= 2x° =4
= x% =2
= x=*+2
y=x?=(£~2)?=2
So, the points of intersection are (v2,2)and (-~/2, 2)
For point (+ +/2, 2), m=-2x=-2-y2=-22
and ‘ mz‘ = ZX}Z@I - a
. my—m, | |=242 =242| |- 442
and for point (2, 2), tane:‘1+ m1m2‘:‘1—2@-2@‘:‘ — ‘

0=tan"' [4\@)
7

Q. 16 Prove that the curves y® =4x and x® +y® —6x +1=0 touch each

other at the point (1, 2).

Sol. Wehave, y? =4xandx? + y* —6x + 1=0

Since, both the curves touch each other at (1, 2) i.e., curves are passing through (1, 2).

ay
2y-—=4
y dx
and 2x+2y%:6
dx
- a_ 4
dx 2y
and d _6-2x
dx 2y
- HIEE
dx (1,2) 4
and (%j :6—2~1:ﬂ:1
dx (1,2) 22 4
= my=1and m, =1

Thus, we see that slope of both the curves are equal to each other i.e., m; =m, =1at the

point (1, 2).
Hence, both the curves touch each other.



Q. 17 Find the equation of the normal lines to the curve 3x* — y? =8 which
are parallel to the line x + 3y =4.

Sol. Given equation of the curve is

3x? -y =8 ()
On differentiating both sides w.r.t. x, we get
dy
6x —2y—=0
ydx
dy 6x 3x
= —_——=
dx 2y vy
3x
= my =— [say]
-1 -y .
and slope of normal (m,) = —=—= .. (i)
m,  3x

Since, slope of normal to the curve should be equal to the slope of line x + 3y = 4, which is
parallel to curve.

i 4-x —-x 4
For line, y= -~ 4+ -
3 3 3
= Slope of the line (mj3) = %
my, =ms
= A Q
3x 3
= —3y=-3x
- y=x .. (i)

On substituting the value of yin Eq. (i), we get

3x° —x°=8

= x° =4

= x=%2

Forx =2, y=2 [using Eg. (iii)]
and forx = -2, y=-2 [using Eq. (iii)]
Thus,the points at which normal to the curve are parallel to the line x + 3y = 4are (2, 2) and
(-2,-2)

Required equations of normal are
y—2=my(x-2) and y+2=m,(x +2)

= y—Z:F(x—Z) and y+2:F(x+2)
= 3y-6=—-x+2 and 3y+6=—-x-2
= 3y+x=+38 and 3y+x=-38

So, the required equations are 3y + x = + 8.

Q. 18 At what points on the curve x® + y> —2x —4y +1=0, the tangents
are parallel to the Y-axis?

Sol. Given, equation of curve which is

¥+ —2x—4y+1=0 ()
= 2x+2y%—2—4%:0
dx dx



ady

= —QRy-4)=2-2x
dx
= ay _2(-x)
dx 2(y-2)
Since, the tangents are parallel to the Y-axis i.e., tan = tan90° = %
X
T-x 1
y-2 0
= y-2=0
= y=2

For y =2 from Eq. (i), we get
x%+2% —2x —4x2+1=0
x?-2x-3=0

x> -3x+x-3=0
x(x—-3)+1(x-3)=0
(x+MN(x-3)=0

o x=-1,x=3
So, the required points are (- 1,2)and (3, 2).

B RV

Q. 19 Show that the line d +% =1, touches the curve y =b-e /% at the
a

point, where the curve intersects the axis of V.

Sol. We have the equation of line given by " % =1 ,which touches the curve y = b-e™*2 at
a

the point, where the curve intersects the axis of Yi.e., x = Q.
- y=b-e?=p [re? =1]
So, the point of intersection of the curve with Y-axis is (0,b).
Now, slope of the given line at (0, b) is given by
11 + l % =0
a b dx
dy
dx a
dy 1 -b
e _ . p=—"=m sa
dx a 2 ! [say]
Also, the slope of the curve at (0, b)is
% =b .e_x/a . ;1
a

=

=

dx
ﬂ _ ﬂe—x/a
dx a
(%) _heo_ b m, [say]
dx (0, b) a a
Since m=m, = -b
) 1= M =

Hence, the line touches the curve at the point, where the curve intersects the axis of Y.



Q. 20 Show that f(x) =2x +cot ' x + log(y/1 + x* — x) is increasing in R.

@ Thinking Process

If f'(x) >0, then we can say that f(x) is increasing function. Use this condition to show
the desired result.

Sol. We have, fx) = 2x + cot'x + log(W1 + x° — x)
- 1 [ )
fllx)=2 2x -1
e (sz} Wieat-ml2ficar )
1 1 (x =41+ xz)

=2 - +

T+2®  (J1ra2—x) (1442

1 1

1P 1+ «?
C2+2x% 1142 122 1+ 47

1+ x° 14 x°

=2

For increasing function, f'(x)>0

1+ 2x% — 1+ x?
= 5 >0
1+ x

1+ 2x% >4 [1+ &2
1+ 2x2)7 21+ 2
1+ 4x* + 4x? >1+ x°
4x* +3x% >0
x2(4x% + 3)>0
which is true for any real value of x.
Hence, f(x)is increasing in R.

L

Q. 21 Show that fora > 1, f(x) = V3sinx — cosx — 2ax + b is decreasing in R.

@ Thinking Process

If f'(x) <0, then we can say that f(x)is a decreasing function. So, use this condition to
show the result.

Sol. Wehave, a>1, f(x) = \/3sinx — cosx —2ax + b
: f'(x) = J/3cosx — (- sinx) — 2a
=/3cosx + sinx —2a

=2 ﬁ-COSx + 1-sinx —-2a
2 2
= 2{cos£-cosx + sin%sinx—| -2a

=2(COSE - xj —2a
6

[-cos(A — B)=cosA-cosB + sinA-sinB]

A2



We know that, cosx e€[-1,1]

and a>1
So, 2[003(2 - xj - a} <0
. f'(x)<0

Hence, f(x)is a decreasing function in R.

Q. 22 Show that f(x) =tan}(sin x + cosx) is an increasing function in (O, %j

Sol. We have, f(x) = tan”'(sinx + cosx)

f'(x)= . ! 5+ (cosx —sinx)
1+ (sinx + cosx)

B 1
1+ sin®x + cos® x + 2sinx-cosx

(cosx — sinx)

= m(cosx — Sinx)
[ sin2x =2sinxcosx and sin x + cos®x = 1]
For f'(x) > 0,
m'(oosx - Sinx) >0
= cosx —sinx >0 [ (2 +sin2x) >0 in(O,Zﬂ
= cosx >sinx

which is true, if x e (0, %)

Hence, f(x)is an increasing function in (0, %)

Q. 23 At what point, the slope of the curve y =—x? +3x% +9x —27 is
maximum? Also, find the maximum slope.

Sol. We have, y=—x>+3x% + 9x - 27
g—y = — 3x2 + 6x + 9 =Slope of tangent to the curve
X
dzy
Now, —2=—6x+ 6
dx
For i(%j =0
dx \dx
-6x+6=0
-6
= x=—=1
-6

2
d(d;’]:— 6<0
dx | dx

So, the slope of tangent to the curve is maximum, when x = 1.

Forx =1, (%j =-31 +6-1+9=12,
ax Jix =1)

which is maximum slope.



Also, for x=1y=-1+31+9.1-27
=-1+3+9-27
=-16

So, the required point is (1, — 16).

Q. 24 Prove that f(x) =sinx +~/3cosx has maximum value at x = %

Sol. We have, f(x) = sinx + «/3cosx
' f'(x) = cosx + /3 (- sinx)
= cosx — ~/3sinx

For f'(x) = 0, cosx = /3sin x
1 T
= tanx = — = tan—
V3 6
Y
= X =—
6

Again, differentiating f'(x), we get
f'(x) = — sinx — v/3cosx

Y T T
At x ==, f'(x) = —sin= — +/3cos=
6 () 6 6
1 V3
- _Jy3.X=
2 2
_1u8 b
2 2
Hence, at x = % f(x) has maximum value at % is the point of local maxima.

Long Answer Type Questions
Q. 25 If the sum of lengths of the hypotenuse and a side of a right angled
triangle is given, then show that the area of triangle is maximum,

when the angle between them is %

Sol. Let ABC be atriangle with AC =h, AB=xand BC = .
Also, /CAB=10

Let h+x=k ()

X
h
x =hcos6
h+ hcos 6=k [using Eg. (i)]

cos 0 =

Uy



= h(1+cos 0)= k
k

= h=——
1+ cos0)

Also, area of AABC = —(AB- BC)

A= SxX -y

=—hcos 0- hsin 6

N[N || —

| —

=—h’sin 0-cos 0
2

2h®
=——sin6-cos 0

_ 1 hesin2o
4

B k
1+ cos 0

2
A:1 L -sin20
4{ 1+ cos 0

B ﬁ sin20

4 (1+cos 0y
dA K[ (1+ cosB)’ -cos 2 0:2 ~sin20-2(1 + cos6)- (0 —sin 0) |

ao 4 (1 + cos6)*

B E 2(1+ cos0)[(1+ cos 0)-cos2 6 + sin20 (sin 0)
4 (1+ cos0)*

2
- kf.%[m +c0s0)-c0s2 0 + 2sin 6-cos 6]
4 (1+cos6)
2
- m[ﬂ + cos 0)(1-2sin? 8) + 2sin” 8-cos 6]
+ COS
2
- 2(1/(76)3[1 + c0s0 —2sin? 6 — 2sin” 0-cos 6 + 2sin® 0-cos 6]
+cos
k2
:m[a + cos 0) - 2sin” 0]
k2
- mﬁ +cos0 -2 + 2c0s? 0]
+Cos
k2
:m(200326+ cos 6 — 1)
+ COoSs

Since,

Lg@cosze +cos0-1)=0
2(1+ coso)

2c0s? 0+ cosh—1=0

2c0s% 0+ 2c0s0 —cosH—1=0

2c0s0 (cosO+ 1)—1(cosO+ 1)=0

(2cosb — 1)(cosO+ 1)=0

Uy U

SineZEJ

Y]

)

. (iv)



or

oosG:%orcos@=—1

0= % [possible]
0=2nn+mn [not possible]
Y
0=—
3

Again, differentiating w.r.t. 8in Eq. (v), we get
i(%) _
de\ do

d?A drk220036—1)(1+coseﬂ d [ k? 20036—1)—|

e

which is less than zero.

d

do

2
{(1!(6)3(20032 0 + cos 0 — 1)}
+cos

b 2(1+ cos 0)° Tde| 2 (1+Cos O)J
Kk? _(1 +c0s 0)? - (- 2sin 0) — 2(1 + cos 0)- (- sin B)(2cos 6 — 1)—|
2| (1+ cos0)*
k2 _(1 + cos 0)-[1+ cos 0](-2sin 6)+ 2sin 6 (2cos 6—1)1
2| (1+ cos 0)*
Kk?[ —2sin 6 — 2sin 0-cos 0 + 4sin 0-cos O — 2sin O
2| (1+ cos 0) }
Kk?[ - 4sin 6 —sin20 +2sin20 | _ k*[sin26 - 4sin 6
2 (1+ cos 0)° }_2{ (1+ cos 0) }
K2 sinzg—4sing-’ kz[f—?]

2 m\° |:?| 1 I

fee3) | L0

K2[ - 3@-87__k2(2ﬁj
2 2.27 9

Hence, area of the right angled triangle is maximum, when the angle between them is %

Q. 26 Find the points of local maxima, local minima and the points of

Sol. Given that,

inflection of the function f(x)=x> —5x* +5x> —1. Also, find the
corresponding local maximum and local minimum values.

fx)=x° - 5a* + 5x% -1

On differentiating w.r.t. x, we get

For maxima or minima,

=

Uyl

f/

(x) = 5x* —20x° + 15x°
fx)=0

5x% —20x° + 1522 =0

5x2(

)
5x?[x(x — 3) — 1(x — 3)]
5x?[(x — 1)(x )]

5x%(x2 — 4x + 3) =

x> -3x-x+3

0
0
0
0
0 1



Sign scheme forg—y =5x2(x — 1)(x — 3)
X

+ — + +o

< | |
<t t

0 1 3

So, y has maximum value at x = 1and minimum value at x = 3.
At x = 0,y has neither maximum nor minimum value.
. l\/IaX|mumva|ueofy—1—5+5—1—0
and minimum value = (3)° — 5(3)* + 5(3)° — 1
=243 -81x5-27 x5-1=-298

Q. 27 A telephone company in a town has 500 subscribers on its list and
collects fixed charges of ¥ 300 per subscriber per year. The company
proposes to increase the annual subscription and it is believed that for
every increase of ¥ 1 per one subscriber will discontinue the service.
Find what increase will bring maximum profit?

Sol. Consider that company increases the annual subscription by ¥ x.
So, x subscribes will discontinue the service.
Total revenue of company after the increment is given by
R (x) = (500 — x) (300 + x)
=15x10" + 500x — 300x — x?
= — x% + 200x + 150000

On differentiating both sides w.r.t. x, we get
R'(x)=—2x + 200

Now, R'(x)=0
= 2x =200= x =100
‘ R'"(x)=-2<0

So, R (x)is maximum when x =100.
Hence, the company should increase the subscription fee by ¥ 100, so that it has maximum
profit.

Q.28 If the straight line xcosa +ysino =p touches the curve

2 2
X .
=+ y_2 =1, then prove that a® cos® o +b? sin® o = p®.
a b
Sol. Given, lineisxcosa+ ysina=p ()
2 2
and curve is — y—z =
a b
= b%x? + a®y? = a’b? (i)

Now, differentiating Eq. (i) w.r.t. x, we get

b2-2x+az~2y-%:0
dx

dy -2b%x - xb?

= e A = . (iii
dx  2a%y ya® ()

From Eq. (i), ysino =p—xCoS a

= y=-xcoto+

sin a
Thus, slope of the line is (- cot a.).



2
So, the given equation of line will be tangent to the Eq. (ii), if [ x. bz) = (—cot o)
y a

x y

= = =k sa
a®cosa b®sina [say]
= x = ka® cos o
and y=b? ksina
. . . xZ P .
So, the line xcosa+ ysina= p wil touch the -curve pes + oz at  point
(ka® cos o, kb? sin a).
From Eq. (i), ka® cos? a + kb%sin® o = p
= a® cos® o + bsin? azf
2
= (@ cos? o + b?sin® a)? = ra .(iv)
From Eq. (i), b2%k2a*cos? a + a’k?b*sin® a = a®b?
= k? (@®cos® a + b%sina) =1
. 1
= (@®cos® o + b?sin® a) = P (V)
On dividing Eq. (iv) by Eq. (v), we get
a®cos® o + b sin® o = p Hence proved.
Alternate Method
2 2
We know that, if a line y = mx + ¢ touches ellipse x—z + y—z =1 then
a b

the required condition is c? =a’m? + b?
Here, given equation of the line is
XCOS o+ ysSina=p

— X COS o
N _p-zcosa
sin o
=—xcota + ,p
sina
= CZ_L
sin a
and m=—cot a
2
Pl Z 22 (Ccot @)? +b2
sin o
2 2
COoS“ o
N IP2 - g2 S +b2
sin® a sin® a

= p° = a®cos®a + b?sin’ a Hence proved.



Q. 29 If an open box with square base is to be made of a given quantity of

card board of area ¢, then show that the maximum volume of the box
3

is £ cu units
67/3
@ Thinking Process
. . . dav . av
First, let the sides of box in x and y then find = in terms c and x. Also, for d—=0 get
x x

2
the value of x and g‘d—v < 0 at the value of x, then by putting that value of x in the

d’

equation of V, get the desired result.

Sol. Let the length of side of the square base of open box be x units and its height be y units.
: Area of the metal used = x* + 4xy

= x? + 4xy =c? [given]
2 2
c”—x .
= y= o .. (i)
Now, volume of the box (V) = x2y
= V=x? o® T
- 4x
1 X i
2 2
=—x(° -« X
4 { ) Y=
~4 ©%x — x%)
On differentiating both sides w.r.t. x, we get
av 1 ;
- e -a?) ... (i
Now, Z—V=o = ¢%=3x"
X
2
= =
3
= x=" [using positive sign]
E]
Again, differentiating Eq. (i) w.r.t. x, we get
2 p—
d—\z/ =1(—6x)=—3x<0
dx 4 2

d*v __E.(LJ@
dx2 atx—c— 2 \/g
NG

Thus, we see that volume (V) is maximum at x = %
. Maximum volume of the box, (V) . c2 & i
- e AN CENE



Q. 30 Find the dimensions of the rectangle of perimeter 36 cm which will
sweep out a volume as large as possible, when revolved about one of

its sides. Also, find the maximum volume.

Sol. Let breadth and length of the rectangle be x and y, respectively.

!

Yy

l

1 [
< X >
Perimeter of the rectangle = 36 cm
= 2x+ 2y =36
= x+ y=18
= y=18-«x

Let the rectangle is being revolved about its length y.
Then, volume (V) of resultant cylinder = & x° - y

= V=mx?-(18-x) [

=18mx® — mx® = 1 [18x% = x°]

On differentiating both sides w.r.t. x, we get
av

— = 1 (36x — 3x?)
dx
aVv
- = 0
dx
36x = 3x°
3x? -~ 36x =0
3(x2-12x)=0
3x (x —12)=0
x=0x=12
S x=12
Again, differentiating w.r.t. x, we get

2
%zn(SG—Gx)
X

2
= g =n(36-6x12)=—36n<0
dx x=12

Now,

SRR U U U V)

At x =12, volume of the resultant cylinder is the maximum.

So, the dimensions of rectangle are 12 cm and 6 cm, respectively.

.. Maximum volume of resultant cylinder,
(V) —1p = m[18- (12)° — (12)°]
=n[122 (18 -12)]
=nx144 x6
=864 1 cm®

V = nr?h] [using Eq. (i)]

[+, x 0]

[using Eq. ()]



Q. 31 I the sum of the surface areas of cube and a sphere is constant, what is
the ratio of an edge of the cube to the diameter of the sphere, when
the sum of their volumes is minimum?

Sol. Let length of one edge of cube be x units and radius of sphere be r units.
Surface area of cube = 6x2

and surface area of sphere = 4nr?
Also, 6x® + 4’ =k [constant, given]
= 6x2 =k — 4nr?
2 k — 47‘5[2
= X< =—
6
1/2
[k — 4m? ] ,
= x = Ere— ()
Now, volume of cube = x°
4
and volume of sphere = 3 mr

Let sum of volume of the cube and volume of the sphere be given by
573/2
S=x°+ ércr3:|—k_¢—| s
3 L 6 J 3
On differentiating both sides w.r.t. r, we get
1/2
dS 3|k - an?| (— 8nr) 12
— == . + —r
a 2 6 J 6

3
/
[elam2]? ,

=-2n LTJ + 4nr

3

.. (i)

Now, ﬁzo
ar
B > 1/2
= r:Oor2r:(k4mJ
6
_ 2
= 42 = KA gnr = 24r% = k - 4n®
= 24 + Ar® =k = 1?24+ 4n]=k
r=0or r= K :1 K
24+ 4n 2 \6+ ¢
We know that, r+0
1 [E




" 1
_ 2
=-2n|r- ! > ( gmj+ a gm |+ 8nr
5 Kk — 4nr J
L 6
B 2
— 8?4 12 [k-“’gﬂ
=-2n > |+ 8nr
| 6
{ ] [ |
_ 2 _ 2 _ 2
:_2n| 48nre + 72k 248nr |+8nr:—2rc 96nr +722k 80
L 70 Kk —4nr J 70 k — 4nr
6 6
Forr= 1 , then the sum of their volume is minimum.
2 + 7
- 1/2
1k k_4“'% 6 0
Forr=— , X = €+m
2\6+ = 6
[Ermr-m]” [k 17,
|66+ 7 6+nJ

Since, the sum of their volume is minimum when x = 2r.
Hence, the ratio of an edge of cube to the diameter of the sphere is 1:1.

Q. 32 If AB is a diameter of a circle and C is any point on the circle, then
show that the area of AABC is maximum, when it is isosceles.

Sol. We have, AB=2r
and ZACB=90° [since, angle in the semi-circle is always 907
Let AC=xand BC =y
: @rP =x? + y°
= V= 42 — x?
= y =47 — «? . (i)
Now, area of AABC, A = % XX XY
- % x x x (4r% — x2)/? [using Eq. ()]

Now, differentiating both sides w.r.t. x, we get

x-— (42 —x?)y V2. (0-2x) + (4r° — x%)V2. 1}



2 4r2 — x? 2 4r% — x? J
dA | (-2 +2r2)]
= — = 5
o | JaP —2 |
Now, %:O T
dx
= -x2+2r°=0 C
= L l
2
,
= rzfx ANRe—ax——"C
x=r2

Again, differentiating both sides w.r.t. x, we get

g2a VAP —x®(=2x)+ @rF - x?)- % (4r% — x2y V2 (—2x)

dx? (W[4 — %27

[ L
-2x |Lwl4r2 —x2 4 (2r2 = x?). WJ
(4 = x2)

- 4x~( 4% —x? ’ + (2r® — x%) (- 2x)

= D (4r* — x2)/2
= 4o (4% — x%) +(2r° - x°) (-2x)
2. (4r2 _x2)3/2
- 16xr2 + 4x° + (2r% — x2) (- 2x)
2. (4r° _x2)3/2
[dzAJ _=16:32 7 + 4 (2)° + 27 - (W2)°]- (- 2- 12)
iz 2. (4r> —2r3y¥?

[+ x = V2]

_—16+2-r° + 8J2r  8J2 P [r-2r]
- 2 (2r?)%2 - 4
_-8J2r°
==
For x = r+/2, the area of triangle is maximum.
Forx =142, y:m:@:r@

Since, x=r2=y
Hence, the triangle is isosceles.

=-22<0



Q. 33 A metal box with a square base and vertical sides is to contain
1024 cm?®. If the material for the top and bottom costs % 5per cm? and
the material for the sides costs ¥ 250 per cm?”. Then, find the least
cost of the box.

Sol. Since, volume of the box = 1024 cm?®
Let length of the side of square base be x cm and height of the box be y cm.

AN

X

N

-—< >

X ——>

Volume of the box (V) =x2 -y = 1024

. 1024
Since, x’y=1024 = y = 02
X

Let C denotes the cost of the box.
: C=2x2 x5+ 4xy x2.50

=10x? + 10xy = 10x (x + y)

1024)
%2

=10x (x+

_10x

5 (% +1024)
X

= C=10x2+@
X

On differentiating both sides w.r.t. x, we get
9C_ 205 + 10240 (- x) 2
dx

=20x — 102240 - (i)
X
dC
Now, —=0
dx
- o0y 102240
X
= 20x° = 10240
= x*=512=8"= x=8
Again, differentiating Eq. (i) w.r.t. x, we get
d*Cc 1
—— =20-10240 (-2)- —
X X
004 204380 0
X
2
% =20+ 20480 =60>0
ax® ) _, 512
For x = 8, cost is minimum and the corresponding least cost of the box,
1024
C(8)=10-82 + 10240

8
=640 + 1280 = 1920

Least cost =% 1920



Q. 34 The sum of surface areas of a rectangular parallelopiped with sides x,
2x and g and a sphere is given to be constant. Prove that the sum of

their volumes is minimum, if x is equal to three times the radius of the
sphere. Also, find the minimum value of the sum of their volumes.

Sol. We have given that, the sum of the surface areas of a rectangular parallelopiped with sides
x,2x and % and a sphere is constant.

Let S be the sum of both the surface area.
S =2(x-2x+2x-%+%-x)+ Anrl= Kk

2 2
k=2 2x2+2i+x— + 4nr?
3 3

= 4nr? = k — 6x°
2
= 2 _ k — 6x
4
a2
- . k — 6x 0
4
Let V denotes the volume of both the parallelopiped and the sphere.
Then, V=2.’XZ'.9C~£+éTEf3=*x3+énf3
3 3 3
3/2
2 4 4 (k-6x°
==y 4+ —n
3 3 4
2 4 1
_§x3 + 3oy (k- 6x?)%/?
2 5 1 2\3/2 "
=—x"+ — (k- 6x (N
3 6Vn ( ) U

On differentiating both sides w.r.t. x, we get
v o2 ., 1.3 2/2
—=Z.3x% 4 k-6 (=12
gx 3 % tegm e a)
12x
=2x% - Kk — 6x2
4n
3x

=2x? —T(k—6x2)1/2 ...(iif)
T

242 = 3795 k 6x2)1/2

I

4_9x2

U

4x (k — 6x2)

dnx® =9 kx® — 54x*
4nx* + Bdxt = 9 kx?
x* [4n + 54]=9-k- x°
22 9k
4 + 54

vog | K (V)
4n + 54

e

U



Again, differentiating Eq. (iii) w.r.t. x, we get

a?v 3 [ 1 2\-1/2 PRICE
— =4 - —=|x-—(k—6x S(—12x) + (k — 6x -1
e L L S R SR (RS ]
:4x—%[—6x2-(k—6x2)’”2+(k—6x2)1/2]
e 8|6t k? |
Ve Jk-e? |
) k—12x—|
T l xZJ
[ )l
2 |k-12.9. K |
a<v 3 dn+ 5
Now, 5
) F 4n+ 54 n 6.9k
rrod 4n + 54
F 108k |
3 4n+54
47 + 54 JE 54k
4+ 54

k 3 4kt + 54k — 108 k / 4n + 54
=12 -
4n + 54 AIm| \J4kn + 54k — 54k /4n + 54
o[k 3 4kn-s5ak |
4n+ 54 n L/Mm Jan + 54J
6| ker-27) 7

K
—12.| 5
4m + 54 f[fw/16n +216nJ
2

LSInce @rn-27)< 0:ﬂ>0 k>0}

dx?
Forx =3 K , the sum of volumes is minimum.
4 + 54
Forx =3 , then — [using Eq. ()]
4 4n

v s %

2Vvn 47 + 54

~ 1 4kn + 54k — 54 k

4r + 54
1y
2( 4m + 54 1/4n+ 54 3

= x=3r Hence proved.

Minimum sum of volume,

v == =
(,_34 L] 3 3 3 3
An+ 54



Objective Type Questions

Q. 35 If the sides of an equilateral triangle are increasing at the rate of 2
cm/s then the rate at which the area increases, when side is 10 cm, is

(@ 10 cm?/s (b) V3 cm?/s
(©10+/3 cm?/ s (d)%cmzls
Sol. (c) Letthe side of an equilateral triangle be x cm.
. Area of equilateral triangle, A = §x2 (1)
Also, ox =2cm/s
at
On differentiating Eq. (i) w.r.t.t, we get
dA /3 dx
- = —2x-—
at 4 at
:ﬁ-2-10-2 r'.'x:10andd—x:2—|
4 L at J
=10/3cm?/s

Q. 36 A ladder, 5 m long, standing on a horizontal floor, leans against a
vertical wall. If the top of the ladder slides downwards at the rate of
10 cm/s, then the rate at which the angle between the floor and the
ladder is decreasing when lower end of ladder is 2 m from the wall is

(@) i rad/s (b) a rad/s
10 20
(c) 20 rad/s (d) 10 rad/s

Sol. (b) Let the angle between floor and the ladder be 6.
Let AB=xcmandBC =ycm

sin eziand cosezi
500 500
= x =500sin 6and y = 500 cos 6
Also, ax =10 cm/s
at
= 500-cos e-d—ezm cm/s
dt
do 10 1
N _

ot 500c0s O 50cos 6

Fory=2m=200cm,
a1 10

at 50.L Y




Q. 37 The curve y = x*/® has at (0, 0)

a) a vertical tangent (parallel to Y-axis)

b) a horizontal tangent (parallel to X-axis)
¢) an oblique tangent

d) no tangent

(
(
(
(

Sol. (a) We have, y=x5
;
= ﬂ:1x§_1:1x—4/5
dx 5 5
1

(%] x (0)74/5 —
dx (0,0 5

So, the curve y = x"® has a vertical tangent at (0, 0), which is parallel to Y-axis.

Q. 38 The equation of normal to the curve 3x® — y® =8 which is parallel to
the line x +3y =8 s

(@3x—-y=8 b)3x+y+8=0
(©Qx+3y+8=0 (d)x+3y=0
Sol. (c) We have, the equation of the curve is 3x° — > = 8 (i)
Also, the given equation of the line is x + 3y = 8.
= 3y=8-x
N JO= . 8
3 3

Thus, slope of the line is —% which should be equal to slope of the equation of normal

to the curve.
On differentiating Eq. (i) w.r.t. x, we get

6x — 2y ¥ _ 0
dx
= & = Gx = 3 = Slope of the curve
ax 2y vy
Now, slope of normal to the curve = — d;y
o)
T __

[3x} 3x
y
yy o1
(573
= -3y=-3x
= y=x
On substituting the value of the given equation of the curve, we get
3x? —x? =8

8
= x°

T2
= x=12



Forx =2, 3R -y* =8
= V=4
= y=%2
and forx =—2, 3(-2P% —y?=8
= y=%x2

So, the points at which normals are parallel to the given line are (+ 2, + 2).

Hence, the equation of normal at (+ 2, + 2)is
]

y-(* 2)=—§[x—(ir 2)]
= By —(£2)]=-[x - 2)]
= x+3yx8=0

Q. 39 If the curve ay + x° =7 and x> =y, cut orthogonally at (1, 1), then
the value of a is

(@) 1 (b) O (-6 (d)6
Sol. (d) We have, ay+x2=7andx®=y
On differentiating w.r.t. x in both equations, we get
aYior-0 anda? =Y
dx dx
= b 2% g Bl g2
dx a dx
- @
dx (1,1) a
and [ﬂ) =3-1=3=m,
dx (1,1
Since, the curves cut orthogonally at (1, 1).
S my-m, =~-1
= (i) -3=-1
a
a==6

Q. 40 If y = x* — 10 and x changes from 2 to 1.99, then what is the change in

y?
(@) 032 (b) 0.032 (c) 5.68 (d) 5968
_ 4 ady 3
Sol. (@) Wehave, y=x" -10 = o 4x
X
and Ax =2.00-199= 0.01
ay
Ay = — x Ax
/ dx
=4x° x Ax
=4 x2% x001
=32 x001=032
So, the approximate change iny is 0.32.



Q. 41 The equation of tangent to the curve y(1+x?)=2-x, where it
crosses X-axis, is

(@ x+5y=2 (b) x =5y =2
(©5x—-y=2 (d)b5x+y=2
Sol. (@) We have, equation of the curve y(1 + x%)=2 — x (i)
y-(0+2x)+ (1+ xz)-g—y =0-1 [on differentiating w.r.t. x]
X
= 2xy+(1+xz)%:—1
dx

dx 1+ «?
Since, the given curve passes through X-axis i.e., y = Q.
- 01+ x%)=2-x [using Eq. ()]
= x =2
So, the curve passes through the point (2, 0).

[%) = _1_72:0 1 =Slope of the curve
dx (2, 0) 1+2 5

.. Slope of tangent to the curve = — %

..Equation of tangent of the curve passing through (2, 0) is
1
-0=-—=(x-2
y 5( )

= y+§—+g
5 5
= S5y+x=2

Q. 42 The points at which the tangents to the curve y = x> —12x + 18 are

parallel to X-axis are
(a) (21_2)/ (_2/_34) (b) (2/34)1 (_ 2/0)
(C) (0/34)1 (_2/0) (d) (2/2)/ (_2/34)

Sol. (d) The given equation of curve is
y=x%-12x + 18

g—y =3x% -12 [on differentiating w.r.t. x]
X

So, the slope of line parallel to the X-axis.

)

= 3x®> —12=0
= x2:E=4
3
o x=%12
Forx =2, y=2%-12x2+18=2

andforx =—-2, y=(-2)° -12(-2)+ 18 = 34
So, the points are (2,2)and (- 2, 34).



Q. 43 The tangent to the curve y =e? at the point (0, 1) meets X-axis at

@ (0, 1) (b) (—%,OJ © 2,0 0,2

Sol. (b) The equation of curve is y =e2*
Since, it passes through the point (0, 1).
% :e2x.2 :2_82x
dx

= (ﬂ) =2.e2% =2 =Slope of tangent to the curve
ax Jio, 1)
Equation of tangentis y — 1=2(x — 0)
= y=2x +1
Since, tangent to curve y = e** at the point (0, 1) meets X-axis i.e., y = 0.

0=2x+1= x=—1
2

So, the required point is (_?1 0).

Q. 44 The slope of tangent to the curve x =t> +3t —8 and y =2t> —2t —5

at the point (2, — 1) is
22 6 6

b) = ) ©

@) 7 ( )7 (c) =

Sol. (b) Equation of curve is given by
x=t>+3t=8 and y=2t>-2t-5
dx

—=2t+3 andﬂ:4t—2
dt at

ay

dy dt 4t -2

d -6

- ¥t _ N
dx dx 2t+3 0
dt
Since, the curve passes through the point (2, — 1).
2=1t?+3t-8
and -1=2t?2 -2t -5
= t?+3t-10=0
and 2t? 2t —4=0
= t2 + 5t -2t -10=0
and 2t2 + 2t —4t —4=0
= tt+5-2(t+5=0
and 2t + 1) -4t +1)=0
= (t-2)(t+5)=0
and @t -4t +1)=0
= t=2,-5andt=-12
= t=2
.. Slope of tangent,
(ﬂ) _4x2-2 6 [using Eq. ()]
dx att =2 2x2+ 3 7



Q. 45 Two curves x> —3xy? +2=0 and 3x°y — y® —2=0 intersect at an

angle of
(a) = (b) = (= =
4 3 2 6
Sol. (¢) Equation of two curves are given by
x2 - 3x2 +2=0
and 3x’y -y -2=0 [on differentiating w.r.t. x]
dy 1
3 —3x2y Y 4 21l 0-0
= X Lx ydx y _|
[ 2dy ] o dy
and 3 — 4+ y-2x | -3y°"—-0=0
Lx dx y x_' Y dx
= 3x.2yﬂ+ 3y? = 3x?
dx
and SyZ% _32 Y By
dx dx
2 2
N ay _ 3x° — 3y
dx By
and &y %
dx 3y~ - 3x
2 2
. (g): 8° - y°)
dx By
@)
dx) 3" -y
2 .2
= m, = ("~ y7)
2xy
_2xy
and m, =
2 x2 _ y2
2 2
- -@
m1m2:x A z(xyl:_1
2xy  x° -y

Hence, both the curves are intersecting at right angle i.e., making g with each other.

Q. 46 The interval on which the function f(x)=2x%+9x® +12x—1 is

decreasing is
(a) [_ 1/ OO) (b) [_ 2/ - 1] (C) (_ 0, — 2] (d) [_ 1/ 1]

Sol. (b)) We have, flx) =2x% + 9x% + 12x — 1
: fi(x)=6x2 + 18x + 12
=6(x°+3x+2)=6(x+2)(x+1)
So, f'(x) <0, for decreasing.
On drawing number lines as below
_+tve, - ,+ve,
-2 -1
We see that f'(x) is decreasing in [- 2, — 1].




Q. 471f f:R— Rbe defined by f(x) = 2x + cosx, then f

(@) has a minimum atx == (b) has a maximum atx =0

(c) is a decreasing function (d) is an increasing function
Sol. (d) We have, f(x) =2x + cosx

f'(x)=2 + (- sinx)=2 —sinx

Since, f'(x) >0,V x

Hence, f(x)is an increasing function.

Q. 48 If y = x (x —3)? decreases for the values of x given by

@1<x<3 (b)x <0 (c)x>0 (d)0<x<%
Sol. (a) We have, y = x(x — 3
%=x-2(x—3)-1+(x—3)2-1
dx
=2x> —6r+x°+9-6x=3x>—12x+ 9
=3x%-3x—-x+3)=3(x-3)x-1)
+ - .+

< >
-t T T >

1 3
So, y = x(x — 3)? decreases for (1, 3).
[since, y’< 0 forall x (1, 3), hence yis decreasing on (1, 3)]

Q. 49 The function f(x) = 4sin> x — 6sin® x + 12sinx + 100 is strictly

(a) increasing in (n, ?’le (b) decreasing in (g , nj
(c) decreasing in {_775 , g} (d) decreasing in [O, g}

Sol. (b) We have, f(x) = 4sin® x — 6sin® x + 12sinx + 100
: f'(x) = 12sin® x -cosx — 12sinx -cosx + 12cosx

=12[sin® x -cosx — sinx -Cosx + COSx]
=12cosx[sin® x —sinx + 1]
= f'(x) = 12cosx[sin® x + (1 — sinx)] .0
1—sinx >0andsin’x >0

sinx + 1—sinx >0

Hence, f'(x) >0, whencosx >0i.e., x € [—g gj

S0, f(x)is increasing when x e (—g gj and f'(x)< 0, whencosx <0i.e., x € (g %)

Hence, f(x)is decreasing when x € (g %)

) [n j (n SRJ
Since, — T €| —
2 2 2

Hence, f(x)is decreasing in (g nj.



Q. 50 Which of the following functions is decreasing on (O, %j’

(@) sin2x (b) tan x (c) cosx (d) cos3x
Sol. (¢) Intheinterval (O, gj f(x) =cosx
= f'(x) = —sinx

which gives f'(x) < 0in (o, g)

Hence, f(x)=cosx is decreasing in (O, gj

Q. 51 The function f(x) =tanx —x

a) always increases
b) always decreases

(
(
(
(

C) never increases
d) sometimes increases and sometimes decreases
Sol. (a) We have, f(x) = tanx — x
' f'(x) = sec®x — 1
= f'(x)>0, VxeR

So, f (x) always increases.

Q. 52 If x is real, then the minimum value of x* —8x + 17 is

(@) -1 (b) 0 ©1 (d) 2
Sol. (¢) Let flax) = x? 8x +17

frx)=2x —

So, f'(x)=0 gives x = 4

Now, f'lx)=2 >0,V x

So, x = 4is the point of local minima.
.. Minimum value of f(x) at x = 4,
f4)=4x4-8x4+17=1

Q. 53 The smallest value of polynomial x* —18x? +96xin [0, 9] is

@ 126 (b) O (©) 135 (d) 160
Sol. (b)) We have, flx) = x® — 18x% + 96x

f(x) = 3x° — 36x + 96

So, fix)=0

Gives, 3x2 - 36x + 96=0

= 3x? —12x + 32)=0

= (x-=8)(x—-4)=0

= x=284¢[0 9]



We shall now evaluate the value of f at these points and at the end points of the interval
[0,9]/ie,atx=4andx =8andatx =0and atx = 9.

f(4)=4% —18-4° + 96- 4
=64 —288 + 384=160
f(8)=8% —18-8% + 96-8 =128
f(9)=9%-18-9% + 96-9
=729 - 1458 + 864 = 135
and f0)=0° —18-0° + 96-0=0
Thus, we conclude that absolute minimum value of f on [0, 9] is 0 occurring at x = 0.

Q. 54 The function f(x) =2x> —3x® —12x +4, has

(a) two points of local maximum
(b) two points of local minimum
(c) one maxima and one minima
(d)

d) no maxima or minima
Sol. (c) Wehave flx)=2x% - 3x% —12x + 4
: flix)=6x2 - 6x —12
Now, flx)=0= 6(x°~x=2)=0
= B(x+1Nx-2)=0
= x=—-1landx =+2
On number line for f'(x), we get
T — | +
-1 2

Hence x = — 1is point of local maxima and x = 2 is point of local minima.
S0, f(x) has one maxima and one minima.

Q. 55 The maximum value of sin x - cos x is

@ — (b) ~ (©~2 (d) 242
4 2

Sol. (b) We have, f(x) = sinx-cosx = %sin 2x

1
f'(x) = §~C032x -2 =C0Ss2x

Now, f'(x)=0=cos2x =0
s T
= C0S2x =COS—=> X =
4
Also f"(x) = dicoszvc =-sin2x-2 = — 2sin2x
X

[F ()]t - /e =—2-sin2-%=—23ing=—2<0

At % f(x) is maximum and % is point of maxima.

z‘sz:lsinZE:1
4) 2 4 2



Q. 56 At x :%“, F(x) = 2sin 3x + 3cos3x is

(@) maximum (b) minimum

(c) zero (d) neither maximum nor minimum
Sol. (d) We have, f(x) = 2sin3x + 3c0s3x

: f'(x)=2-cos 3x-3+ 3(—sin3x)-3

= f'(x)=6cos 3x — 9sin3x

Now, f"(x)=—18sin3x — 27cos 3x

=—-9(@2sin3x + 3cos3x)

f’(S—nj = GCOS(S-EJ —9sin (3@)
6 6 6

= 6008@ - 93in@
2 2

=6cos (271 + E)— 9sin (27: + E)
2 2

=0-9=0

5 . . .
So, x = % cannot be point of maxima or minima.

5m . . ) W\
Hence, f(x)atx = ry is neither maximum nor minimum.

Q. 57 The maximum slope of curve y =— x> +3x% +9x — 27 is

(@) 0 (b) 12 (016 (d) 32
Sol. (b) We have, y=—x>+ 3x% + 9x - 27
g—y =— 3x2 + 6x + 9= Slope of the curve
X
2
and g%=—6x+6:—6(x—1)
dx
2
oy,
dx
= -6x-1)=0=> x=1>0
3
Now, 9Y__6<0
dx
So, the maximum slope of given curve is at x = 1.
GQ) =—31 +6-1+9=12
dx (x =1)

Q. 58 The functin f(x) = x* has a stationary point at
1

@x=e (b) x =— ©x=1 d) x = e
e
Sol. (b) We have, flax) = x*
Let y=x"
and logy = xlogx
1a x1 +logx -1

y dx X



ady

= —~ =1+ logx)-x*
o ( gx)-x
¥ _,
dx
= (1+ logx)-x* =0
= logx = -1
= logx =loge™
= x=e"'
;
= X =—
e

Hence, f(x)has a stationary point at x = 1.
e

X
Q. 59 The maximum value of (lj is
x

@e (b) e () e'®
1 X
Sol. (c) Let y:[;j
= Iogy:x-logl
X
1 dy 1 ( 1) 1
L =g o | —— |+ log—-1
y dx > 1 x° gx
X
=—1+log—
2ol
dx x x
Now, Q:O
dx
1
= log— =1=loge
X
1
= —=e
X
’
x=_
e

Hence, the maximum value of f (1j =),
e



Fillers

Q. 60 The curves y =4x° +2x —8 and y = x> — x + 13 touch each other at
the point ......... .

Sol. Thecurves y=4x? + 2x — 8and y = x> — x + 13touch each other at the point (3, 34).
Given, equation of curves are y = 4x® + 2x — 8and y = x° — x + 13

ﬂ=8x+2
dx

and ﬂ:3x2—1
dx

So, the slope of both curves should be same
: 8x + 2 = 3x% — 1

3% -8x-3=0

=
= 32 -9x+x-3=0
= 3x(x -3+ 1(x-3)=0
= Bx+ N(x-3)=0
x:—landx:&
2
Forx:—i, y=4'(—1j +2'[i)—8
3 3 3
_f_g_ _4—6—72
9 3 9
oM
9
andforx =3 y=4-(3° +2-(3)-8
=36+6-8=34
, , 1 74
So, the required points are (3, 34) and (_5‘ ?) .

Q. 61 The equation of normal to the curve y =tan x at (0, 0) is ......... .

Sol. The equation of normal to the curve y = tanx at (0, 0) isx + y=0.

y= tanx = Y~ sec?x
dx
= (%j —s6c?0=1and ——— = 1
dx (0,0)

( yj _ q
dx
..Equation of normal to the curve y = tanx at (0, 0) is

y-0=-1(x-0)
= y+x=0



Q. 62 The values of a for which the function f(x) =sinx —ax +b increases

on R are ......... .
Sol. The values of a for which the function f(x) = sinx — ax + b increases on R are (- o, — 1).
f'(x)=cosx —a
and f'(x)>0 = cosx >a

Since, cosx €[ 11]
= a<-1= ae(-x -1
. 2x% -1 . :
Q. 63 The function f(x) = (where, x >0) decreases in the interval
X
. 2x% — 1 . .
Sol. The function f(x) = +— Where x >0, decreases in the interval (1, «).
X
xtdx — x2 = 1)-4x® 4x® - 8x® + 4x°
f'(x) = 5 = 5
X X
- 4® + 4o® 3 43 (- x2 + 1)
.9C8 x8
Also, f'(x)< 0
34 .2
= Migx)<0 = x2>1
X
= x>+ 1

x € (1, )

Q. 64 The least value of function f(x)=ax + b (where,a>0,b >0, x>0)1is
x

Sol. The least value of function f(x) = ax + Q(Where, a>0b>0x>0)is 24/ab.
X

f’(x):a—3 and f'(x)=0

x2
= a=L2
xQ
> b \F
= X" =—= x=%,|—
a a
Now, f”(x):—b-(;sz)=+%
X X
b B 2b  +2b-a%?
Atx:\g, f(x):+(b)3/2: PRIE
a
3
_iop 23240 %>o [+ ab>0]

-, Least value of f(x), f[ b}:a. b, b
a a b
a

:a'a_1/2'b1/2+b'b_1/2'a1/2

=ab + Jab=2ab





